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146 NHTEPBAJIbHAA MATEMATUKA 1 PACTIPOCTPAHEHUE OTPAHUYEHUI

ITpenucioBue

Pabouee copemanne “UuTepBasibHas MaTeMaTHKa M METOJBI PACIPOCTPAHEHUS OTpa-
auuennit’” (IMPO-2004) TecHO CBA3aHO CO 3HAYUTEJNHHBIM HAYIHBIM MEPOIPUATHEM —
Mexk gyHaposHoil HaydHO-1IpakTHYecKoil Koudepenimeit isiCAD-2004. I'maBuast nesb KOH-
depennun isiCAD-2004 — npeacrapieHre UCCIEA0BATETBCKAX U TEXHOJOIHIECKIX TIOIXO0-
JIOB U TOTOBBIX PE3YJIbTATOB, KOTOPbIe BHOCAT BKJIAJ B Pa3pabOTKy IIPOIPAMMHBIX IIPO-
nykros B CAD/CAM/CAE/PDM, koMubloTepHO# rpaduke, BUPTYAJILHON PEATHLHOCTH U
KOMIIBIOTEPHOM MOJEJTUPOBAHUH BOOOIIE, a TaKyKe B JPYTUX CMEXKHBIX C HUMHU OOJIACTSIX
npuitoxkernii. Ocoboe BHUMaHME yJIeJIeHO pa3paboTKe U IPUMEHEHUIO TEXHOJIOT U, CBI3aH-
HBIX C TaK Ha3bIBAEMBIMU 33Ia9aMU C OTPAHUYEHUSIMU U T€OMETPUIECKUMY PEIATEISIMU.
C obuieit Touku 3penusi Kondepennus isiCAD-2004 npusBana “HaBecTH MOCTBI” MEXKILY
YKa3aHHBIMU IIPEIMETHBIMU OOJIACTAMH UM KYJIBTUBHUPYEMBIMH B HUX METONAMU C IIEJIBIO
MpUIATh UX PA3BUTHUIO AaJbHeHImilt nuaaMu3M. QaKTUIECKU, 9TO MEXK TUCIUILINHAPHAS
KOH(EepeHIHs, Ha KOTOPOi, B YACTHOCTY, HAILJIA MECTO METOMbl PACIPOCTPAHEHUS Orpa-
HUYeHni (BKIIIOYas METO/bI PA3PEIIeHNsI TEOMETPUIECKUX OIPAHIYEHHNI ), HHTEPBa/IbHDIH
aHaJIM3 U KJIACCHYIECKAasl TEOPHs OIITHMHU3AIINH.

Bsaumubiit unrepec isiCAD-2004 u UMPO-2004 o6bsicHsieTcsi TaKyKe TeM, 9TO 3Ha-
YnTeJIbHAs YacThb 3aJ[ad, PElleHNe KOTOPBIX PAaCCMaTPUBAETCH HA ITHX MEPOIPHUSATHIX,
MOXKeT ObITh 3aJlaHa B BUJIE CHCTEM OTPAHUYEHWUIA, IPE/ICTAB/ISIEMbIX KaK aJredbpaniecKkue
ypaBHEHUS U HepaBeHCTBa. [J1s1 pelteHnst TAKUX CHCTEM OTPAHUYEHUI B HACTOSIIEE BPEMS
BCe Yallle HCIOJIb3YIOTCS METO/IbI HHTEPBAJIBHOIO aHAJIN3A, a TaKXKe MHTEPBAJIbHbIE MeTO-
Il pacrpocTpanenusi orpanunvenuit. [leasto coBemanus UMPO-2004 sBisiercst »xeanune
coOpaTh BMECTE yI€HBIX, 3aHUMAIOINXCs UCCAEJOBAHUAME B 00JIACTH HHTEPBAJIHHOTO aHA-
JIN3a ¥ PACIPOCTPAHEHNs OrPAHUYEHHU /11 OOMeHa MHEHUSIMU U 0OCY K/I€HUS CYIIECTBY-
fomux mpobstem. Takoe obireHne 6yIeT criocoGCTBOBATH B3AaUMHOMY ODOTAINEHUIO UIESIMU
¥ TpuBeZEeT K 0ojiee MHUPOKOMY HCIOJIB30BAHUIO METO/IOB MHTEPBAIHHON MATEMATHKU B
MeTOJIaX PACIPOCTPaHEHHUsI OTPAHUYEHUH, H Ha00OpPOT. UTO, B CBOIO O4Yepe/b, IIOCIIYKUT
TOJTYKOM K 00Jiee aKTUBHOMY IPUMEHEHUIO STUX JBYX TECHO CBSI3AHHBIX W B3AMMHO JI0-
TIOJTHUTEIBHBIX MOAX00B B MPAKTHIECKUX ITPUIOKEHIIX.

NMPO-2004 siBsiercs y»Ke BTOPBIM POCCHICKUM HayIHBIM MEPOIIPUSITUEM, IIOCBSIIIIEH-
HBIM WHTEPBAJIBLHON MaTeMaTHKe W MeTOJaM PacIpOCTPaHeHUsl orpanmdenuii. Kro rema-
TUKA TPAIUIIMOHHO OXBATHIBAET:

— PpellleHe UHTePBaJbHBIX JUHEHHBIX CUCTEM ypaBHEHUI;

— pellleHUe HeJIMHEHHBIX areOpanmdecKuxX CUCTEM ypPaBHEHUI;

— ucciaegoBanre audGepeHnaIbHbBIX YPABHEHNH U JUHAMUYIECKUX CHCTEM C WHTEP-
BaJIbHOU HEONpPee/IeHHOCTDIO;

— TIPUJIO’KEHHUsI METOJI0B MHTEPBAJbHON MaTeMaTHK! U PacIpOCTpaHEHUs OrpaHmde-
HUI;

— PpellleHrMe ONTUMU3AIIMOHHBIX 3a/lad C MCHOJIb30BaHUEM MeTOJ0B PacHpPOCTPaHEHUHA
OrpaHUYEeHHUN.

Tpyne! coBemanus apecoBaHbl UCCJIEIOBATEIISAM, NHKEHEPAM, ACIIIPAHTAM U CTYIEH-
TaM, KOTOPbIe N3y4aloT WM HPUMEHSIOT MHTEePBAJbHBIE METOABl U TEXHUKY PacIIpoOCTpa-
HEHUs OTPaHUYEHUIl, a TaKKe BCeM MHTEPeCyIOMMUMCA 3TUMHU IIePCIEeKTUBHBIMU U yBJIeKa-
TEJIbHBIMU O0JIACTSIMU 3HAHUI.

.4 Jlesun, A.JI. Cemenon, C.I1. Illapsrit

Hosocubupck, uons 2004
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3asaum aHAJU3a C HeolpeAeJIeHHbIMU JTAHHBIMU —
WHTEPBAJBbHOCTD U /MM CIIy9YARHOCTH?

A.Il. Bormunun*

B nogairsiroriieM OOJIBIIMHCTBE MPUKJIATHBIX 3a/1a9 UCCJIeJ0BaTe b UMEET JIeJI0
C HETOYHBIMHU MCXOHBIMU JAaHHBIME (Tabi1. 1), HEONpe e IeHHOCTh KOTOPBIX ITOPOK-
JAeTCSA PA3TUIHBIMEI (DAKTOPAMH.

Tabauna 1

Ne ,HaHHbIe Ucrounuk HEOIIpEeAEeJIEHHOCTU U HETOYHOCTHU

1 | Pesynbrarst u3mepennit | BapuabeapHOCTD, IIyMbI, OMINOKH U3MEPEHUST
(cucremaruueckue u ciydaiinble), OIUOKH
OKPYTJIEHUSI

2 | IIporuHosuble naHHbIE Hesnanue, HeonpeneIeHHOCTD, HEIIOJIHOTA
uHdOpPMAaLNY, METOAUYIECKHE OIIUOKY, OMNOKN
OKPYTJIEHUS U JTUCKPETUIAIIII

3 | DxKcmepTHBIE OIEHKHI CyObeKTUBHOCTD, HE3HAHUE, OUINOKYM OKPYTJICHUS

B 3zaBucuMocTu OT MCTOYHHUKA HETOYHOCTH W HEOMPEIEICHHOCTU JIAHHLIX B Ha-
CTOsIIIee BpeMs UCIOIb3YIOTCA PA3JINIHbIC MOJEJIN ONIICAHNA HEOIIPEedeJICHHBIX JTaH-
HBIX, BKJ/II0Yasi BEPOSATHOCTHYIO, HEYETKYIO0 U MHTEPBAJIbHYIO Momesn. Kaxmas u3
3TUX MOJEJIE NMeeT CBOK NMapaJnurMy, OIIMPaeTcs Ha COOTBETCTBYIOINNA TEOpETH-
JeCcKUi amnmnapaTt, IMeeT CBOU MeTO/Ibl aHAIN3a, U 00JIaCTh TPUMEHEHUS.

Bepoammocmmo-cmamucmuieckas modeas [1-3] ocHOBaHa Ha IIpe/IIONOKEHNH,
9TO M3ydaeMasi IepEMEHHAs & SBJISIeTCS CIyJailHOM BeJIMINHOMN ¢ 3aJaHHO (DYHK-
nueil wiorHocTu BepoaTHOCTU f(2). DTY MOJEJb MOXKHO OTHECTH K KJIACCHYECKUM
MOJIEISIM 13-3a ee NTyOOKOI TeOPETUIECKOM M METOIUTIECKOH MPOPabOTAHHOCTH JIJIs
MHOTUX BaKHBIX MPUJIOKEHUH, BKIIOUas PEIPECCHOHHbIN, KOPPEIAIMOHHbBIH, (hak-
TOPHBIN U JINCIIEPCUOHHBIHN aHAIN3. BepOATHOCTHO-CTATUCTHYECKAST MOJIENIB IO CUX
op  sIBJisieTcst HanboJiee MOIYJISIPHON U IMIMPOKO UCIIOJIB3YeTCs B MHOTOYUCIEHHBIX
npmiokeHusix. HeCOMHEHHBIM TPENMYIIIECTBOM, OOJIEraioIIM ee IIPUMEHEHNE, siB-
JISIeTCsT HAJTMIMe MHOTOYUCJIEHHBIX CTATHCTUYECKUX MAKETOB, cpean KoTopbix Cra-
Tuctuka, Statgraph, GPSS u ap.

“Heuemras modeav” [4, b] ocHOBaHA Ha HMOHATUM HEYETKOIO MHOXKECTBA S, KO-
TOPOE OIKCHIBAETCS MAPOI — HEYETKON IMEPEMEHHON & U ee (DYHKITUeH TPUHAITIeXK-
HoctH fig(x). POPMAIIBLHO HEYETKOE MHOYKECTBO 3allUCHIBACTCS B BUJIE

S=A{(z,ps(r)):x € X, 0<ps(x) <1}, (1)

e & O3HAaYaeT BO3MOXKHbBIE 3HAYEHUsI HEUETKON IEepeMEeHHON B 3aJlaHHOI 00Jia-
ctu X; 0 < pg(z) < 1 — dyHKUMA UPUHAIJIEKHOCTH, 33/AI0MAas CTEIEeHb IIPU-
HAJIJTE’KHOCTH KOHKPETHOIO 3HAYEHUsT & HeYeTKOMY MHOXKeCTBY S. OObI9HO (DyHK-

*OI'YIT “HHUMUATOMMH®OPM”, Mocksa.
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[yl IPUHAJJIEZKHOCTH [ig(Z) 3a/@eTcsl SKCIEPTHBIM IIyTeM Ha OCHOBe MHGOpMa-
nuu 06 MCTOUHUKAX HEOIpeIe/IeHHOCTH TtepeMmentoit x. [lonarue “crenens npuna/i-
JIEKHOCTH B HEKOTOPOM CMBICJIE AHAJIOTUYHO MOHITUIO BEPOSITHOCTHU, B YaCTHOCTH,
s(x1) = 0 o3madaer, 9TO 3HAYEHUE T HABEPHAKA HE HPUHAIJIEKUT MHOXKECTBY
S, a pg(xe) = 1 — 9ro 3HAUEHME Ty JOCTOBEPHO HPUHAIEKAT MHOKeCTBY S. O11-
HAKO (DYHKIUs [PUHAIJIEKHOCTH B OTJIMYUE OT IJIOTHOCTH BepogrHocTu f(x) He
YJIOBJIETBOPSIET YCJIOBUIO HOPMUPOBKHU.

B unmepsaavhoti modeau [6-9] HeompeIeIeHHOCTD TTapAMETPa & ONUCHIBAETCS
IDAHUIIAMU €r0 BO3MOXKHBIX 3HAYEHUil B BUZAE [T] = [Tmin;Tmax]- B ormamdue or
TEOpUM BEPOSITHOCTH BHYTPHM MHTEDBAJA |T| He 3a/1aeTCs HUKAKOW BEPOSITHOCTHOMN
MEPBI, T.€. BCe 3HAYEHUs] BHYTPH WHTEPBAJIA IIPEJIIOIATAIOTCS PABHOBO3MOYKHBIMU
(He TyTaTh ¢ PABHOBEPOSITHBIMA).

Hwuke B jioK/Iajie paccMaTpuBaeTCst psiji MPUKJIAIHBIX 3a/a9, B KOTOPBIX MPHU-
MEHSIETCSI KAK BEPOSITHOCTHO-CTATUCTUYIECKAs], TAK U WHTEPBAJIbHASI MOJIEIH U aHa-
JINBUPYIOTCS CUTYAIIMU, B KOTOPBIX MHTEPBAJIbHAS MOJIENIb [IPEJICTABIIAETC Horee
OCMBICJICHHO! U KOPPEKTHOM.

HeOl'Ipe,Zle.TIeHHOCTI) €IMHNIHOT'O U3MepEeHUs1

IIycTh B pesysnbrare H3MEpeHHs I0JIyUeHa TOYedHas OlleHKa & HEN3BECTHON 13-
MepsieMOii BEJINYUHBI .

BepositHOCTHAST MO/IE/TH M3MEPEHNS IOCIEI0BATENbHO PEATNIYETCs B IKCIIEPU-
MeHTaJIbHOHM dusuke. [Ipu sToM ommbKa M3MepeHuUsI PACCMATPUBAECTCA KaK CJIy-
JaiiHasi, HOPMaJIbHO PACIIPE/Ie/IEHHAs] BeJIMYMHA C HYJEBBIM CPEIHUM U M3BECTHOMN
qucniepcueit o2. Heolpeie/leHHOCTD TlepeMeHHON ¥ i 3a/IaHHOM JIOBEPUTEILHOM
BeposTHOCTU (0OBIYHO ee puHuMaioT pauoit 0.95) onuceiBaercs B hopme JoBEpH-
TEJIbHOTO WHTEPBAJIA

T —20, <z <2+ 20,. (2)

B meTposiornu B oTyimdre OT IIPUBEIEHHOTO BBIIIIE ITOIX0JIA IPUHSITA WHTEPBAIhb-
Has Mo/IesIb Heonpe/esennoctu. Ilpesonaraercs, 4To nu3Mepenue & oJIyIeHo ¢ Ho-
MOIIIBI0 HETOYHOTO TPUOOPa ¢ U3BECTHON abCOTIOTHON OMMOKOI n3Mepenus A, Ko-
TOpasl BKJIIOYAET KAK CUCTEMATUIECKYIO, TaK U ciaydaiinyio norpemuocru. (Cirydaii
U3BECTHON OTHOCHTEJIBHON OIMMMOKY CBOJIUTCS K paccMarpusaeMomy ). [Ipemosnara-
€TCs1, UTO JIst JIE000TO & BRINOJIHSETC yeaoBue |¢ — &| < A, KOTOpoe eCTeCTBEHHBIM
00pa3oM 3a/aeT UHTEPBAJ HEOIPEIeJEHHOCTH B BU/IE.

[I] = [i’ - Av z + A] = [Imin;xmax]~ (3)

Eciu ectb HEOOXOAMMOCTH y9ecTh jpyrue hbakTopbl HETOYHOCTH, HAIPHMED
OIMOKN OKPYIJIEHUs!, HCCIIEI0BATENb MOKET PACIINPUTh MHTEPBAJ HEONPEeIesIeH-
HoctH (3).

CpasHuBas J(Be NPUBEIEHHBIX MOJEJM, MOXKHO 3aMETUTh, U4TO MOJEb (2) He
[03BOJISIET yuecTh (DaKTOPBI HEOIPEJIEJIEHHOCTH, He CBsI3aHHBbIE CO CJIydaifHOl Ba-
pHaGesIbHOCTBIO, BKJIIOUAsi CHCTEMATHYECKUE OMNOKNA M3MEPeHHUsl, OMUOKN OKPYyI-
nenusi. Kpome Toro, mocryampyeMoe B BEPOSTHOCTHOM MOJIEIH HOPMAJBHOE pac-
npe/iesieHne, KOTOpoe 3a/1a6T HeOIPAHUYCHHBIN JINANIA30H BEJIMUUHBL &, HA IPAKTH-
K€ 9aCTO OKA3bIBAETCH HealeKBATHBIM, HAIIPHMED, JJId 3aBEJI0OMO IIOJI0KUTEILHBIX
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repeMeHHbIX. HTEepBaIbHAS MOJIEIb TO3BOJIAET YI€CTh JI00bIEe (haKTOPHI HEOIpe-
JEeJICHHOCTH.

Bpibopka moBTOpPHBIX HaOJIIOAeHMIT

HomnyctuM Tenepb, ITO UMeEETCsT BBIOOPKA 21,3, . .., L, IMOBTOPHBIX HaOJIIOIE-
Huit BejmuuHbl . llpy aHajm3e BHIOOPOYHBIX JAHHBIX HEOOXOJMMO PEIIUTH JIBE
3a/1a9u:

e [IPOBEPUTH OJIHOPOJHOCTH BBIOOPKU, T. €. OTCYTCTBUE B HEll BEIOPOCOB;

e HaiiTu HambOJIee TOUYHYIO BHIOOPOYHYIO OIEHKY MATEMaTHIECKOTO OXKUIAHUST
To BEJIMYUHBI & U OIEHUTH €€ TOYHOCTb.

B paMKax BepOHTHOCTHO—CTaTI/ICTI/ILIeCKOI‘;I MOJIe/J I B IIPEANIOJIOZKEHNN, IYTO BbI-
60pKa B34dATa U3 HOPMaJIbHOI'O pacIIpeleJIeHUudA C ,HHCHepCI/IefI 0'3 TO4Ye4YHad OIICHKa

BEJIMYMHBL T U e CPEJIHEKBAIPATHIHOE OTKIOHEHHE HAXOAUTCs 110 hopMyie
T = g &i/n, oz = 0./Vn. (4)

Cuuraercsi, 9To OleHKa (4) sBJETCS HECMEIIEHHONW U COCTOATEJILHOM, T.e.
oz/\/n — 0, T — xo mpu n — oo. HeTpyHO 3aMeTUTH, ITO B paMKaX MOJEIHN
C TOCTYJINPYEMbBIM HOPMAJILHBIM PaCIpeIeIeHIeM caMO MOHATHE “BhIOpoca”’ cTaHO-
BUTCSI HE COBCEM KOPPEKTHBIM.

B pamkax nHTEpPBAJIBHOM MOJIEIIN TIPE/IITOJIATACTCS 38 JAHHBIM HHTEPBAJI HEOIIpe-
JIEJIEHHOCTH KaKJIOT'0 BEIOOPOTHOTO HAOJIIO/ICHUS

[x]; = [z — Ax; 2 + Az,

e Ax — W3BeCTHasl OIMOKa U3MEPEHUsI U BEIOOPOYHOro HabJoeHuss. COBOKYII-
HOCTb WHTEPBAJIbHBIX M3MepeHuii odpa3yer “HHTEePBaJIbLHYIO BEIOOPKY

IIpu sTOM HeEope Ie/IEHHOCTH BHIOOPOYHBIX 3HAYEHUIT OIIPEIesISeTCsl HE TOJIBKO CJLy-
JaifHON M3MEHYNBOCTHIO, HO M HAJIMYMEM CUCTEMATHIECKIX COCTABJISIIOIINX TIOTPEITi-
noctu. IIpencragum ommbky Az B BUAE CyMMBI

AI’ = AIEl + ASCQ, (5)

rje 3nadenre Az OIpeJessieT TepeMeHHyYI0, a ATy — MOCTOSHHYIO COCTABJISIIONLY O
HEOIPEIeJIEHHOCTH.

Eciu BoIOOpKa OJHOPOJHA, TO KayKJI0€ WHTEPBAJILHOE HADJIIOJIEHUE COJIEPKUT
HEU3BECTHOE UCTHHHOE 3HAYEHUE Xg, T.e. Lo € [x];, Vi=1,..., n.

Ecnu cymecrByer nnTepBaibHoil Habmonenne [z;] Takoe, ITO OHO He IepeceKa-
eTCsl C JPYTUMU HHTEPBAJILHBIMU HAOJIIOEHUSIME, €10 €CTECTBEHHO PACCMATPUBATH
KaK BBIOPOC M UCKJIOYUTD U3 BBIOOPKHU JIJIsT OOECTIETEHUsT €€ OTHOPOIHOCTH.

BBezeMm 10HsTHE UHTEPBAJIBLHOIO BBIGOPOYHOIO CPEIHErO [T], KOTOpOe olpe/ie-
JISIeTCsT KaK TepeceveHne BhIOOPOUHBIX WHTEPBAIHHBIX U3MEPEHUH
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(7] = [max(e; ); min(a; )] = [7). (6)

MozkHO 110Ka3aTh, 4TO MHTEPBAJbHOE CpejHee [T], HANJIEHHOE O OJHOPOIHOMN
BBIOOPKE, 00/18/1aeT CJIEIYIONNMHI CBOCTBAMMU:

o CpenHsisi TOUKa WHTEpBaJa [T| COBIAJAET CO CTATUCTUIECKON BBIGOPOTHOM
onenkoii mMexuanel. [lupuna uHTEpBada [T| ONpEJEsieT TOYHOCTD OIEHKH C
YIEeTOM CJIyYJalHbIX U CUCTEMATHICCKUX COCTABJISIONINX.

o Ilpu orcyrcrBum cucremarundeckoil cocrapismorieil (Axy = 0) u yBesmyeHun
4uCiIa BEIOOPOUHBIX 3HAYEHUI [T] — xo 1pu n — 00. B 0bmieMm ciaydae cpentee
apudmeTrueckoe (4) He TPUHAIIEXKUT HHTEPBAIBHOMY cpenHemy [Z]. B xome
YUCJIEHHOIO MOJIEJIMPOBAaHUSI YCTAHOBJIEHO, YTO IIPU PABHOMEDHOM pacIipeje-
JIEHUHU BBIOOPOYHBIX U3MEPEHNUIT NINPUHA HHTEPBAIBHOIO CpeJIHero [T] yObiBa-
€T CO CKOPOCTBIO 1/ , TOrma Kak CTaHJAPTHOE OTKJIOHEHUE CTATUCTUIECKOIO
CpeJTHETO yOBIBAET CO CKOPOCTHIO 1/4/T. YCTAHOBJIEHO TaKIKe, ITO

o Eciu B Beipazkenuu (5) obe cocrapiisiioniye ommubKY He PABHBL HYJIIO, TO

[Z] — [vo — A2(x); zo + A2(w)], (7)

n—oo

T. €. IIPU JIIOOOM YHUCJIe N3MEPEHU oIy IIIUPUHA HHTEPBAJIBLHOIO CPEIHEro Oy-
JIeT He MeHbIIe 3HaYeHnusT Axy. DTO CBOUCTBO JiesiaeT 6ECCMbICTIEHHBIM YBEJIU-
YeHue YHCJIa U3MEPEHN, €CJIN MMPUHA NWHTEPBAJIBHOI'O CPEJTHET'O COU3MEPUMA
co 3HadenueM Azrs. ITOT (PakT OOLIYHO UTHOPUPYETCS MPU CTATUCTUIECKOM
aHajn3e u apudMETHIECKOe CPEIHee TPAKTYETCS KAK COCTOSITe/IbHAs OTICHKA.

CpaBHuBast J1Ba MOJIX0/1a, IPUMEHSIEMBIX TP AHAJIIN3€ BHIDOPOUHBIX M3MEPEHMUIA,
MOKHO KOHCTaTHUPOBATDb, YTO B PaMKaX CTATUCTUYECKON MO/ HEeOlIPe/IeJIeHHOCTD
BBIOOPOYHBIX 3HAUEHNUI, HE CBSI3aHHAs CO CJIy4YailHOCThIO, urHOpupyercs. 1lpu srom
CTAHOBUTCS HEODOCHOBAHHBIM YTBEPKJIEHUE O COCTOSITEJIbHOCTH OIEHOK U BO3MOXK-
HOCTHU JIOCTUKEHUS JI000H 33 1aHHON TOYHOCTU OIEHKHU BHIOOPOTHOIO CPEJIHErO IIy-
TeM YBeJUYEHUs YHUCJIa ITOBTOPHBIX U3MEPEHHI.

OmubKM KOCBEHHBIX M3MEPEHU U IMIUPUIECKUX (popmyst

JlaHHBIE IPSIMBIX U3MEPEHUI YaCTO UCIIOJIB3YIOTCS JIJIsT HAXO0XK IEHUS 110 U3BECT-
HBIM (OPMYJIAM TaK HA3BIBAEMBIX KOCBEHHBIX m3Mmepenwuit. Kpome Toro, B Texnm-
YECKUX, Y9KOJOIMIECKUX ¥ IKOHOMUIECKHUX TIPUJIOKEHUIX HAPSTY ¢ OObEKTHBHBIMU
3aKOHAMH IITHPOKO UCIIOJB3YIOTCS TaK Ha3bIBaeMbI€ ‘OMITMPUTIECKNE MO/, KOTO-
pble BKJIIOYAIOT 9KCIIEPUMEHTaIbHbIe, HETOYHO 3a/1aBaeMble rrepemennbie. O6e 3a/1a-
91 MPUBOJIST K HEOOXOMMMOCTH OIPEJIeIeHIsT ONTUOKN Pe3y/IbTUPYIOIIEro 3HAYEHUsT
dyukun y = f(x1,x2,...,2;) C HETOYHO 3aJAHHBIMU [IAPAMETPAMU T;.

[IpumMeHenre BepOSITHOCTHOI MOJIEITH JIJIsSI PEIEeHUsT 9TON 33/1a91 COIPSIZKEHO CO
3HAYNTEJIbHBIMU TPYIHOCTSIMHU, TAaK KAaK B 9TOM CJlydae HeOOXOIMMO HAWTH pac-
[peJieJieHne CJIyIaifHON BEJIMYUHBI Y IIPU 33JJAHHOM COBMECTHOM DACIIPEJIEJIEHUN B
o0ITieM ciIyvuae 3aBUCUMBIX CIYyJYaflHBIX BeJIMYWH T;, ¢ = 1, ..., k. Pesyaprupytormmee
pacrpejiejieHIe HaXOJUTC KaK CBEpTKa MHTerpajioB. CpaBHUTEIHHO MPOCTO Ha-
XOJIUTCSI PACIpeie/IeHne CyMMBI HE3aBUCUMBIX CJIyIailHbIX BeaumdanH. OIHAKO, yKe
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JIIS OTHOIIEHUS JJazKe JIBYX IIEPEMEHHBIX — 3TO HETPUBUAIbHAS OIIEPAIUs, IIPU HOP-
MAaJIbHOM DACIIPEJICICHAN IPUBOJAIIAS K Pa3PbIBY, B HYJIEBOH TOYKE 3HAMEHATEJIS.
B paMKax MHTepBaJLHOIO aHaIu3a HccaenyeMasa (pyHKINS HeTOYHBIX HepeMeH-
HBIX 3allUChIBAETCs B BUJE MHTepBasbHOM dynkuun [y] = f([z1], [x2],. .., [zk]), KO-
HEeYHBIE TPAHUIIBI KOTOPOH HAXOIATCA KaK
[y] = [Ymin; Ymax] = [min f(Z), max f(7)], (8)
Ze(X] Ze[X]
rae [X] — mpsMoyTosbHAST TUIEPIIpU3Ma, 00pA30BaHHASI MHTEPBAIAME [I;].

st 3HaUTEIbHOTO Ky1acca PYyHKIUH, BKIOYass DYHKIINN JIMHEHHbIE 110 HHTEP-
BaJIbHBIM IIapaMeTpaM WUJIU IIO3UHOMBI BUJIA

1] - o] - [a] (9)

I'paHUIBI THTEPBaJla HEOIIPEIE/JICHHOCTHN [y] MoryT OBITH 3allMCaHbl B aHAJIATHYEC-
CKOM BHJI€, B TOM YHUCJIC U B (bOprIe, HpHBbI‘{HOfI JJIgd MEeTPOJIOTOB

[y] = [ymin = Yep - (1 - 61/)1 Ymax = Yep - (1 + 51})]a (10)

LJIE Yep — CPEIHAS TOUKA HHTEPBAJIA HEOIPEIEJEHHOCTH, 0y = Zle 06y, — OTHOCH-
TeJIbHaA OHII/I6Ka pe3yJsbTara, 6261 — OTHOCUTEJIbHbIE OIIII/I6KI/I n3MepeHus 1nepeMeH-
HBIX X;.

IMosuuoMBI (9) IMUPOKO UCHOJIL3YIOTCA B MHOTOYUC/IEHHBIX IIPUJIOKEHUSIX B Ka-
YeCcTBE IMIUPUIECKUX Mojiesieit. [Ipu 3ToM 1115t OTHOTO U TOTO Ke SIBJIEHUST YACTO Cy-
MECTBYET HECKOJIHLKO AJIBTEPHATHBHBIX IMITUPUIECKUX (DOPMYJT, OTIHIAIOIINXCST KAK
CTPYKTYPO#l, TAK U YHUCJIOM IlepeMeHHbIX. Hanpumep, Jjist ONeHKY TPOCTPAHCTBEH-
HO-BPEMEHHBIX XapPaKTEPUCTUK aBapHUITHOIO 3arpsi3HEHHs] BOJOTOKOB IPEJJIOZKEHO
6ostee 10 pasIMIHBIX SMIUPAIECKUX (DOPMYJI, KOTOPhIE OTIMIAIOTCS KOJIUIECTBOM
YYUTHIBAEMBIX [EPEMEHHBIX. BXOfdIme B HUX TepEMEHHbIE, KOTOPbIE BKJIIOYAIOT
CKOPOCTD TeYeHUs, [VIyOUHY U ITUPUHY PEKH, €€ TUIPABINIECKUl PAJIyC U YKIIOH,
KO3 DUIMEHT MEPOXOBATOCTH PYCIA U JIP., UBMEPSIOTCS ¢ OOJIBITUMA TOTPENTHO-
crsvu [16].

B sTux ycioBusix BKJIIOUEHHE IEPEMEHHON B MOJIEJb C OJHOW CTOPOHBI yBeJIU-
YUBaeT ee TMOJHOTY, T.€. CHUYKaeT HEONPEJEJIEHHOCTh pe3ysibTraTa, a ¢ JPyroi yse-
JIMIUBAET OIMUOKY MOJIEJIN, CBI3aHHYIO ¢ HETOYHOCTHIO M3MEPEHUs MePEMEHHBIX.
Homnycrum, uro Mozens (9) comepKut mosHbIA nepedensb k nepemenubix. Torma ec-
JIU B MOJIEJIb BKJIFOUEHO M < k IepeMEeHHBIX BOZHUKAET OIMUOKA U3-32 €€ YIIPOIIEeHUsI
7 ODIIYIO OMIUOKY Pe3ysIbTaTa MOXKHO 3allUCaTh B BUJE CYMMbI

dy(m) = dy1(m) + 0y2 = 6,1(m) + Zﬁiéww (11)
i=1

IJI€ IEPBOE CJIAraeMOe CBSI3aHO C HEITOJHOTON MOJIESH, & BTOPOE — C OIMIMOKAMU N3Me-
peHust mepeMeHHbIX. JIjst BeJmauHbl 0y (M) BBIIOIHAIOTCS €CTECTBEHHbIE yCJIOBUS
d,1(m) = 0 npu m = k u 0y1(m) = 1, T. e. UIMeET MECTO MaKCUMAJIbHAS HEOLPEIe-
JieHHOCTB Tipu m=0.

JlomycTuM, 9TO BKJIAJ, KayKJON IIEPEeMEHHON B MOJENN OJUHAKOB. Lorjma mpu
OJIMHAKOBBIX OIIMOKAX M3MEPEHHsI IEPEMEHHBIX 0,; = 0, U CTeleHsax [3; dopmyiia
(11) mpuoGperaer mpocToii BUT
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dy(m) =1 —m/k)+m- d,. (12)

IIpu 3TOM 3aBUCUMOCTH OOIIE OMMOKN Pe3y/IbTaTa 38 CIET HEMOJTHOTHI U HETOU-
HOCTHU U3MepeHNii OT YHCJIa IEPEMEHHBIX UMEeeT MUHUMYM, PABHBIN Ominy = 1 — (1 —
k-6;)/(L+k-0,) B TOUKE Mopy = k/(1+ k- 0y).

110 IePEMEHHBIX Mopy MOXKHO CYUTATH ONTHMAJILHBIM [T SMIHPUYECKON
MO/IeJIH, TaK KaK JaJbHelIIee yBeJInIeHne Inucya MePEeMeHHbIX Oy/IeT IPUBOIUTE K
yBeJimueHunto obieit ommbku mogenu. [lpu k = 10 u §,, = 0.05 onTuMabHOE YUCIIO
[IepEMEHHBIX JIJIsi PACCMATPUBAEMON MO/ He IpeBbIimaer 6 = 7.

CriakuBaHue JaHHBIX: MPsiMble, HEsIBHbIE U OOpaTHBIE
dbyHkIUN

HaI/I60nee qaCcTO B HpI/IJ'IO)KeHI/IHX JJId CrJIa>KNBaHM A SKCHepI/IMeHTa.HbeIX JaH-
HBbIX, HOJIy‘{eHHI)IX B pesyﬂbTaTe Il—I/ISMepeHI/Iﬁ " 3a/IaHHbIX B BHU/JIE (n X m)-ManI/IILIyI
Xn (n X 1)—BeKTopa Y ucnosb3yercs JIMHENRHO TapaMeTpPU30BaHHbIE (DYHKIUH BUIA
2, 3]

y=01fi(x)+...+58;fi(@) +...4 Bmfm(x) +e, (13)

rje y — u3MepsieMasl BbIXOJHAs liepeMeHHasi, £ = (a7 .. .xk)T — BEKTOP Kk BXOIHBIX
IIepeMeHHbIX, f; — n3BecTHble GasucHble dyHKINH, (; — HEU3BECTHBIE KO3 HIH-
€HTBDI.

B pamkax crarmcTmdeckoro moaxoma i HAXOXKIEHUS OIEHOK IIapaMeTpPOB
OOBITHO WCIOJIB3YeTCS MHOXKECTBEHHBIN PErpeCCHOHHBIN aHaN3, OCHOBAHHBIN Ha
MeTOJIe HAaNMeHbInX KBaaparos [1-3]. Toueunble OleHKYN MapaMeTpoB U MX KOBa-
pUAaIMOHHAs MaTPUIIA HAXOISITCS 110 (DOpMYyJIaM Kak

B=(FTF)'FTYy, D(B)=0*(FTF)™!, (14)

rge B — BeKTOp OLEHOK Hem3BeCTHBIX mapameTrpos G, F = {f;(x;)} — (n x m)-
MaTpUIla 3HAYEHUN O0a3uCHBIX (DYHKIUN B 1 ONBITaX, Y — BEKTOP HAOJIIOICHUIT BbI-
XOJTHOU IIepEeMEHHOA.

3BecTHO, UTO 1IPU HOPMAJILHON ajguTuBHON ommbOke omenku (14) obsamaror
[EJIBIM PSIIOM ONITUMAJIBHBIX CBOCTB, B 9aCTHOCTH, SIBJISIOTCS HECMEITEHHBIMHT, (-
(beKTUBHBIME U HAWIYYIINMHA B KJIACCE JIMHEHHBIX OIEHOK. Pacmupeesienne OneHoK
[IOTYNHSAETCS] HOPMAJIBHOMY 3aKOHY, YTO IIO3BOJISIET IIPU 33aHHOI JIOBEPUTEHHOMN
BEPOATHOCTU (v OIPEEIUTD JOBEPUTEIbHbIE HHTEPBAJIBI JIJIs OIEHOK I1apaMeTPOB.

CroxkuBIasics mapajurMa perpecCHOHHOrO anaan3a, Bocxondmas Kk Durrepy,
BKJIIOYAET J[Ba [VIABHBIX IIOCTYJIATA: Pa3JeJIeHue [EePEeMEeHHBIX Ha BXOJHble (He3a-
BHUCHMBIE) U BBIXOJHBIE (3QBUCUMBIE) IEPEMEHHbIE; TIPUCYTCTBHE aJJIUTUBHBIX, HOD-
MaJIbHO PACIIPEJIEJIEHHBIX CJIyYafHbIX OMIMOOK TOJBKO B BBIXOJHOW II€PEMEHHOIA.
VImenHO TIpu 9TUX JOMYIIEHUSIX Oy YeHbl HAn0OoJIee CUIBHBbIE PE3YJIbTATHI PErpec-
CHOHHOTO aHAJN3a, CBI3aHHBIE C ONTUMAJIbHOCTHIO HANIEHHBIX OIEHOK, UX HECMe-
MIEHHOCTHIO, COCTOSATEHLHOCTHIO U T. II.

Bwmecre ¢ Tem, Ha TpaKTHKe CyIIECTBYeT HMIMPOKUN KJIACC MPUKJIAIHBIX 33144,
KOTJIa OJMH WJIN OJHOBPEMEHHO 00a TMOCTYJIaTa PErpecCHOHHOTO aHAJIN3a HAPYIIa-
orcsd. Ha mpakTuke Mozesb o CaydaifHo, aJInTUBHON HOPMAaJIbHO PACIIPEIeIeH-
HOI OIMUOKOI SBJISIETC CKOpee UCKJoYeHneM, 4eMm npasujioM. OObIYHO OIIHOKU
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Henm30eKHBI KaK B BBIXOJHON, TaK W BO BXOJHBIX MepeMeHHBIX. [Ipu sToM mx Be-
JIMYUHA 9aCTO 3aBUCUAT OT TEKYIIEro 3HAYEHUs ITepeMeHHoi. JacTo HeT OCHOBAHUHI
CYNTATh UCTOYHUKOM HEOIPEe/IEHHOCTU JAHHBIX CJIyYaiiHOCTh U, CJIeI0BaTe/IbHO,
[IPUIKACHIBATH OIMMOKAM OIPEJEJEeHHYI0 IJIOTHOCTh BeposTHOCTU. Hampumep, mpu
U3MEPEHNN HETOYHBIMU MPUOOpaMU, aHAJN3€e OMNOOK KBAHTOBAHUS U OKPYTJIEHUS,
06paboTKe M300parkeHnit u T. 1. H60JIee eCTeCTBEHHO OMUCHLIBATH HEOIPEICTCHHOCTD
B TEPMUHAX WHTEPBAJIa BO3MOXKHBIX 3HAYEHUN.

B kaprorpadun u npu obpaborke GoTon300parkeHnit OTHOIIEHUST MEXKJIy IIe-
DPEMEHHBIMU OIIMCHIBAIOTCH HesiBHO# dyuKuumeit f(x,y,b1,...,by,) = 0. IIpu srom
OTCYTCTBYET pa3jieJIeHue [IePEMEHHBIX Ha BXOJIHbIE U BBIXOJHBIE. [lesiancy MHOrO-
9UCJIEHHBIE TIOMBITKA CMSITIYUTH JOCTATOYHO YKECTKYIO CUCTEMY ITPUBEIEHHBIX BBIIIIE
nonytiennii. Hanpuvep B KOHMIIIOIHTHOM aHAJIM3€ JOMIYCKAETCH HAJIMYHNE OIMUOOK
Kak Ha BXOJle Tak W Ha BbIxoje. OJHAKO B CBSI3U CO CJIOKHOCTHIO AHAJMTHIECKOTO
npescTaBaeHnss (PYHKIIUU MIPABIONOI00MsT B OCHOBHOM pPa3pabOTaHbl IBPUCTHUIE-
CKHe MeTOJIbl, B YACTHOCTHU CBsI3aHHBIE C IPYNIMPOBAHNEM JAaHHBIX (METOJ UHCTDY-
MEHTAJIbHBIX I€PEMEHHDIX ).

B pamkax mHTEpBaJIBLHOTrO MMOJAXO/A 339U CIJIAYKUBAHUS PENIAIOTCA B IIPEJIIIO-
JIOXKEHUU, ITO IKCIEPUMEHTAJIbHBIE HAOJIIOEHUS 3aJaHbl B NHTEPBAJIBHON (hopMe,
[IPA 9TOM JIOIYCKAKOTCS OIMMUOKMA KAK BO BXOJIHBIX, TAK W B BBIXOJHON II€pEeMEHHON
[9-15].

[TosichuM wmmero cria)kKWBaHUs WHTEPBAJBHBIX JAHHBIX HA MPOCTOM IIPUMEPE,
puc. 1l,a, rjie BepTUKAJBHBIMY 2KUPHBIME JIHHUSMI H300PaKeHbI [I5ITh HHTEPBAJIb-
HBIX HAOJIOEHNH BEJIMINHBI Y, IOJIYIeHHBIX B KCIepuMeHTe pu x € [3; 7).

Mpanuuel NpamMoit yHKUMKM Mpanuyel 0BpatHO! PyHKUMKM
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Jlist crytarkKuBaHUsT MHTEPBAJIBHBIX JAHHBIX U HAXOXKJEHUs] CPEeJHel JIMHUU, a
TaKkyKe BEPXHeNl M HUYKHEH TPAHUI] MHTEPBAJA HEONPEJETeHHOCTH HCIOJIb3YIOTCs
smHeitHble dyHKIun. [Ipu aToM HaxonsATCst B uanazone x € [3; 7] koadbdunueHTs
YPABHEHUIl PAHUI] PACCUUTHIBAIOTCA METOIOM HAMMEHBIINX KBAJPATOB COOTBET-
CTBEHHO IO BEPXHUM WM HUKHAM TPAHWIHBIM 3HAYEHUSIM WHTEPBAJIBHBIX HAOJIIO-
Jennii, a Ko3(hMUIUEHTH CPEIHEHl JIMHUKM — [0 CPEJHUM TOYKAM HHTEPBAJBHDBIX
HabTIofieHnit. Y paBHeHue cpegueit muuun nmeer Bug y = 10 + x.

OueBngHo, uTO0 B gmamasoHe x € [3;7] 4epe3 MHTEPBAJIbHbBIE HAOJIIOJIECHMUST
MOYKHO ITPOBECTHU GECUUCIEHHOE MHOKECTBO MPAMBIX, OJIHAKO CYIIECTBYIOT JBE “9KC-
TpeMaJIbHBIE”, OJIHA U3 KOTOPBIX HPOXOAUT Yepe3 TOUKH ¢ KoopiauHaTamu (3; 12) u
(7; 18), a apyrag — gepe3 touku (3; 14) u (7; 16). Dru upsmbie mopoxIAIOT 6O~
Jiee MMPOKUI UHTEPBAJ HEONPEIEJICHHOCTH BHE nuana3oHa & € [3; 7], mmpuna tem
GosbIne, eM Gimxke 3HAUEHHE T K KpagMm auanasona [0; 10].

I'paHuBl pesyaIbTUPYIONIEr0 WHTEPBAIA HEONPEJEJEHHOCTH B JINANAa30He & €
[0;10] (ma puc. 1,a BbLIEIEH TEMHBIM IIBETOM) OLMCHLIBAIOTCH JIMHEHHBIMU CILIAHH-
GyHKIEAME ¢ TpeMs y9acTKaMu. VHTepBaAJILHBIA MOIXO0/] K JAHHON 33/a9€ MO3BO-
JIZET JOCTATOYHO IIPOCTO PEIIUTH 3389y ANIPOKCUMAIUN ITUX CILIANH-DYHKIUI
IJIaJIKUMEA aHAJTATAIECKAMEA (QYyHKIUSMHA U3 KJIacCa KOHUIeCKnx cedennit. s pe-
IIEeHUsT 3aJ]a9M KPOMe MMEIONIXCS 5 MHTEPBAIBHBIX HAOIOJEHUIl TeHepupyIoTCcs
TaKIKe JIOMOJHUTEbHBIE TOUKHA Ha yIacTKax & ¢ [3; 7], KOTOpble pacCUnTHIBAIOTCS
110 HAWJIEHHBIM YPaBHEHUSIM IPIMbIX. AHATUTHYECKNE YPABHEHUSI IPAHUIL UIILY TCSI
B dbopme neasnol dyrryuu [11]

2% = B1y? + Boyz + B3z + Bay + Bs. (15)

Bekropsl koaddurpentos ypasrenusi (15), HaiileHHbIE METOIOM HAMMEHBIITHX
KBa/IpATOB JJIA JTaHHBIX PUC. 1,a, COCTaBUJIN:

IS HIDKHEH IPaHUIIbL: Bmin = [-1.05;2.12; —19.16; 18.35; —78.85] (16)
IS BepXHeil PPAHIIBL [ax = [—1.05;2.12; —24.36;23.48; —129.84].  (17)

Jlist nesieii nporunosa ypasuenus (16) u (17) nupuBogsTcs K KAHOHAIECKOMY BULY
U 3AIMCHIBAIOTCS B BUJIE JIBYX SIBHBIX (DYHKITUIT IPOTHO38, Ypin = @(ﬁmin, ), Ymax =
@(ﬁmax, x). IloyueHHble IpeICKa3aHHBIE 3HAUEHNUs, KOTOPBbIE OTMeYeHbI Ha puc. 1,a
KPYIJIBIME MapKepaMu, 00eCIIeYnBaT JTOCTATOYHO BBICOKYIO TOYHOCTH OIUCAHUSI
TPAHWI] HHTEPBAJIA HEOIPEIeTEHHOCTH.

B Teopun nzmepenuit BaxxHOE MECTO 3aHUMAET 3ada%a KaAAUOPOSKY, T. €. TOCTPO-
€HUs TPAIYUPOBOYHON XapPAKTEPUCTUKNA CEHCOPA 10 HETOYHBIM JTAHHBIM SKCIIEPH-
menTa. [Ipn aTOM [J1s poCTeiiIero JuHEHHOro cirydasi, Koraa QyHKIMs mpeodbpa-
30BaHUs CEHCOPa MMeeT BHJI JInHelHol dyHkuun y = 1 + [fox, HeoOX0AUMO HaiiTh
OIIPeIeJINTh OOPATHYIO MOJIE/Ib & = (] + Aol W OIEHUTh KOPUJIOP €€ OIMMOOK.

B pamkax crarucTudeckoil napaJurMbl 9Ta 3a/1a49a OTHOCUTCA K KJIacCy Hanbo-
Jiee CJIOXKHBIX U ¢J1abo popMam3yemMbix. Ee perennto mocBsIeH OTIe/IbHbBIH Pa3 e
CTATUCTUKU — T€OPUs KAJUOPOBKU. TPYIHOCTH BBI3BIBAIOTCS CJIEYIOIIMMU [IPUYIH-
mamu. Ecin o JaHHBIM 9KCIIEPUMEHTa, HANIEHBI HECMENIEHHbIE CTATUCTHIECKUE
oneHKH Ko3(pUIUEHTOB [J; IPSAMON MOIEH, TO IPH IIEPEX0e K 00paTHO! MoIe/Iu
3TO CBOWCTBO Te€PSAETCs, KDOME TOr'0, BOZHIKAIOT TEOPETUIECKHE CJIOKHOCTH IIPU I10-
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CTPOEHWH JOBEPUTETHLHOTO NHTEPBaIa. ECIn Ke pacCInThIBAIOTCS OIEHKN KO3hdu-
[IMEHTOB OOPATHON MOJIEJIH, TO 3aBUCUMO}l CTAHOBUTCH II€PEMEHHas Y, U3MepseMast
€ ommOKaMU, 9TO IPUBOIUT K HAPYIIEHUIO [TPEJIIIOCHLIOK PErPECCHOHHOTO aHAII3A.

B pamkax mHTEpBaJBHOIO aHAIM3a 330298 PEIraeTcs JOCTATOIHO IIPOCTO JaXKe
[P HAJIMYIUU OIMMMUOOK B O0EMX IIEPEMEHHBIX & W Y, TAK KAK IPU HAJINIAN AHAJM-
THUYECKUX yPaBHEHMI I'DAHUI] IIePeXo/l K OOPATHON MOJENN He BBI3BIBAET HUKAKUX
tpyxaHocTeit [12, 13]. Ecim naneble puc. 1,a BoCHpUHMMATH KaK JaHHBIE KaJuO-
POBOYHOIO IKCIIEPUMEHTa, TO, UMesi YPaBHEHUsI CPEJIHEH JIMHUU W I'PAHMUIL, JIEFKO
[MOJIy9IUTh UCKOMYIO TPayHPOBOYHYIO XapaKTEPUCTUKY, T.€. OOPATHYIO MOJEIb U
ee TPaHUIIbI, IpecTaBIennbe Ha puc. 1,6. B yacrHocTn ypaBHenue rpamaynpoBod-
HOIT xapakTepuctuku nmeer Bujg & = —10 4+ y. Kopumop ommbox cencopa 3aaut
TEMHBIM IIBETOM.

Ha puc. 1,6 HarasaHO mposiBisieTcss OauH (DEHOMEH, KOTOPBI He yYHUTHIBaeT-
Csl TIPA CTATHCTUYECKOM IIO/IXOJIE, CBSI3aHHBIN ¢ pabOvYnMM IMANA30HOM CEHCOpa, B
KOTOPOM OIIMUOKA OMpeJie/ieHa HA OCHOBE MCXOJHBIX JAHHBIX, & HE [0 IMPOrHO3HBIM
3HadeHusaM. [IposicHuM 3TOT MOMEHT.

st npsimoit Moziesn puc. 1,a B paboueM auarasoHe epeMeHHoil © € [3; 7] nme-
Jla, MECTO MOCTOsIHHAS aDCOJIIOTHAS OIMOKA M3MEpPEeHUsl TIepeMeHHo# iy, paBHast +1.
Jits1 oOpaTHON MOJEeN MOCTOSHHAsT aDCOIIOTHAS OIMMOKA M3MEPEHUs TePEMEHHOM
x, paBHag +1, coxpaHsercd Juib B guana3oHe & € [5;7], KOTOPbIi OTMEYeH HA
puc. 1,6 cTpeskaMu, KOTOPOMY COOTBETCTBYET CPABHHUTEIBHO Y3KHUil pabounii Jua-
na3oH ceHcopa y € [14;16]. Bue sroro numanasoHa OmMUOKN M3MEPEHUsS] X CTPEMU-
TEJILHO BO3PACTAIOT.

10T dakT oTpazkaeT 0OBEKTUBHYIO PEATbHOCTh MH(MOPMAIIMOHHONW JIOCTOBEP-
HOCTHU PE€3YJILTATOB BHYTPH U BHE IIPEJIEJIOB IUAIA30HOB KAJIHOPOBOYHOIO IKCIIEPU-
MEHTA.

B kadgecTBe nmpenMyIiecTBa MHTEPBAJIBHOIO MOIX0A K 3a/a4e KAJIMOPOBKHU HEOD-
XOUMO OTMETUTH TaKKe TOT (DAKT, 9TO B OTJIUYINE OT CTATUCTHIECKOTO IOIXOIA
MOrYT OBITH HCIIOJIB30BAHBI 00a BAPUAHTA PACUETA: IOCTPOEHUE IPSMON MOIEJIN U
ee obpallleHne U HEMOCPeJICTBEHHOe MocTpoenne obpaTHoit mozaesu. [Iputem oba
BapuaHTa IPUBOJIAT K OJHUM U TEM YK€ Pe3yJIbTaTaM.

OI_[eHKa 9KOHOMUYECKHNX PUCKOB MHBECTUIIMOHHBIX ITPOEKTOB

st onerkn 3 HEeKTUBHOCTH MHBECTUIIMOHHOTO TIpOoeKTa B MeTomuaeckux pe-
koMmeHzanusx [17], ocuoBanubix Ha meromosiorun UNIDO, pekomenyercs psii u-
TerpaJibHBIX TTOKa3aTesell, cpenn KOTopbix: ancthbiil goxon (Y1), uucTsiit quckon-
tuposanubiii goxoxn (U), BHyTpennsiss Hopma joxogaoctu (BHII), cpok okyma-
emoctu (Tok), unmekc moxomuoctu quckonTupoBannbix 3arpar (MJIJ3). Ipemmo-
JlaraeTcs, 9TO OXKHUJAaeMble MmoKa3arean 3DPEKTUBHOCTH MPOEKTa BBIYUCIISIIOTCS C
yiaeToM (HaKTOPOB PHUCKA U HEOMPEIETeHHOCTH.

B coorsercrun ¢ [17] puck s MHBECTUIMOHHBIX IIPOEKTOB TPAKTYETCS] KAk
COBOKYITHOCTDb TPEX COCTABJISIONINX: COOBITUE, CBA3aHHOE ¢ PUCKOM; yuieps (Beu-
YUHA JEHEKHOU CyMMbI, II0J[BEPraeMoil PUCKY) U 6EPOAMHOCTNG pucka. s onen-
KU PHCKA WHBECTUIIMOHHBIX ITPOEKTOB UCIIOJb3YETCS TAK HA3BIBAEMBIN CIIEHAPHBIN
aHaJn3, KOTJIa IPOEKT OIEHUBAETCS I KOHEYHOI'O YHCJIA PA3JINYHBIX CIIEHADHEB,
KaXKJIOMy 13 KOTOPBIX IIPUIICHIBAETCS OIIPE/IeJIEHHAsI BEPOATHOCTD p;. VIHTerpasnb-
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HBI [TOKA3aTeb 0XKIUIaeMOoil 3(DMEKTUBHOCTH TIPOEKTA Doy, PUCK HEIDDEKTUBHO-
ctu npoexkTa P, u cpeaunit yimepd Y, or peanuzaruu HedIDHEKTUBHBIX TPOEKTOB
BBIUHCJISTIOTCS 10 (POPMYJIaM

Somzzglpu Ps :Zp;a ya:zp;al/Pa (18)

CyMMmupoBaHUe B IBYX MOCJIEIHAX (POPMYJIaX BEIETCS TOJIBKO JJIsI CIIEHAPUEB C
OTPHUIIATETHHBIMIA HHTETPAJILHBIMA 3 deKkTamMn ;.

VauTeiBasi, 9TO CJIyIAHNHOCTD ABJISETCHA TOJBKO OJHUM U HE BCEr[a [JIABHBIM WC-
TOYHUKOM HEOIPEJIEJIEHHOCTH, KOTOPasi B OCHOBHOM CBsi3aHA C HE3HAHUEM, HEIIOJI-
HOTON U HETOYHOCTHIO MHGMOPMAIMY B IIOCJIEIHEE JIeCATHIIETHE B 3apy0OeKHOil Jin-
TepaType MpeJJIoyKeH PsiJi HOBBIX MOJIeeil K OIMCAHUIO HEOIPEIEIEHHOCTH B Tep-
MWHAX HEe BEPOSTHOCTH, 8 BO3MOXKHOCTH HEOJIAronpusiTHOro coObitusi. Ilpm srom
BMECTO KJIACCHYECKOli BeposiTHOCTHON Mozesu (18) naxoaur GoJiee ajleKBATHAS MO-
JIeJTb 9KOHOMIYECKOTO PUCKA, 3AIllNChIBacMast B BUJIE

Vwepb = neonpedesennocmv X denescHvle nomepu npu HebAa2ONPUATIHOM
cobvimuu.

IIpu sTOM mJ1st OIIMCAHUS HEOIIPEJEJIEHHOCTH IPEJIAraioTCs Pa3Hble OIXOIbI 1
TeOpPETUYECKUEe METOJIbI, CPE/In KOTOPBIX TEOPHUs HEYETKUX MHOXKECTB, POOACTHBIN
0aiteCOBCKHII TI0JIX0/T, TEOPHsSI HETOYHBIX BEPOSATHOCTEH, MOJIe/Ib NHTEPBAJIbLHON Be-
POSITHOCTH W MOJIEJTb C OT'PAHUMYEHHBIMU BepodTHOcTsMu. [lociemnne Tpu Momenn
B 9TOM CITHCKE PACCMATPUBATHCS KAK CHMOMO3 BEPOATHOCTHOIO M WHTEPBAJIBLHOIO
ITO/IXOIA.

Hwke paccmarpuBaercst nHTEpBaJbHast MOJETb pucka [15, 16, 18], konmemms
KOTOPOI OCHOBaHa Ha MPEOOPA30BAHNU BXO/IHBIX MHTEPBAJbLHBIX MTOKA3aTeIeH TIPO-
€KTa B BBIXOJIHbIE MHTEPBAJIbHbIE 3HAUYEHUsI MHTEPAJIBHBIX KpUTEpueB ero apdex-
TUBHOCTH.

WNurepBanmbHas MOJIETb SKOHOMUIECKOTO PUCKA JIJIsI IPOEKTOB, PEAJN30BAHHAS
B riporpamme Hrnmepsan-Hreecm BKIIOYAET CIIEAYIOIINE TAIIDL:

1. B unrepsasibuoit GOPME [Zmin; Zmax| 387a10TCA BO3MOXKHBIE MDAHUIIBI [APa-
METPOB BHEIIHUX YCJOBHII ¥ TEXHUKO-IKOHOMUYECKHUX ITOKA3aTesell U HA MX
OCHOBE IIPOrPaMMHO (POPMUPYIOTCsI JIBA IKCTPEMAJIBHBIX CIeHAPUs] — IIECCH-
MHUCTHUYECKHI ¥ ONTHUMUCTUIECKU. B KaXK0M M3 HUX B PA3JIUIHBIX KOMOU-
HanusX (BUTYPUPYIOT BEPXHUE U HUKHUE TPAHUYHDBIC 3HAYCHUS APAMETPOB
Zmin; Zmax- DBOJSITCS TPEIEIBHO JIOMYCTUMbIE, TOPOrOBbIe 3HAYEHUS d; I
kpurepueB dbdekrusaoctu. [Ipumennreasno xk YA d = 0 u npu Y < 0
pe3yJibTaT IIPOEKTa II0 ITOMY KPUTEPUIO TPAKTYETCA KaK OTPULIATE/IbHBINA.

2. Tlo usBecTHbIM (OPMYJIAM PACCYUTHIBAIOTCS WHTEPBAJbHBIE KPUTEPUU [I;]
apderTuBHOCTH TTpoekTa. [loKazaHo, 9To 3HAYMEHUsT KPUTEPHUEB I;, KOTOPDHIE
OTIPEJICJIAIOTCS Ue€pe3 KyMYJISITUBHBIE 3HavYeHUsi (PUHAHCOBBIX IIOTOKOB, IPU
JIFOOBIX KOMOWHAIUSIX MCXOJHBIX JAHHBIX BHYTPU T'PAHUIL Zmin; Zmax OYILYT
OPUHAJJIEXKATh UHTEPBAIaM [2;].

3. PaccuureiBaercs puck (BO3MOXKHOCTB) [OJIYYEHUS OTPUIATEILHOIO PE3YJlb-
Tara, Kormga x; < d; (wim x; > d; 1Jjisi KPUTEPUEB, CBI3aHHBIX C 32TPATAMH).
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IIpu pacuerax pucka r HeOJIATONPUITHOIO cOObITUAS T < d NPU 33JAHHOM UH-
TEPBAJIBHOM 3HAYEHUN KPUTEPHUs [X] MCIOIB3YeTCs CIJELYIOMUil JOCTATOIHO ecTe-
CTBEHHBIH ITOJIXO/T;:

e ecant d > Tmax, TO R =1;

e €CJ/In d S [x], TO PUCK BbBIYUCJIACTCA KaK OTHOIIEHUE JIJIMHbI OTPE3Ka, Ha KOTO-
POM OTHOIIIEHNE BBIIOJIHSAETCs, K [IMPUHE BCEro MHTEpBaJa [z], T.e. mo dhop-
MyJIe

R= (d - xmin)/(xmax - -Tmin)- (19)

HeobxomuMo 0TMETUTD, 9TO B CIydYae TOCTYINPOBAHUST PABHOMEPHOTO PACIIpE ie-
JIeHWsI Ha WHTepBaJie |x| moaydennsre o dopmyse (19) sHauenus: OyayT coBImagaTh
€O 3HAYEHUEM BEPOSITHOCTU COOTBETCTBYIONIETO COOBITHSI.

Hwxe B Tabisi. 2 mpuBelieHbl pe3yJibTaThbl pacdeTa KpUTepUeB 3(P@MEKTUBHOCTH
¥ 9KOHOMHUYIECKUX PUCKOB mpoekTa ADC, mosydenHbe 1o mporpamme HHmepsa.-
Hneecm. Tloporoseie 3nadenus Kpurepues cocrasisim: Jyist I u YT d = 0 (ue
Mmenee, yeMm), miug BH/ d = 0.25 (e menee, uem), qyis I3 d = 1.2 (ue menee,
4yeM), st Tapuda 6esybsrrounoctu d < 2 (e Gosiee, yem).

Tabiuna 2

[Tokazaresnn 3ddekTUBHOCTH / ClIeHApun Tleccum. Baszosrwiit | Ontum. | Puck
1. Yucrelit OX0I, MJIH. JOJLI. —1393.1 1222.2 3287.0 0.30
2. Y0, muH. g0, —2373.3 —855.1 521.8 0.82
3. BHI, % 0.0 2.5 7.5 1.00
4. U3 0.36 0.76 1.34 0.86
5. Tapud 6e3ybbiTounoCTH, HEeHT/KBT 9 5.53 2.98 1.87 0.53
6. Cpok OKymnaemocTH, JieT He okyn. | He okym. 27

7. JIMCKOHTHPOBAaHHbIE 3aTPATHI, MJIH. JOJLI. 3556 2673 2484

B skoHOMUUeECKOil JuTEpaType PEKOMEHAYIOTCS CJSAYIONINe IPAIAIlii PUCKA:
0 + 0.1 — vmuanmaseabIi; 0.1 < 0.3 — mausrii; 0.3 + 0.4 — cpemamnit; 0.4 < 0.6 — BBI-
cokmit; 0.6 +~ 0.8 — makcumasrbublit; 0.8 +— 1 — KpuTndeckuii. B coorBeTrcTBUM ¢ 3TOM
rpaJiaryeii JIjist UCCJIe/lyeMOro B yCJIOBUSIX HeolpegesieHHoCTH mpoekTa ADC KpuTu-
YEeCKMe 3HAYEHUs PUCKA TI0JIyYeHbI 110 BCeM KpuTepusaM 3a uckirodenuem I71 (0.3)
u tapuda 6esybsrrounoctu (0.53). Do 1mo3BOJIAET CeNIaTh BHIBOA O Hed(DdHEKTUB-
HOCTH IIPOEKTA IIPH CIEJAHHBIX JOIMYINEHNSIX OTHOCUTEIHFHO BO3MOXKHBIX CIICHAPUEB
peain3aIiy MPOeKTa M er0 TEXHUKO-9KOHOMUYIECKUX XapPAKTEePUCTUKAX.

3akJroueHme

[IpuBenenmble WLTIOCTPATUBHBIE IPUMEPDI TOKA3BIBAIOT, UTO IPUMEHEHNE WH-
TEPBAJIHLHOIO AHAJIN3a HO3BOJISET CHATH MHOTUE IIPOOIEMBI I METOINIECKUE CJIOXK-
HOCTH, BO3HHUKAIOIIWE IIPA PENIeHUM IIPUKJ/IAJHBbIX 33/a4 CTATUCTUYECKUMHU METO-
JaMu. B paMKax MHTEPBaJbHOTO AHAJM3a HEOIPEJICIEHHOCTh MCXOJHDBIX JIAHHBIX
MOKET UMeThb Pa3Hble UCTOYHUKHN U Tpupoay. HTepBaa Heonpe IeIeHHOCTH ITO3BO-
JIsTeT ONMCATh MIMPOKUN KJIACC HEOIPEEJIEHHBIX, HEOTHO3HATHBIX, BAPUaOEbHBIX
¥ HETOYHBIX UCXOJHBIX JAHHBIX. SHAYEHUs OMMUOOK B MCXOHBIX JTAHHBIX MOTYT KO-
J1ebaThCd B NIMPOKHUX IIpefiesiaX. Pe3yabTarTsl, HOJIydeHHbIE C ITOMOIIBI0 B PAMKaX
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Iapa UMbl UHTEPBAJbHOIO aHaIN3a, UMEIOT ACHYIO U 4eTKYIO WHTEePIPEeTalluio B
TepMUHAX MHTEPBAJIOB U obJjiacreil HeompeejaeHHocTr. OCHOBHON 1IpobJ/ieMOil WH-
TEePBAJIBHOIO aHAJIN3A ABJIACTCA KOPPEKTHOE OIIpe/leJIcHIe MHTEPBAJIOB Heollpee-
JICHHOCTH Ha OCHOBE Pa3JINYHON HCXONHBIX JAHHBIX IIPU HAJWUYAN PA3JIMIHBIX HC-
TOYHUKOB HEOIPEeJeHHOCTH epeMeHHon. [IpuBesertbie pe3yIbTaThl JAI0T OCHO-
BaHUe C/IeJIaTh 3aKJ/II0UYUTh, YTO IIPUMEHeHNe NHTEPBAJILHOIO aHaINn3a K MIUPOKOMY
CIIEKTPY NPUKJIATHBIX 33/1a9 C OIPDAHUYEHHBIMU OIMUOKAMU U HEOIIPEIEIEHHOCTHIO
B JIAHHBIX UMeET OOJIBINNX MEPCIIEKTUBBI.
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Validated constraint solving — practicalities,
pitfalls, and new developments

R. Baker Kearfott*

Abstract. Many constraint propagation techniques iterate through the constraints in a
straightforward manner, but can fail because they do not take account of the coupling
between the constraints. However, some methods of taking account of this coupling are
local in nature, and fail if the initial search region is too large. We put into perspective
newer methods, based on linear relaxations, that can often replace brute-force search by
solution of a large, sparse linear program.

Robustness has been recognized as important in geometric computations and elsewhere
for at least a decade, and more and more developers are including validation in the design
of their systems. We provide citations to our work to-date in developing validated versions
of linear relaxations.

This work is in the form of a brief review and prospectus for future development. We
give various simple examples to illustrate our points.

Introduction

A very general problem, specific instances of which are important throughout
CAD, as well as computing in general and operations research, is the general global
optimization problem

minimize ¢(z)

subject to ¢;(z) =0, i=1,...,my,
gi(x) <0, i=1,...,maq,
where ¢:x — R and ¢;,¢9;: ® — R, and where  C R" (1)

is the hyperrectangle (box) defined by
z;, < xi; < T, 1 < j < mg,i;between 1 andn,

where the z;, and T;, are constant bounds.

If ¢ is constant or absent, problem (1) becomes a general constraint problem; if, in
addition my = mg3 = 0, problem (1) becomes a nonlinear system of equations.

In general, and indeed, for many specific instances, it is theoretically impossible
to avoid exponential time when solving problem 1; see [16]. However, a plethora of
techniques that work well for a number of instances of interest have been developed
(although none of these are universally practical). Particularly prominent is a set
of techniques where the variables and, possibly, some of the parameters defining
the objective ¢ and the constraints ¢; and g; are only approximately known ini-
tially; in such cases, we can use the relationships among the constraints and the

*University of Louisiana, Lafayette, Louisiana, USA.
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objective to compute tighter bounds on the variables x;. Calling this general idea
subdefinite computations, Narin’yani and his group developed it starting in the early
1980’s [17]; an example implementation of these ideas is UNICALC [1] of Semenov
et al. This paradigm also lends itself naturally, with directed roundings, to vali-
dated computation, that is, to computation in which the results are valid not just
approximately, but with the certainty of a mathematical proof.

Large numbers of researchers have developed various tools and corresponding
theories for filtering the bounds on the x; through the constraints to obtain nar-
rower bounds, a process often described as constraint propagation, a burgeoning
field of artificial intelligence. A succinct description of the general constraint prop-
agation framework appears in [2]. Benhamou (ibid.) attributes the introduction of
interval constraints (equivalent to subdefinite computations) within this constraint
propagation framework to Cleary [4]. In the notation of [2], such interval constraint
propagation depends upon narrowing operators Ne¢(x), where x is a box and C is
the set of constraints'. Application of N returns a narrower box &, where points
in « that are infeasible with respect to the constraints C have been eliminated?
The constraint propagation community has defined various consistency conditions,
based on how N eliminates portions of @, and individual advances in the field often
are in the form of new consistency conditions that can eliminate portions of @ that
other conditions cannot.

In this paper, we focus on three consistency conditions in common use, to which
we refer as follows:

1) basic constraint propagation,
2) interval Newton narrowing,

3) linear relaxations

Although there are other conditions (such as those found in [22] or many other
places), these three represent what is included in our own work, and also are repre-
sentative of three schools which have only recently begun to merge. Basic constraint
propagation is a fundamental narrowing process in the constraint propagation com-
munity, while interval Newton narrowing has been the predominant process used
by those in the interval analysis community doing global optimization®. Linear re-
laxations, developed within the global optimization community at large, although
very successful at solving practical problems such as those in [21] and [5], have only
recently been recognized within the interval analysis community.

In the remainder of this paper, we will give illustrative examples of these three
techniques, highlighting their deficiencies and citing literature where appropriate.

1Here, C represents the constraints ¢, g, bound constraints of problem (1),and possibly con-
straints based on setting the gradient of the Lagrange function to zero, in the case that ¢ is present
and non-constant.

2In the global optimization context where ¢ is present, in addition to eliminating portions of
x based on feasibility, we may extend the interpretation of N to include elimination of portions
of @ if a lower bound for ¢ over the feasible portion of @ is less than a known upper bound on the
global optimum.

3Bounds on the objective ¢ are also used extensively within this school, but mainly in a
rudimentary way to reject boxes, and not to narrow boxes in the sense of a narrowing operator.
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1. Basic Constraint Propagation

Our own first examination of basic constraint propagation appears in [8], where
we call it “substitution-iteration.” Following our ideas in [8], basic constraint prop-
agation can be thought of as a nonlinear version of Gauss—Seidel iteration. That
is, we are given initial bounds for the variables, and solve for a variable within a
constraint. Plugging in the bounds for the other variables may then give narrower
bounds on that variable. If so, then we solve for the other variables in constraints
in which the narrowed variable occurs, and repeat the process with these other
variables. We continue this until no more variables can be significantly narrowed.

Example 1. Take the constraint system
c1(r) = 23 — 29, co(x) =23 — 2wy, w € [-1,1], x9€[-1,1].

Selecting x5 in ¢, we obtain xy = 23/2. Plugging z; = [—1,1] into 2% /2, we
obtain x5 € [0,0.5], a significant narrowing. We now solve ¢ for x; to obtain
x1 = r3/2. Plugging the narrower value of xo into x3/2, we obtain x; € [0,0.125],
obtaining a narrower value of x;. We can now use the first equation again to
obtain an even narrower value for xo. After only for iterations of this process
(using INTLAB [20]), we obtain intervals for z; and x2 containing 21 =0, 29 =0
and with widths less than 10716,

Just as in the classical linear Gauss—Seidel method, this process will only con-
verge if an ordering of the constraints and variables can be found such that the
corresponding Jacobi matrix is diagonally dominant.

Example 2. Take the constraint system
ci(z) =23 + a1 — 9, ca(x) = —211 — 29, T € [-.5,.5], X € [—.25,.25].

In Example 2, there is a unique feasible point (i.e. a point at which the con-
straints are consistent) within the initial bounds at 1 = 0, x5 = 0. However, solv-
ing ¢y for z9 as in Example 1 gives x5 = (m? +21). There is interval overestimation
when we plug x1 = [—.5,.5] into 22 + 21 and use naive interval arithmetic, but that
is not the only issue here, as we’ll see as we follow through the computations; we’ll
use the exact range of (23 + 1) for x1 € [—.5,.5], that is, 2o € [—.625,.625], which
is no improvement. Similarly, if we solve for x5 in the second equation, we obtain
that the range of —2x; over x; € [—.5,.5] is x2 € [—1, 1], not an improvement. The
only remaining alternatives for improvement are to solve for x; in ¢; or ca. Solving
for 21 in g gives no improvement, but solving for ;1 in ¢; (using the cubic equation)
and plugging in x5 € [—.25,.25] gives 1 € [—.237,.237], an improvement. Now,
solving for x5 in co gives 9 = —2x1 € [—.474,.474], not a narrowing. Thus, the
process becomes stationary at xy € [—.237,.237], x5 € [—.25,.25]. At this point, a
constraint propagation procedure employing only this basic technique would bisect
x, to increase the number of boxes, a potentially expensive procedure.

The difficulty in Example 2 is that there is no ordering of the variables and
constraints for which the resulting Jacobi matrix at the solution x = (0,0) is di-
agonally dominant. In such cases, a process that somehow decouples the system
would be superior to basic constraint propagation. One such procedure is interval
Newton methods.
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2. Interval Newton Narrowing

Interval Newton methods are ubiquitous throughout the interval analysis litera-
ture. An good reference for the theory is [18]; in our own work, we have introduced
and summarized interval Newton methods in [10]. At their most basic, interval
Newton methods work on systems of n equations in n unkowns*. Systems with
both equality and inequality constraints and optimization problems can be han-
dled by forming the Lagrange multiplier system (or more generally, the Fritz—John
equations).

An interval Newton operator is an operator of the form v = N(F, x, &), where
v is an interval vector that bounds the solution set to

Av = —F (i), 2)

where A is some Lipschitz matrix for F' or a slope matrix® for F centered at #. (For
example A can consist of element-wise interval extensions of the Jacobi matrix of
F over x.) Generally, the bounds v are obtained by first preconditioning (2) by
multiplying A and —F by a preconditioner matrix Y, where Y serves to partially
decouple the equations (and make the resulting matrix YA more like the identity
matrix).

In Example 2 above,

| al(x) 3+ 21 — X0
F(z) = ( ca(x) ) < —2x1 — T3 ’
and an element-wise interval extension of the Jacobi matrix of F' over the initial ©
is
, [1,1.75] -1
F'(z) € ( 9 1)

If the inverse of the midpoint matrix for F’(x) is used as a preconditioner matrix,
then, if & = (0,0)7, the preconditioned system becomes

[0.8888,1.1112] [0.0000, 0.0000] ( vy ) B ( 0 )
[—0.2223,0.2223]  [0.9999,1.0001] ) \ v2 /  \ 0 )~
and, using the interval Gauss—Seidel method, new bounds for v are

<(9).

that is, we obtain the solution sharply.

However, for some systems, multiplying by Y can result in significant overesti-
mation due to interval dependency. We give a simple example of such a system in

4However, using appropriate preconditioning, interval with practical use can be devised for
rectangular systems (both overdetermined and underdetermined). See, for example [9, Ch. 3] for
an example of such preconditioners.

5See, for example, [18] for the definitions of Lipschitz matrix and slope matrix.
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[15]. There, we show that such problems can sometimes be handled by precondi-
tioning the system symbolically®.

Nonetheless, there are significant practical problems that cannot be handled
even with interval Newton narrowing with symbolic preconditioning in combination
with basic constraint propagation. We have found this to be particularly true in
practice for systems of equations arising from applying Lagrange multipliers (or the
Fritz—John conditions) to constrained optimization problems; we gave a practical
example of this in [14, 13], and have studied it more thoroughly in [12]. Here, we
present a simplified example of a pure constraint problem.

Example 3. Take the constraint system
(@) =a2f—x2, q(z)=22—21, 21€[0,1], a2€][0,1].

One can easily verify that basic constraint propagation is unsuccessful on this
problem. Although this particular system has a unique solution at x; = 0, o = 0,
since this is an inequality-constrained problem, it is possible to have a solution set
with non-empty measure. To obtain lower and upper bounds on this solution set,
we may solve the corresponding constrained optimization problems with objective
functions min 1, max x;, minzs and maxx, and with the additional constraints
—x1 <0, 1 < .5, —x2 <0, zog < .5. Considering the problem with minz;, the
Fritz—John equations (as in [9, (5.7), p. 197]) can be written as

ug — Ul — U2 + us + 21‘11}1
Uy — Uqg + U5 — V1
up(z2 — 1)
—U2x1
usxry =0. (3)
—U4T2
Us5T
SC% — X2
u0+u1—|—u2+u3+u4+u5+v% -1

The Jacobi matrix for this system is

20 0 -1 -1

[N}
8

1 10 0 2
0 0 0 1 0 0 -1 1 -1

—U1 Uq 0 To — X1 0 0 0 0 0

“uy 0 0 0 =2, 0 0 0 0

_OF 0 0 0 02 0 0 0
Oz Ou Ov 0 —uy 0 0 0 0 —25 0 0
0 wus 0 0 0 0 0 2 0

25, —1 0 O 0 0 0 0 0

0 0 1 11 1 11 2m

Interestingly, since linear combinations of entries in any column are single-use ex-
pressions, there is no overestimation in either naive evaluation of the interval Jacobi

6To do symbolic arithmetic on functions, we compute within a vector space of the coefficients
for a basis for the space of functions in question. In [15], we used Taylor polynomials with
remainder terms, and we used the COSY system [3] for the actual implementation.
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matrix or in preconditioning the resulting interval matrix. If we do not know bounds
on the Lagrange multipliers u;, 0 < i < 5 and v; beforehand, then we may choose
them to be the natural values u; € [0,1], 0 < ¢ < 5, v; € [—1,1]. The resulting
interval Jacobi matrix is

[—2,2] 0 1 -1 ~1 1 0 0 [0,2

0 0 0 1 0 0o -1 1 -1
[~1,00 [ 0,1] 0 [-1,1] 0 0 0 0
[—1,0] 0 0 0 [-1,0] 0 0 0 0
[ 0,1] 0 0 0 0 [0,1] 0 0 o |,

0 [-1,0] 0 0 0 0 [-1,0] 0O 0

0 [01 0 0 0 0 0 [0,1] 0
0,21 -1 0 0 0 0 0 0 0

0 0 1 1 0 0 0 0 [-1,1]

which contains many singular matrices. Thus, an interval Newton method using
this system will not, in general succeed”. In fact, at the solution z; = 0, 23 = 0,
the Fritz—John system (3) becomes

Ug — U] — U + U3
U — Ug + U5 — V1
0
0
0
0
0
u0+u1—|—uQ+U3—|—U4+u5v%—1

I
cCoocococoococoo

which is underdetermined; thus, the Jacobi matrix at the solution itself must be
singular, and an interval Newton method cannot hope to narrow all coordinates,
unless we fix one or more of the multipliers at their lower or upper bounds®.

3. Linear Relaxations

Problems as illustrated above in Example 3 have led us to consider linear relaz-
ations, a technique by which a global optimization problem is approximated by a
linear program (LP). The solution to this linear program, obtained approximately
by a state-of-the-art LP solver, then gives a lower bound to the solution to the
original global optimization problem. This lower bound can then be used to ad-
vantage in the constraint propagation scheme. For example, optimization problems
could be formulated as we described above below Example 3, and sharper lower
and upper bounds could then be obtained.

Various researchers use linear relaxations to great advantage in solving practical
problems. One example of this is in the commercial global optimization software
BARON, whose underlying ideas are explained in [21]. However, such software has

"However, conceivably, some of the coordinates could possibly be narrowed with the linear
programming preconditioners of [9, Chapter 3].

8 Actually, this is a possibility that can be investigated, although there may be too many
possible values of the u’s and v’s for this to be practical, if there are many constraints.
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not included validation until recently. Two years ago, Neumaier and Shcherbina
[19], as well as Jansson [7] exhibited a simple technique, based on the duality gap,
by which a rigorous lower bound to the minimum of an LP can be obtained from
approximate values of the dual variables. This enables linear relaxations to be used
in a validated context.

We explain our implementation of linear relaxations in [13] and [6], while we
conduct various numerical experiments within our GlobSol environment (see [11]
for a summary of GlobSol) in [12].

For Example 3 above, we may follow loosely our procedure in [13] to produce
linear relaxations. A corresponding linear program for computing a lower bound
on w1, using a single underestimator for the convex function xy = 2%, can be as
follows:

minimize x1

subject to xo < x1 (the overestimator),
x9 > .125 4+ .5(x; — .25), (4)
29 < x1 (the original constraint),
x1 € 10,1], z9 € [0,1].

(Here, we have relaxed the constraints directly, for simplicity. In [13] and [6], we
illustrate how the expressions can be parsed and relaxed automatically.) The exact
minimum to this linear program is z; = 0, and the solution point is ;1 = 0, 2 = 0,
the solution to the original constraint problem. If we replace the objective in (4)
by —x1, we obtain an upper bound of 1 for z1, not an improvement If we replace
the objective by x4, we obtain 0 for the lower bound on x5, but we similarly obtain
0.5 for the upper bound on x5, an improvement. We thus obtain

[0,1] [0,1]
< ([0, .5]) - ([0, 1])’

a significant narrowing in the second coordinate. Basic constraint propagation now
converges.

This illustrates that linear underestimators are capable of making headway on
problems, even pure constraint problems, for which both basic constraint propa-
gation and interval Newton methods alone do not do well. This is especially true
if there is much implicit dependency in the constraints, and the constraints are
approximately linear. However, this is not always the case. For example, certain
problems can be treated with basic constraint propagation or with interval Newton
methods, but linear relaxations are inefficient. See [12] for further information and
results on various test problems.

Summary and conclusions

Through simple examples, we have illustrated deficiencies in two techniques
widely used in the past in validated constraint propagation, and we have advocated
linear relaxations, a technique widely used in the non-validated global optimization
community but not examined seriously until recently for validated constraint solv-
ing. Linear relaxations are not a panacea, but complement well other techniques
used in the validated constraint solving community.
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MHTEPBAJIBHASI MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYUE COBENIAHUA C. 168-170

HoBbie ajaroputmMbl MHTEPBAJIBHOIO BBIYUCJIEHUS
olpegeJIeHHbIX MHTErPAJIOB

M.Bb. bazapos*

Amnnoranus. B pabore npejyiararorcs 1Ba UHTEPBAJIbHBIX AJITOPUTMA BBIYHCJIEHUS] OIIPe-
JeJIeHHBIX MHTErpaJioB. [lepBoIil mpegmaraeMblil aaropuT™M MOCTPOEH HA OCHOBE 06OOIIEH-
HOIt (bopmysbl Tpanernuit. BTopoit aqroputM siBIsieTCs HHTEPBAJIBHBIM aHAJIOTOM KBaJpa-
TypHoit ¢popmyiel ['aycca—Kpucroddens. lanee, nmpeicraBiieHbl METOIUKA JIJIsT TIOBBIIIIE-
HUSI TOYHOCTU WHTEPBAJBLHOTO BBIUUCJIEHUS IO MIPEJJIOKEHHBIM aJICOPUTMAaM.

B mamnoit pabore mpeyiaraioTcs JIBa aJTOPUTMa HAXOXKICHUS MHTEPBAJLHOTO
3HaYEHUs WHTETpaJia BUJA

b
/ f@)p(x)dz,  plx) >0, (1)

OCHOBAHHBIE Ha IOJUHOMUAJBLHON ANIPOKCUMAIMH IIOABIHTErPAILHON (DYHKIUI
f(x). Buecy dbyukiun f(r) HENPEPBHIBHBI U UMEIOT HENPEPHIBHBIE TPOU3BOIHBIE 10
s-ro mopsimka — f)(z) € C®a,b] ma orpesxe [a,b], a Becopas byHKIHS Hempe-
pbIBHA Ha uHTEpBaJe (a,b).

Kparko wmamomumM croco0 MOJydeHusi HEKOTOPBIX KBAIPATYyPHBIX HOPMYIT
[1, 2], Tak Kax psim TAPAMETPOB, ONPEENAEMBIX STUMHA (HDOPMYJIAMHI, UCTIOTB3YIOTCST
[IPU [TIOCTPOEHUN COOTBETCTBYIONIUX UHTEPBAJIBHBIX (POPMYIL.

ITpu yucieHHOM HHTErPUPOBAHUU OOBIYHO 3aMeHSIOT [ () Ha TAKYIO allllPOKCH-
mupyomyoo byHKIuo ©(x,a) & f(x), 9ro6bl HHTErPaJ OT Hee JIETKO BBITHUCIISLIICS]
B 9JIEMEHTAPHBIX (DYHKIMUAX.

Yaire Beero f(x) 3aMeHSIIOT HEKOTOPBIM 0BOBIIEHHBIM HHTEPIOJIAIMOHHBIM MHO-

T'OYJIECHOM
N

f@) =Y fla)ei(x) +r(x), (2)

=0

rue r(x) — ocrarounblii wieH annpokcumarmu. [logcrasussa (2) B (1), momydum
dopmyiy UmciaeHHOrO nHTErpUpoBaHus (KBAAPATYPHYIO GOPMYILY):

b b
F= Zio cif(z:) + R, ci = /a vi(z)p(x)dz, R= /a r(z)p(x)dz, (3)

IJle BEJIMYHMHBI T; HA3bIBAIOT y3JIaMU, C; — BecaMy, a K — IOIpeIHoCThIO HIA OCTa-
TOYHBIM 4JIeHOM popMysibl. VIHTErpas 3aMeHsIeTcs CyMMOi, I0X0Kell Ha NHTerpaJib-
HYIO CyMMY, IIPHYeM y3JIbl U KO3(MUIIMEHTHI 3TOI CyMMBbI HE 3aBUCAT OT DYHKITIH

f(=).

*Hapowulickuil Tocy1apCTBeHHBIN TOpHBIA uHCTUTYT, HaBou, Y36ekucraH.
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Kaxk mokazano B [2|, kBagpaTrypubie GopMymsl (3) HEyCTONIMBBI OTHOCHTEIHHO
omubOK OKPYIVIEHUsI. DTH ONIMOKY HOCIT CIYIailHbIil XapaKTep, HO B CPEJIHEM pac-
TyT Kak v/ N [pH yBeJIudeHnn qucia y3/108. VICIoap30BaHme amnapara HHTepPBaIb-
HOI'0 aHaJIN3a IIPU HAXOXKJIEHUHM 3HAYEHUN OIIPE/IEJICHHBIX HHTEIPAJIOB YCTPAHIeT
HEYCTOWYHUBOCTD MPU BBIYUCTCHUSX.

Teneps mepeiiieM K KpaTKOMY OIHCAHHIO MTPEJJIAraeMbIX HHTEPBAJIHHBIX AJIO-
PUTMOB.

IlepBblit pemaraeMpIit aJITOPUTM ITOCTPOEH HA OCHOBE OOOOIIEHHON (HhOPMYJIbI
Tpalnenuit, a BTOPOil sIBJISIETCs] MHTEPBAIbHBIM aHAJIOIOM KBa/IPATyPHON (HOpMyJIbI
Taycca-Kpucrodbdens.

Bynem caurarh, 9T0 OCHOBHBIE 0003HAUEHNSI, TIOHATHSA U (PAKTHI HHTEPBATHHOTO
AHAJIM3a U3BECTHBI |3, 4].

ITycrs dbyuxuus f(z), ¢ € [a,b], umeer unTepBasbHOE pacmmperne F(X), 3a-
nanHoe npu X C [a,b], MOHOTOHHOE 10 BKJIIOYEHHIO U YJOBJIETBOPSIET YCJIOBUIO
runa Jlummuna, 1.e. wid(F (X)) < 1-wid(X), X C [a,b], tne | > 0 — Hekoropast
nocrosiaast. Ilycrs, Kpome Toro, dynxmus f () (z) umeer uHTEPBAJIBHOE pPaCIIKPE-
nue F(*)(X), onpenenentoe pu X C [a,b] 1 MOHOTOHHOE TIO BK/IIOUEHHIO.

Kaxk uzBectHO, j151 DYHKIHI MaJIOH IJ18IKOCTH, IMEIOIIIX JIUIIb IEPBYIO U BTO-
pPYyIO IIPOU3BOJIHBIE, KBapaTypHbe (hOPMYIIbI BBICOKOTO TOPsIKA TOYHOCTHU IIPAK-
THYECKOI'0 3HAYEHUS HE MMEIOT.

Paccemorpum 0606mmennyio dpopmysty Tpamernuit

2

b L N-1 b
/ f(m)d$:§(f0+f1v)+hz fi_ﬁ "(9), ¢ € (a,b).
@ i=1

B pa6ore mokazamno, aro ecim F(X) u F(9)(X) — unreppanbube pacumpenus
coorBercrByomux dbyuximii f(x) uf () ro ISt MPHUOINIKEHHOrO 3HAYEHNS HHTe-
rpaJsia (1) cupaBeyiMBO BKIIIOYEHME

b N-1 h h2
[ f@)dee b Y O+ S(FC0) + FOX) = (b, €€ (@b). (0

J1J1s1 TOBBIMIEHUST TOYHOCTH IIOJIyYaeMbIX WHTEPBAJIOB B PabOTe HCIOJIH30BAHA
MeTO/IMKa, KOTOPYI0 MOKHO Ha3BaTh MHTEPBAJbHBIM aHAJIOrOM IpaBujia PyHre.

ITapamerpamu dopmysisl nHTErpupoBaHust (3) sBJsIOTCs y37bl 1 Beca. OnHaKo,
cTpost popmysit (4), MBI 3apaHee 3aJIaBAJU Y3JIbl U 110 HAM HAXOJUJINA BECA.

Tenepsr paccmorpum mHTEPBaJBHBI anasor dopmyasl [aycca-Kpucrodbdess.
®opmyna laycca—Kpucroddens, koropas Ha3biBaeTCs (pOPMYIOi HAUBBICITEH AJI-
rebpanvIeckKoil TOYHOCTH, UMEET CJIeIYIOIIUi BUI;:

b N b—a)N+L (NN 9
[ 1@ =S et + R e VO, €< @)

B pabore mokazaHo BKJIOUYEHUE

b N — g)2NHL N4
IRCEE ;ci,mxi,mgN pant e LU0 N
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Hasee, mjisi HOBBIIEHUST TOYHOCTHU IOJIY9IaeMbIX HHTEPBasoB 10 dopmyie (5)
HCII0JIb30BaHa MEeTOJUKa, KOTOpad ABJIAeTCs Y/Iy4lIeHHbIM BapUaHTOM JIOKaJILHOI'O
aJIATITHPOBAHHOIO AJIFOPUTMAa, IPUBEJIEHHOTrO B [5].

Kpome Toro, B pabore mpeicTaBieHbl Pe3yJIbTaThl YUCAEHHBIX SKCIIEPUMEHTOB,
BBIMTOJIHEHHBIX C MPEJJIOKEHHBIMUA aJITOPAUTMAMU. AJITOPUTMBI OBLIN PEaTH30BAHBI

na a3pike PASCAL XSC.
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NuTepBasibHbIl MeTo/] XaycxoJaaepa
JJ19 KOMILJIEKCHBIX JIMHENHBIX CUCTEM

B.C. Hxannioekos, C.11. [Tlaporit*

Amunoramusi. PaccmarpuBaercss Meron XaycxoJijepa Jjisi BHEIIHErO OIEHWBAHUSA MHO-

JKECTB PEIeHN CUCTEM JIMHEHHBIX aJIredpandecKux yPaBHEHUN C KOMILJIEKCHBIMU UHTEP-

BaJIbHBIMU TIapamMerpamu. J[jIs 9TOro mcmosb3yercss HOpMaIn30BAHHOE MMPUBEIECHNE MAT-
99

PHUIIBI CUCTEMBI K BEPXHEN “TpeyrosibHOI’ (hopMe ¢ IOMOIIBIO IIOCIEI0BATEILHOCTA OPTO-
TOHAJIBHBIX MMPe0bpa30BaHMIA.

Bsegenue

Ucciemyercst maTEpBajibHASI CHCTEMAa JIMHEHHBIX ajredpanvecKux ypaBHEHUI

(ICJIAY)
Az =b,

re 3JeMeHTaMU 1 X NM-MaTpPUIlbl A U M-BEKTOPa IPaBOil YacTu b SBJISIIOTCS KOM-
ILUIEKCHBbIE MHTEPBAJIBI.

Muoxkectso pertenuii ICJIAY B obiriem ciiydae He UMeET IPOCTOTO OIUCAHUSI.
TlosToMy MBI OrpaHIYMMCST HAXOXK JEHIEM HHTEPBAJBHOIO BEKTOPA, IIEJTMKOM COIEep-
2KAIIEro 9TO MHOXKECTBO perrennii. Kak n3BecTHO, MOy YeHHBI BEKTOP HA3BIBAECTCST
eHewnet ouenkot MHOXKecTBa perrenuit ICJTAY.

OpmanM U3 crmocoboB HAXOXKIEHWS BHEITHEH oIeHkn MHOXKecTBa pemrenuii 11C-
JIAY asngerca memod Xaycxoadepa [1], ero BemecTBeHHbI BADUAHT U3BECTEH TAK-
7K€ B OTE€UECTBEHHOM JIuTepaType Kak memod ompascenuds [2, 3]. CyTs aTOro MeTona
3aKJIF0YAETCSI B TOM, YTO MATPHUIA CUCTeMbl A IPUBOIUTCS K BEPXHEH TPEyroJib-
HO#1 (bopMe € TTOMOIIBIO MTOCJIEIOBATEILHOCTH OPTOrOHAJIBHBIX ITpeobpasoBanmii. B
orauane ot merona Laycca pemenust ICJIAY [4], meron Xaycxoszmepa naer GoJiee
y3KHe BHEITHUE OIEHKN MHOXKECTB PEIeHNil, eCJii MHTEPBAJIbI B MATPUIIE U ITPABOI
qacTH “He CJUIMIKOM MHpoKH . Kpome Toro, nHTEpBaIbHBIN METO XayCXo/I1epa mo3-
BOJISIET ITOJIyYaTh OTBET B TeX 3aJadyax, K KOTOPBIM UHTEpPBaJbHBIN MeTon [aycca
HEIIPUMEHUM.

Ormerum, 9TO MeTOJ] Xaycxoyjiepa paHee TPUMEHsJICS JiJisi BHEITHErO OIeHU-
Banust MHOXKecTB perennii ICJIAY ¢ BemecTBeHHBIME WHTEPBAJIBHBIMU [TAPAMET-
pamu. Ienbro paboThl siBisieTcst 0000IEeHre MeTOMa XayCxXoJaepa Ha CIydail KOM-
mirekcHbrx TCJIAY.

Yrobbl crenarTh M3JI0YKEHHe Halmeil pabOThl CAMOJIOCTATOYHBIM, MbI ITOJIPOOHO
OIIMCHIBAEM MHOXKECTBO KOMILIEKCHBIX WHTEPBAJIOB U OCHOBHbBIE CBOMCTBA apudme-
THK KOMIIJIEKCHBIX UHTEPBAJIOB.

*WucturyT BeraucauTenbubix Texnosornit CO PAH.
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Ob6o3navenust:
R — MHOKECTBO BEIIECTBEHHBIX YUCEI,
C — MHOXKECTBO KOMILIEKCHBIX IHCEI,
IR — MHOXKECTBO 3aMKHYTBIX WHTEPBAJIOB [a,b] Ha R, a < b,
IC — MHOXKECTBO KOMILJIEKCHBIX MHTEPBAJIOB,
IC™ — MHOXKECTBO N-MEPHBIX BEKTOPOB ¢ jieMenTtamu u3 1C,

IC™*™ — MHOXKECTBO N X n-Marpuil ¢ djeMentamu us IC.

1. KomIiuiekcHble NHTEPBAJIbHbIE apudMeTUKU

Kak ormedeHo BbIlle, 3jieMEHTaAMU MATPHUIBI W IIPABOI YacTH paccMaTpUBae-
MOl HAMU UHTEPBAJIBHON CHCTEMbBI yPABHEHUH sIBIIOTCSA KOMILIEKCHBIE HHTEPBAJIBI.
TIosTomy ObLI0 OBI TIE/IECO0DOPA3HBIM TTOAPOOHO PACCMOTPETH KOMILIEKCHYIO MHTEP-
BAJIbHYIO apupMETHUKY.

ITokaxkem, ¥TO MHOTHE CBOHCTBA BEIIECTBEHHOW MHTEPBAJILHON aprudMeTUKN 11e-
PEHOCSITCSI U Ha KOMILIEKCHBIN cirydail. CyImecTBYOT JBa PadyMHBIX IMOJIXOIA WC-
[TOJTb30BAHUsT KOMILJIEKCHBIX MHTEPBAJIOB, K PACCMOTPEHUIO KOTOPBIX MBI ceffdac u
nepenieM.

1.1. HpSIMOyI‘OJII)HI/IKI/I B KaveCTBe€ KOMIIJIEKCHBIX MHTEPBAJIOB

Omnpenenenne 1. MuoxecTso
a={a; +iaz|ai,a €IR} (i=+v-1)
Ha3bIBAETCS IPAMOYTOIBHBIM KOMILIEKCHBIM HHTEPBAJIOM.

MHOKeCTBO BCeX TaKMX KOMILJIEKCHBIX HHTepBajioB 0b03HaumM 4epe3d IC,qct.
OmpeiesileHHBI TAKUM 00Pa30M MPSIMOYTOJIBHBIN KOMILJIEKCHBIN MHTEPBAJ MOYXKET
OBITH M300pakeH Ha KOMILJIEKCHOM IJIOCKOCTH B BHJIE TPSIMOYTOJBHUKA CO CTOPO-
HaMU, apAJUIEJbHBIMI BEIeCTBEHHONH 1 MHUMON ocsm. Eciau a = ay + ias € C, 10
€ero MOXKHO PacCMaTpUBaTh KaK BBIPOXK/ICHHBIM KOMIIJIEKCHBIIT NHTEepBaJ

a = [ay,a1] +i[ag, az] € [Crect, THE a1,a2 € R,
a KaxkIpiit ssement ap € IR — kak cymmy
= a; +i[0,0] € IC,cct,

orkya BugHO, 9TO IR C IC,qct.
DaeMeHTH a = a1 + itas 1 b = by + iby u3 IC ey CINTAIOTCA PABHBIMU, €CIN

a1:b1 I/Iagzbg.

OrnpeiesieHHOE 3/1€Ch OTHOIIEHNE PABEHCTBA PeQJIEKCUBHO, CUMMETPUYHO U TPAH-
3UTHUBHO.

Temepb 0600ITINM BEIECTBEHHYIO NHTEPBAILHYIO apUPMETUKY Ha KOMILIEKCHBII
ciyyJaii.
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Onpenenenune 2. Ilycers x € {+, —, -, : } — apudmernveckas onepanust HaJ dJe-
menTamu u3 IR. Torma eciau

a=aj+ias € ]I(Crecta b=0b; +1by € ]I(Crecm
TO MBI IIOJIaraeM

atb=a; £b +i(ay+bs),
a-b=ab; —asby + i(albg + agbl),
a:b=(a1b; +asby): (sqr(bl) + sqr(bg)) +i(asb; —a1by) : (sqr(bl) + sqr(bg)),
e
9 72
[Q%,bl], ecm by > 0,
Sqr(bl) = [Blab%L Slees bl < 07
[O,max{bigi}}, ecm 0 € by,
sqr(bs) onpeessieTcss aHAJOITYHO.
Cunraercs, aro B ciaydae gerenns 0 ¢ sqr(by) + sqr(bs). Dro TpeboBanne BbI-
nosasercd npu ycaosuu 0 ¢ by + ibg, unade jeseHue He OUpPeEIEHO.
Komneuno, Bmecto sqr(by ) +sqr(bs) MoxkHO 6bL10 6B B3ATH b + b3 kax b? = b1 b;

1 b3 = byby, Ho TorMa TpeGoBanue 0 ¢ b? + b3 MoxeT OKazaTLCS HEBBLITIOTHEHHBIM,
naxe ecu 0 & by + ibs.

1.2. Kpyru B KkauecTBe KOMIJIEKCHBIX MHTEPBAJIOB

Onpegnenienne 3. Ilycrs a € C — xomrrekcHoe ncao u r > 0. MuoxkecTBO
z={z€C||z—a|<r}
HA3BIBAETCA KPYTOBLIM KOMILIEKCHBIM HHTEPBAJIOM HJIH KPYTOM.

MHuozxkectBo Beex Kpyros obosHaunm depes ICqis.. Kpyr z ¢ neHTpoM a u paju-
ycoM 7 OyJieM 3aluchiBaTh B BUjE 2 = (a,r).

Komiiekcuble ducsia MOXKHO PACCMATPUBATH KAK CIIEIUAJIbHBIE DJIEMEHTHI U3
ICgise, mmeromme Bug, {(a,0). fcuo, aro C C ICgjsc.

HBa kpyra a = {a,71) u b = (b,r2) cuuraiorcs paBHbIME, ecsu @ = b u 11 = ro.

DTO OTHONIEHNE PABEHCTBA TakKe PedIIeKCHBHO, CUMMETPUYHO W TPAH3UTHB-
Ho. Omneparyn Ha ICqjsc BBOJSTCS Kak 000OIIEHUST OIIEPAIMil HAJl BEIIECTBEHHBIMI
YUCIAME CJIEJLYIOIUM 00Pa30M.

Onpegnesienne 4. Ilycrs * € {+,—, -, : } — apudmernydeckas onepanus HaJ| KOM-
wiekcHbiME unciaamu. Torga ecian @ = (a,r1) u b = (b, r3), 10

atb={(atbr +r),
a-b={(ab,|alrs + |b|r1 + r172),

. _
5= <bb—br§’ l)l)i27“§> upu ycaosud, ato 0 ¢ b,
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a:b=a- § [IPH ycilOBUH, 'ITO 0¢b.

Bueck |a| = \/a? + a3 obozHauaeT Mojysb KOMILUIEKCHOTO YUCHIA @ = aj + iag, a
b = by — iby — compstkerHOE K b = by + ibs.

CobepeM Temeph BMecTe HamboJiee BakHbIe cBoiicTBa omeparnii Ha [C,ect 1
[Cqjsc. Ecm e oroBopeno nmporusHoe, To IC MOXKHO TOHIMATD U KakK 00O3HATEHIE
MHOXKeCTBA [C et € OllEpALMSAME U3 OIPEAeSIeHNs 2, 1 KaK 0003HaYeHe MHOXKECTBA,
ICgisc € onepanusiMu U3 ompejiesieHust 4.

Teopema 1. Ilycmwv a, b, ¢ € IC. Tozda

I. a+b=0b+a, ab=ba (kommymamusrocmy).

II. (a+b)+c=a+(b+c), (ab)e=a(bc) dasn a, b, ¢ us ICqisc (accoyuamus-
HOCD).

III. (a+b)+c=a+ (b+c) dasa, b, ¢ uz ICect.

IV. [0,0]+4[0, 0] € ICect (coomsememeenno (0,0) € ICqisc) u [1, 1]44[0,0] € IC;ect
(coomsemcmeenno (1,0) € ICqisc) — onpedesenvie edurncmeernnvm 06pa3om
HEUMPANLHBIE IACMEHMbL CA0HCEHUA (HYAb) U YMHodcenus (eQunuLa).

V. IC ne umeem deaumeneti HYAA.

VI. Suemenm z mmoorcecmsa 1C umeem npomusonososcrvili u obpammsiil sne-
Mmermal, moavko ecau z € C u 6 cayuae obpamnozo ssemenma z # 0. Odnaxo
0ca—-auleca:a.

VII. a(b+ c) C ab+ ac (cy6ducmpubymusnocms), a(b+ c) = ab+ ac das a € C.

Ocob0 oTMeTnM, YTO ACCOIMATUBHBIN 3aKOH B ODOIIEM CJIy4Yae HE BBIIIOJIHSIETCS
npu nepeMHoKeHnn 3J1eMeHTOB IC ot .

2. Meton Xaycxosgepa

Jlana cucreMa MHTEPBAJILHBIX ypPaBHEHUIT
Ax=0b (1)

¢ ueBbIpoxkaennoit marpurieii A € IC"*™ u Bekropom b € IC™.
Hamomuunm, 9ro uaTEpBa/ibHas Marpunia A Ha3bIBaETCsl HEBBLIPOK JIEHHON, €CIN
HEBBIPOXKIEHBI BCe MaTpuilbl A u3z A.
MHoXKecTBO pellieHnii HHTEPBAJIBHON cucTeMbl ypasHeHuit (1) ompesessiercs: B
BUJIE:
E(Ab)={zecC"|(FAc A)(Fb e b)(Az =1b)}.

Kak 6110 y2xe ormedeno, MmHOKecTBO pertennit ICJTAY B obmiem ciiydae He nme-
€T IPOCTOr0 OIUCAHMS, IOITOMY Mbl OIPDAHMYMMCS HAXOXKJIEHHEM HUHTEPBaJbHOI'O
BekTopa x € IC", nmemKoM CoJiepzKaIiero 3T0 MHOXKECTBO PEIIeHHIA.

[Iycrs v unarepBanbubiit BekTOop u3 IC". MHTepBaibHOE paciIupeHre HOPMBbI
BeKTOpa v, obosHauaemoe Kak INorm(v), Gepercs ciemyromum o6pasoM:
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n 1/2
INorm(v) = (kavk) ,
k=1

rae Uy — COIPAXKEHHOEe C Vy.
Ecin 0 ¢ v, To 0603HaYNM Yepe3 W UHTEPBAJIbHBINA BEKTOD, Oy IeHHbI HOD-
MUPOBaHUEM MHTEPBAJILHOIO BEKTOPA V:

Vg
P = 0 € v,
w INOI‘III('U ecia U € v
sgn mid(Re(vi)))
w; = , ecom 0 ¢ v,

\/1 + (Z?#i(vjﬁj))/(viﬁi)

rae sgn(mid(Re(v;))) — 3HaK cepejuHBI JeHCTBUTENLHON YaCTH KOMJIEKCHOTO HH-
TepBaJa v; Jjid BceX ¢ = 1,2,...,n.
OupesiesnM UHTEPBAIBHYIO N X n-marpuiyy H kax

H=1-2 (w-w"), (2)

H sBiseTcss MHTEPBAIbLHBIM PACIIMPEHUEM SPMHUTOBON YHUTAPHOW MATPHUIIHI Xa-
yCXOJIIepa, MOPOXKICHHBIN HHTEPBAJILHBIM BeKTOpoM v. Kpome Toro, H comepkut
SPMUTOBBI U YHUTAPHBIE MaTPUITLI OTpaykeHuit H, MOPOXKIEHHbIE KOMILIEKCHBIMI
BeKTOpaMu v € v. B nmaspHeiinem, mHTEPBAIbHOE PACIIMPEHNE HOPMBI BEKTOPA U
WHTEPBAJIBHOE PACHIMPEHNE MATPHUIIBI XAayCXOJIepa Mbl OyleM Ha3bIBATH IIPOCTO
HOPMOI MHTEPBAJHLHOTO BEKTOPa M WHTEPBAJILHON MaTpuieit Xaycxosjaepa COOT-
BETCTBEHHO.

Iycts A =AW = (agl)agl) e a%l)), rie agl), agl), ce ag) — BEKTOP-CTOJIOLbI
WHTEPBAJIBHON MaTpuiibl. Mbl cobupaeMcst BBIYUCINTh HHTEPBAIBHYIO MATPHUILy
U BEPXHIOIO TPEYTOJIBHYIO HHTEPBAIBHYIO 12 X N MATPHUILY J ¢ IOMOIIBIO 1ToC/Ie10Ba~
TeJIbHOCTH TpaHcdopManuit Xaycxosiepa. 3/1ech CaeyeT YTOIYHUTD, ITO MBI IOy~
YUM HE CTPOT'O TPEYTOJBHYIO HHTEPBAJIbHYIO MaTpuIly R, Tak KaK n3-3a HEKOTOPBIX
0CODEHHOCTEH KJIACCUIECKO NHTEPBAIBHON apru(METUKN, MbI HE MOXKEM IMOJIYYAThH
0 11pu BBITIOICHUY apU(PMETHIECKIX OIEPAIil C MHTEePBAJIAMU HEHYJIEBOM IMTUPUHBI,
HO 00133 TEJIbHBIM YCJIOBUEM SIBJISIETCS BKJIIOYUECHUE HYJIS.

(p)

Ob6o3Ha4MM uepes e’ JeHCTBUTEIbHBI P-BEKTOD, IIEPBBIl KOMIIOHEHT KOTOPOI'O
1
paser 1, a ocraubabie — 0. Ilpemnosoxum, gyro 0 ¢ a(l) u OycTb o =

Sgn(mid(Re(agll)))) -INorm(agl)), OpUYEeM YCJIOBUMCS, YTO, €CJIM BelleCTBEHHBII

HMHTEPBAJ Re(agil)) SIBJISIETCS yPABHOBEIIAHHBIM (T. €. Re(ggil)) = —Re(ﬁgil)» TO

sgn(mid(Re(a%)))) =+lmai=1,2,...,n.
Torna H — wATEpBaIBHAS N X N MATPUIIA XAayCXOJIEPa, TOPOXKIAeMast BeKTO-
pom

v = agl) +a- e(ln).

Mpbr umeem

AV CH. ((—a . egn))wél) .. .'w(l)),

riue wgl) :H~a§1) mg i =2,...,n.
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IIepBas ctpoka maTpuisr R:

(1)

Ry = —q, Rij=w;/ mmaj=2,....n

Homnoxum HY = H. Mpr nosyauy uarepsasayio (n— 1) x (n—1) marpumy AR):

1 1
wl) . wd

A = ;
w® . wl

O603HaunM 3mements A2 kak ag), 1<i<mn—-1ul<j<n-1

IIpenmonoxkum, uro 0 ¢ a§2) U IIyCTh (v = SgI (mid(Re(aﬁ)))) ~INorm(a§2)).
Torma H — unrepsasnbhas (n — 1) X (n — 1) marpuna Xaycxosiepa, mopox iaeMast
BEKTOPOM

v = a§2> +a- e§"*1).

Nmeem

AP CH. ((—a e wd? ..wg)),

m:gewl@ :H-a§2) ang i =2,...,n— 1.
Bropas crpoka matpunsr R:

(2)
1j

@_(1 0
HO = (g )

Jlayiee, oBTOpsieM TIPOIEAYPy mocTpoeHus marpul, R u @, B JaHHOM ciiydae

Q=HY (HO(..(H")).

Rgzz—a, jo:'w ,ZLJIHjZ?),...,n.

ITosoxxum

HNurepBanbabiit MeTon Xaycxosjiepa MO3BOJSIET BLIYUCIUTHL BHENTHIOI OIEHKY &
MHoxkecTBa pernennii Z( A, b) pernienuem BepxHeii TpeyroJbHOi HHTEPBAJIBLHON 1 X 1
CHUCTEMBI

R-z=¢, 1tiec=Q"-b.

JaHHBI BLIBOZ CileiyeT U3 TOro, YTO MHOXKeCTBO pernenuit =(A,b) C E(R,c) B
CJIEJICTBUE MOHOTOHHOCTH BKJIIOUEHHS MaTPHIL

HY cH® c...c H" D,

Hanee, Bocriosib3yeMcst hopMysiaMu OOPATHON MTOJICTAHOBKY JIJIsI HAXOXKJICHUST KOM-
IMOHEHTOB MHTEPBAJIHLHOIO BEKTOPA &:

Tpn = Cn/Rnn7
xTr; = (Ci_ Z (R”(BJ)>/R“, ].SZSTL—].
j=i+1

B KOHEYHOM HTOre MBI IIOJIyYUM BHEIIHIOO OUEHKY I, IETHUKOM COIAEPIKAILYIO0 MHO-
’KecTBO pemtennit Z(A, b) HHTEPBAILHON CHCTEMbI YDABHEHMIA.
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3. YucjeHuHbie JKCIIEPpMEHTDbI

PaccMorpuM ImpuMep IPUMEHEHUsT MeTo1a XayCXoJLepa J1JIs HAXOK IeHUsT BHEII-
Heil oreHkn MHOXkectBa perenuit ICJIAY (1) ¢ marpurneit A u npaBoii yacTbio b

[4]: .
A:<[1,5]—H[—1,1] 1. ) b:<[—171]>.
25 [—1,1] 4 i[-1,1] [—1,1]

OpHUM U3 yCJIOBHUIl CyIIECTBOBAHUS PEIEHUS sIBJISETCs] HEBBIPOXKIEHHOCTh WH-
TepBabHON MaTPUILl A:

det(A) = [~31,—19] +i[—6, 6.

B mannom cay4gae, 0 ¢ Re(det(A)), crenosarensno, Marpuria A — HEBBIPDOXKICHA.
Hasee, onpeesnsieM HHTEPBATIbHBIE BEKTODDI

L (L8] 4i[-1,1] . 1
“ = 25 A WU | T I

CirenoBare/ibHO,
a = sgn(mid([1, 5))) - INorm(a{") = [25.0199, 25.5147].

BerancsinM BeKTOp v, MOPOKTAIONINN HHTEPBAIHHYIO MATPUILY XayCXOJIepa:

(L5 +i[-1,1] 1) [ [26.0199,30.5147) + i[1,1]
v 25 Telo) 25 '

OHpeﬂeJII/IM BEKTOP W HOPpMHPOBaHUEM BEKTOpa U:

[0.6583, 0.8453] -+ i[—0.0277,0.0277]
w = .
[0.6325, 0.6925]

Hasiee, BbranciisieM HHTEPBAJIBHYIO MATPUIly XaycxoJepa 1o dbopmyse (2):

HeTl_ 9 [0.4326,0.7153] [0.4164,0.5854] + i[—0.0192, 0.0192]
N [0.4164,0.5854] — i[—0.0192, 0.0192] [0.4,0.4796]
- [—0.4306, 0.1348] [—1.1708, —0.8328] — i[—0.0384, 0.0384]
— \ [-1.1708, —0.8328] + i[—0.0384, 0.0384] [0.0408,0.2]

TlocTponm mepByto cTpPOKy MHTEPBAJIBHON MATpuUIlbl R

Ry = —a = [~25.5147, —25.0199).
Ryy = [—1.6398,1.344] 4 i[—1.2092, 1.2092).

B wrore moxyunm marpuiy
A®) = [—1.3708, —0.6328] + i[—0.2384, 0.2384],
CJIeI0BATEJILHO,

a = sgn(mid([—1.3708, —0.6328])) - INorm(a'”) = —[0.6328, 1.3914].
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Boranciny mocreiauit fuaroHaIbHBIN 9JTEMEHT MaTpuIlsl R:
Ry = —a =1[0.6328,1.3914].

Ha 9TOM IIOCTPOEHUEC MaTPHUIL R n Q 3aKOHY€HO, IIpuYieM MBbI HO.Hy‘{I/IJII/I I\/IanI/II_[y
Q=H.

Teneps HAM HEOOXOIUMO ONPEIEIUTH MHTEPBAIHHBIN BEKTOD C:

c:Q*b:

[~1.6014, 1.6014] + i[—0.0384, 0.0384]
[—1.3708,1.3708] + i[—0.0384,0.0384] | °

Hanee, Bocmob3yemcst (popMyaaMu 0OpaTHOI MOACTAHOBKHU [aycca /i HAXO0XK1e-
HUsI KOMIIOHEHTOB MHTEPBAJILHOIO BEKTOPA &:

Ty = —2 = [~2.1663, 2.1663] + i[—0.0607,0.0607],
Ry,
— R -
@, = % = [~0.2086,0.2086] + i[—0.11,0.11].
11

B urore mbr IIOJIYYIMM BHEIIHIOIO OIICHKY

B [—0.2086,0.2086] + i[—0.11,0.11]
| [-2.1663,2.1663] 4 i[—0.0607, 0.0607]

LEJIMKOM COAEp2KalllyIo MHOXKECTBO pelleHuit E(A7 b) UHTEPBAJILHON CUCTEMBbI ypaB-
HEHMUIA.

3akJroyeHue

B sakiouenun erre pa3d OTMETHM, 9TO METOJ, XayCXoJiiepa paHee IIPUMeHSLICS
JIJIst BHEITHero oneHnBaHus MuHOXKecTB perenuiit UCJIAY ¢ BerecTBeHHBIMU HHTED-
BaJIbHBIME mapamerpamu. [le1bio0 paboTs! siB/IsieTcst 0000IIeHne METOIa XayCXOIIe-
pa Ha ciydait kKommiekcabix TCJIAY. Kpome Toro, nHTEpBAIBHBINA METOJT XayCX0JI-
Jiepa TO3BOJISIET MOJIyYaTh OTBET B TeX 3aJia9aX, K KOTOPBIM MHTEPBAJIbHBI METO/T
T'aycca HenpuMeHUM, HAIIPUMED, BBIIIE PACCMOTPEHHAs YMCJIEHHAs 3a/a4a.
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CrieninaibHble TPUOJIMYKEHNST MHOXKECTB pernieHuiA

B.C. Jlobposnerr*

Awnnoranusi. B craTbe paccMaTpuBarOTCs CIEUATbHBIE TPUOINZKEHNST MHOYKECTB Pellle-
HUI 33189 ¢ HHTEPBAJbLHBIMU BXOJIHBIMY JIAHHBIMA. [IpubJirKeHnst OCHOBAHBI HA 00bE -
HEHUM FeOMETPUIECKUX TeJI, ONPEIE/IsIEMBIX BEKTOPOM NapaMeTpoB. I[IpuBeeHbl mpuMephbl
MpUOTNZKEHNST MHOYKECTBA PEIeHUi sl CUCTEMBI JIMHEWHBIX aJrebpandecKux ypaBHEHUH
u 3ama4gn Komm mys cucremsr QLY.

1. BBenenne

WNurepBaibHas MaTeMaTHKa TPAIUIIMOHHO UCIIOIb3YeT JJIst IPUOIMKEHUsT MHO-
JKECTB PeIeHnil MHTePBAJIbHBIE BEKTOPA WM N-MEPHBIE TapaJIIe/IeINIIe Ibl, CO CTO-
pOHAMH TAPAJIIETbHBIMUA KOODIUHATHBIM OCSM.

WuTepBasbHble BEKTOPA YaCTO JAIOT JIUIIb BEChMa IPUOJIMKEHHOE IIPeICTaBIIe-
HIU€ O BHJIe MHOYXKeCTBa peleHusi. HeBO3MOXKHOCTD IPEICTABUTD JIOCTATOYHO TOYHO
MHOXKECTBO perreHnil cHm:kaer 3(pEPEeKTUBHOCTh TPUMEHEHUsST WHTEPBAJBHBIX Me-
TOJOB U npuBOAUT K TakuM 3dhderram kak “adpdekT ynakopbiBanusg’ (wrapping
effect). D10 HpUBOAUT K HEONPABIAHHO CHJILHOMY PACIIMPEHUIO TPYOKH DelleHui
zamad Komu juis cucrem OJ1Y. B Hacrosiiiiee BpeMsi CyIeCTBYeT MOCTOsTHHAS O~
TPeOHOCTH B TOBBIINIEHUU TOYHOCTU TPHUOJINKEHUIT MHOXKECTB PENIeHUiA.

Crpemyienne n3bexkarTh MOAOOHBIX IDMEKTOB MPUBOIUT K HCIIOJIH30BAHUIO aJ-
TOPUTMOB, KOTOPbBIE JJIsi MPUOINKEHNST MHOXKECTB PEIeHN TPUMEHSIIOT PA3JINY-
HbIE€ TEOMETPHYECKHE TeJIa: MAPbI, JUIMIICOUIBI, TaPAJIJIe/IEIIAIE b, MHOIOTDAHHI-
KJA U T. 11

B paGore [2] paccMoTpeHbl MpUOIMKEHUsT OOJACTSIMHA, 3aBUCSIAME OT Iapa-
METPOB, B YaCTHOCTH — Hapajulesienuienamu. B [3] cuenmanbuble npubimrKkeHust
[IPEJICTABJICHBI KAK O0'bEIMHEHUs] TeOMETPUIECKNX OOBEKTOB — IIAPOB UM IapAaJLIe-
JgenuteznioB. B pabore [4] paccMmorpenbl npubiinzKeHrsi MHOXKECTB PEIeHuil crucTeM
OV sutunconamu.

B nmannoit paboTe pomoKaOTCH HCCIEOBAHNS IO IIOCTPOEHUIO CIIENUATIBHBIX
NpUOINKEHNI JIJIsT MHOYKECTB PEIeHnil 3a/1aY C MHTEePBAJbHBIMUA BXOJIHBIMY J[AH-
HbIMUA. MHOXKECTBa pEIeHnil alllPOKCUMUAPYIOTCsT 00bEIMHEHNEM MeOMETPUIECKHIX
TeJT BIOJIb HEKOTOPOI TVIaIKOi KpuBOitl. Takwe mpubImKeHusi, C OHON CTOPOHBI, Ja-
0T JOCTATOYHYIO IIPOCTOTY MPEICTABJICHNUS U C APYTOil — 00/IAJAI0T JTOCTATOTHON
IUOKOCTBIO.

Paccmorpum npumepsr reomerpudeckux Teit 2 w3 R™. [Tlaper — HauboJiee 1mpo-
CThIE M3 TE€OMETPUYECKUX TeJI, OHU XapaKTepPU3YITCs CBOMM IEHTPOM rg € R™ u
pagumycoM R, 2JUIAIICOMIBI 33IaI0TCA TAK K€ CBOUM I[EHTPOM W CHMMETPHUIHOIA,
MTOJIOKUTESILHO OIPE/IEJIEHHOM MaTpureil A, mapaJjuieenune bl OJHO3HATHO OTIpe-
JIEJISTIIOTCST OJHOM M3 BEPINUH Tg 1 pebpamu x;. TakuM o6pas3oM, sl 3aJaHHs I1apa

*KI'TY, KpacHosipck.
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HeoOxomuM 1+ 1 mapamerp, st ssuiniconna — n—+n(n+ 1) /2 napamerp u coorser-
CTBEHHO Jyisl napaJuienenunena — n(n + 1) mapamerp. Hanee xg GyaeM Ha3bBaThH
MOYKOT NPUBA3KU TEOMETPIUIECKOTO TeJIA.
Takum obpazom, 6yIeM CIATATH, UTO TOJIOXKEHNE MeOMETPUIECKOTO TeJIa OIpe-
JIEJISIETCA TOYKON MPUBSI3KU U HEKOTOPBIM BEKTOPOM IIapaMeTpoB p € R™.
PaccMOTpuM OJMH M3 BO3MOYKHBIX BApPHAHTOB HMPHUOJIMKEHUS MHOYKECTB pelle-
Huit u3 R" B Bugsie oobequnenus §2(z,r) uz B!

x cJa(zm),r(n).

3aecy z € R™ — riajkas napaMeTpudecKasl KpuBas, 3HAYeHUS Z(1)) OIPeesIsAioT
TouKM HpuBA3KH. Jljis oJfHO3HAYHOrO 3ajanus Oymem cuurarh, uro 2(z(n),r(n))
JexuT B runepiiockoctu I (. —z(n), v(n)), B 4ACTHOCTH MOYKHO MOJIOXKUTE V(1) =
Z'(n)-

DyHKIUK 2, T, B 3aBUCUMOCTU OT IIPEJICTABJIEHUS], XaPAKTEPU3YIOTCS CBOMMHU
nabopamu mapaMerpoB. TakuM o6pa3oM, onpeaeasuM MHOKecTBO §)(p):

p) = J =), r(n)),

rae p € R™ — BeKTOp apameTposB.

2. IlocTpoenue mmpubanKeHM

B KaxK/10M KOHKDETHOM CJIydae BbIGOp reoMerpudeckoro tauaa §2(z,r) u Kpusoit
2 OIpEJIENIeTCs TeOMETPUYECKUM BHJIOM X, CBOHCTBAMHU AIIPOKCUMAIAU U IIPO-
CTOTOI MCIIOJIL30BAHUS.

TaxkumM 06pa3oM, Ha MEPBOM IIare 3aJaJM I1apaMeTPUIecKyl KpUBy z(n) €
R™ n € [n1,n2]. 3aduxcupyem n u nocrponm miockocts I': (z — z(n),v), rue v =
x4 (n) — BeKTOp KacaresbHbIH K KpuBoii z. Jasee Ha mwiockocru I' 3aaaum cucremy
KOOD/IMHAT ¢ HAYaJOM B TOUke z(n) u O6asucHbIMU BekTOpamu e;(n). Ilycrs X, =
X NT u oupenenum Teno Q(z,r) ¢ mapamerpaMu 7, Takoe 4to d(z,r) D X,

BesycioBHO, 3TO caMas BaykKHAsl 9aCTh IIPOLEAYPBI MOCTPOEHUS TTPUOINKEHIH
U ee KOHKDPETHAsl peajm3alysi 3aBUCAT OT UCXOMHON 3ajaun. B wacTHOCTH, 1pn
IPUOIMYKEHUH MHOYXKECTB PEIICHHI CUCTEM JIMHEHHBIX aire0panvecKuX ypaBHEHUid,
MOKHO I10JIb30BaThCsl U3BECTHBIMU CBOMCTBAMU 3TUX MHOYKECTB.

PaccMOTpUM HHTEPBAJIBHYIO CUCTEMY JINHEHHDBIX aJIre0pandecKuX ypaBHEHUI

Ax = b, (1)

e A € R"™ a b € R". IlpeanosokuM Tak »Ke, YTO MHTEPBAJIbHASI MATPUIA
cucrembl (1) peryisipHa.
Pewenuem zadawu (1) GymeM Ha3bIBATH MHOXKECTBO

X={x|Ax=0b, A€ A, beb}.

MHuozkecTBO X' MOXKeT OBITh ONUCAHO CJIEAYIONM o6pasoM [1]:
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X={z|ze€R" AxNb+#0} (2)

win
{z|x€R", 0€ Az — b}.

JIj1st IPOCTOTHI M3JIOKEHUSI, [IPEIOIOKNAM, ITO X ITIOJHOCTBIO COJEPKUATCS B OJI-
HoM KBajipanTe u X C R3. B KauecTBe reoMeTpudecKnx Tes BbibepeM Kpyru. s
OlIpeJIeJIeHNs] pajinyca Kpyra BBejeM Ha I MOJISIDHYIO cHCTeMY KOOPIHMHAT (7, ¢).
Torma z1 = rcosy, z9 = rsinp mw x = z1e1 + 29e3. Pukcuponas (p, HaiigeM
BEPXHIOIO I'paHuily 7(¢), Ipu KOTOPOM BbIoJHeHO yciosue (2). ajee oupemenum
R(n) = max(o 2 7(¢) m K(n) : |2] < R(n).

Taxum obpasom, napa (R(n),z(n)) Gyuer oupesensTs mapaMeTpuvIecKoe MHO-
xectso Uz, R) =, K(n) 2 X.

HeckosibKO mHaYe BBINISIUT MOCTpoeHHe MHOXKecTBa (2, 7) fyia Jyis 3amadu
Kommmu s cucrem OZLY.

PaceMoTpuM Crierytontyo cucremy:

x;:fl(t7x7k)7 ZZI,,’I’L, t6(07l>7

z(0) = xo, (3)

rme xg € R™ — BeKTOp HaYaJILHBIX 3HAYEHUI, To € Tg; k € R™ — BEeKTOp mapamMer-
poB, k € k; x € R — BEKTOp HEM3BECTHBIX.
Hasee OymeM cauTaTh, 9TO & €CTh QyHKIUL t, k, Tq:

x=x(t k, xp). (4)
O6osmaunm depes3 X (t) mHOXKecTBO perrennii cucremsr QLY
X(t) = {z(t, k,z0) | w0 € T0, k € K}.

Pacemorpum 3a1aay oneHKn B (Da3s0BOM IIPOCTPAHCTBE MHOXKECTBA DEIeHU
X(t) cucrembl OOBIKHOBEHHBIX (b QEPEHIMATIBHBIX YPABHEHUH MHOMKECTBOM
Q(p(t))-

Bynem cuurarh, 9r0 HaYAJIbHOE COCTOSHUE CUCTEMbI (3) MOXKHO HDPEICTABUTH
z(0) C Q(p(0)). IIpeanosokumM, 9T0 B HEKOTOPBIT MOMEHT BPEMeHU | HAM U3BECT-
HO MHOXKecTBO 2(p(t)), comepxKariee MHOXKecTBO pemnenuii X (t) uCcxomHOIl cucremMbl
OIIY. Pacemorpum 3a1ady mocTpoenust MHOKecTBa Q(p(t + 7)):

Qp(t+7)) 2 X(t+ 7).

Tocrpoum npubamkenuo X7 (¢ + 7), UCHOJIb3ysl METOBI YUCIEHHOIO HHTEIPUPOBa-
HUsl, HAIPUMED, METO, Dilaepa:

XT(t+7,k,x0) 2{2"(t+7) | 27 (t+7) = 2(t)+7f(t, 2(t), k), 2(t) € Q(p(t)), k € k},

Scno, uro B JanHOoM ciaydae rpapuna X7 (t47) omindaercs OT UCTUHHON HA BeJIUIH-
y, He npessmatontyio O(72). Takum obpaszom, suas 2(p(t)) B HEKOTOPBIT MOMEHT
BpeMeHH t, MOXKHO mocTpoutb Q(p(t + 7)).

CyimecTByeT M3BEeCTHBIN MPOM3BOJI MIPU IIOCTPOCHUH TaKUX MHOMKECTB, OOBITHO
X CTPOST TAKUM 00pa30M, 4TOOBI OHU MMEJIM HAMMEHBII 00beM.

Ecinu Vt,7 > 0 uzBecrnl BekTopsl p(t) u p(t + 7), onUCHIBAIOIIUE [IOBEIECHIE
Q(p(t), To MOKHO TpeseIbHBIM iepexogoM nocrpoutsb cucremy OJLY, omnucbiBaio-
YO [TOBEJIEHUE P:
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Pi() = lim (it + 7) — pa() /7 = (1, ).
Takum obpazom,

p =g(t,p),  p(0)=po. (5)

3. IIpumepsnr

IIpumep 1. IlycTb HEOOXOIUMO PEITUTH CUCTEMY HWHTEPBAJILHBIX JIMHEHHBIX AJI-
rebpantvecknx ypasuenuit Ax = b:

2 -1 0 [0, 2]
A= -1 2 -1 |, b= 0o 1. (6)
0 -1 2 [0,2]

Kaxk HerTpynHO yOeuThesi, MUHUMAJIBHBIH HHTEPBAJIBHBIHA BEKTOD, COIEPKAIIHIT
mMHOMKecTBO ee pemermit — = = ([0, 2], [0, 2], [0,2])7.

MHOXKeCTBO PeIleHH JTAHHON CHCTEMBI MOYKHO OIUCATH CJIEIYIONUM 00pa3oM.
Ompe/iestnM napaMeTpHIecKyio KPUBYIO 2:

X1 2
2 | =] 2 |4, t e [0,1].
I3 2

Kpyru B namem ciydae BBIPOXKJIAIOTCA B OTPE3KU, TOUYKA NMPUBI3KUA — CEPEIUHA
oTpe3ka. Panychl onpenessroTes CaeayomuM 00pa3om:

2, te[0,1/3],
R(t) —{ ~t+1, tel[1/3,1].

MHuoxkecTBo perennii cucrembl (6) J€KAT B IIIOCKOCTH BEKTOPOB €1 = (2,2, 2),
ea = (—1,0,1) 1 MOXKeT OBITh IIPEJICTABJIEHO B CJIEYIOIEM BUJIE:

€2

2/3|

1
1/3 161
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ITpumep 2. Paccmorpum B KadecTBe eIie OJHOIO IPUMEpa JINHEHHYIO CHCTEMY
OJ1Y ¢ uHTepBabHBIM HapaMeTpoM k:

) = kxe, b= —kuxy, kek=11,2],
2(0) =g € [—e,+¢] x [l —g,1 +¢].

st mocrpoennst MuoxkectBa §)(z,r) mepeiiieM B HOJSAPHYIO CUCTEMY KOODMHAT.
B kavecTBe mapameTpuveckoii Kpuboil z BeIGepeM r = const, ¢ € [p,P|, reomer-

puYeckue Tejia — OTPE3KU NEePIeHINKY/ISPHbIE Z, TOYKHU IPUBSI3KH — UX CEPEJIUHBI.
IIpencrasum

Q((0),7(0)) = [, Pol * [ro;To]-

Cucrema OILY nma R, 7, ¢, @ BBITJIAAT CICIYIOMIM 00pasoM:

R=0, =0 =k 7=F

C HaYaJIbHBIMU JaHHBIMI

R(0) = (o —19)/2,  7(0) = (1o +70)/2,
»(0) = ¢, ?(0) =%q.

Taxum obpa3oM, XOTs MOJIyIEHHOE IIPEICTABIEHNE MHOXKECTBA, PEIIEHIT OTIInYaeT-
Csl OT OIITHMAJIBHOIO, 3(pPEKT yIIaKOBbIBAHUSI [TOJTHOCTHIO OTCYTCTBYET.
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Meton riiobajbHOII ONITIMI3ANNN
Ha OCHOBE MEeTOJa BeTBeil 1 I'PaHMUI]

FO.T". Hdosros

1. BBenenne

Pemenne 3a1a4 1y100a/15HO0I ONITUMU3AIIAN SBJISIETCS, HECOMHEHHO, aKTyaJIbHO
po6siemoii. [loo0HbIE 3378t BO3HMKAIOT B CAMBIX PA3JIMIHBIX OOJIACTAX HeJIO-
BEYECKON JedaTe/IbHOCTH (IKOHOMUKE, TE€OJIOTUY, XUMUU, OUOJIOTUY, (DU3UKE U T. I.)
JlJ1si TapaHTUPOBAHHOTO MTOUCKA TVIOOAJHHOTO ONTUMYyMa OOBITHO MOJIB3YIOTCS WH-
TePBAJIBHBIMU METOJAMHU, OJHAKO, IIOJO00HBIE METO/IBI NMEIOT, KAK IIPABUJIO0 HI3KYIO
CKOPOCTB CXOJIMMOCTH.

AsrropuT™, TpeIoKEHHBI B TAHHOW CTaThe MO3BOJISIET N36EKATH HEKOTOPHIX
HEJIOCTATKOB M3BECTHBIX METOOB IVIO0AIbHON OIMITUMHU3AINN U CYIIIECTBEHHO YMEHb-
[INTH BPEMS DPeIIeHus.

Tekcr nanHO# PAOOTHI MOCTPOEH CJIEIYIOMMM 00pa3oM. B 11. 2 mpuBeieHbI orpe-
JIeJIeHNs], MCIOJIb30BAHHBIE B PAMKAX JAHHOW PAOOTHI M OMUCHIBAIOTCS METOJIbI, UC-
[I0JIb30BaHHbIE B JaHHOI pabore. B m. 3 mpesjaraercs omnmcaHue IpesjioyKeHHOIO
MEeTO/1a, U HEKOTOpbIE MOsICHeHUsI. B 1. 4 mpe/icTaBIeHbl Pe3yaIbTaThl pabOThI aJro-
puTMa B CpaBHEHHH C TTakeToMm Numerica.

2. OcHoBHBIE oripeaeJieHud, IIOHATUA N NCITIOJIb3yeMble
MEeTOAbI

[IpuBenem dopmasibHbIE OIpeie/IeHNsI OTPAHUYEHNS U JPYTUX TEPMHUHOB, WC-
[I0JIB3yEMBIX B JIaJIbHENIIIEM.

Onpenenenne 2.1 (orpanumuenue). Ozparnuuenuem HA MHOXKECTBE IEPEMEHHBIX
{z1,..., 2} OylJeM Ha3bIBATH MOJAMHOXKECTBO S JI€KapTOBa npousseienus: D, X
... x Dy, tne D, — obyacTb OIpeJieIeHns] IEPEMEHHON ;.

Onpepesenne 2.2 (CSP — Constraint Satisfaction Problem). CSP uau 3adaua
ydosaemeopenus oepanuserusm — 1o rpoitka P = (X, D,C),rne X = {x1,...,Zm}
MHOXKeCTBO nepeMenubix, D = {D.,,..., D, } — MHO)KecTBO 0obsacreii onpejesie-
HUs iepeMeHHbIX (D,, — MHOXKECTBO BCEBO3MOKHBIX 3HAUEHWH TEPEMEHHOH Z;),
C ={ec1,...,Ck} — 9TO MHOXKECTBO OTPAHUYEHUH.

Onpenenenne 2.3 (pemenne CSP). Pewenue 3adawu ydosaemsopenus 02paru-
wenuam P = (X, D,C) — sro Bektop a = (a1,...an) € D = {Dy,,..., Dy, }, nas
KOTOPOI'O BBIIIOJIHAIOTCA BCe orpanmdenud c¢; € C.
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Ounpenesnenne 2.4 (amnpoxkcumanus). Ilyers S C R, annpoxcumayued S Gynem
Ha3bIBATh HAUMEHBIINI UHTEPBAJIbHBII BeKTOp I, Takoii, uro S C I u obo3HaYaTh
approx (S).

Onpenenenne 2.5 (2B-coBmectHocTh Orpanudenus). IlycTb ¢ — 9TO HEKOTO-

poe OrpaHuveHHe, OLPEIEICHHOE HA MHOXKECTBE NEPEMEHHBIX {Z1,...,Tm}. Dy-
JIeM TOBOPUTH, 41O ¢ 2B-coemecmmo, ecmu Vi € {1,...m}D,, = approx{y; €
Dy,|3v1 € Dyyyooosvir € Dy ,viy1 € DajyyyeooyVm € Dy, Taxkoe 4TO

¢(V1,y.. y,Vim1,ViyVigl, -+, Vm)} — COBMECTHO.

Ounpexnesnenne 2.6 (2B-copmecrnocrs CSP). 3azada yjaoBieTBopeHus: orpaHude-
HusM P = (X, D, C) nassiBaercs 2B-cosmecmmot, eciu Bee ee orpanutienns ¢; € C
2B-coBMecTHBI.

Onpenenenune 2.7 (oneparop cyzxenuns). Ilyers P = (X, D, C) — Hekoropas 3a-
Jlada yAoBIeTBOpeHns orpanndeHuaM. C KaKIpIM orpaHndeHueM c¢; € Cn KaxKJoi
mepeMeHHON z; € X COIOCTaBUM ONEpaTop Cy KeHHd red'z{, KOTOPBIA AeicTByeT
Ha MHOXKECTBe 00JIacTeil OIpesieIeHnii IeEPEeMEeHHBIX, UCIIOIb3YEeMbIX B C;, U PE3YJIb-
TATOM €r0 IIPHMEHEHHd dABjIdercd MHoxkecrso S; C Dj, ¢ yJaJeHHBIMEH H3 HEro
HECOBMECTHLIMU 3HAYCHUSAMU [IEPEMEHHON ;.

Samumiem 6os1ee GOPMAIBHO: IIyCTh OTPAHNUIEHNE ¢; OLPEEJEHHO HA MHOXKECTBE
epeMEHHBIX {1, ..., Zm }, Torga red?’ : P (Dy,) X ... x P(D,, ) — P (Dy,).

Jlajiee IpUBOAUTCS KPATKOE OIMCAHUE METOJIOB, HCIIOJIb3YEMbIX JIJIS CO3/IaHUS
MeTOoJa BETBe U CyzKeHUiA.

2.1. Metoxa pacrpocTpaHeHUs OrpaHUYeHUN’

Metoj; pacupocTpaHeHnsl OrpaHUYeHu [8] sABJIsieTcst OJHUM M3 METOJIOB yCTa-
HoBJIeHUsT 2B-coBMeCTHOCTH, KOTOPBIHA aHajornden ajropurmy AC-3. Dror ajro-
PUTM TaK>Ke HA3BIBAECTCs AJTOPUTMOM CY2KEeHHs. B BHIYUCINTENHHOM ILIAHE OH MO-
2KeT OBITD NPEJICTABIIEH KAK UTEPAIIMOHHBIN [IPOIIECC, ITOCJIEI0OBATEIHLHO CY2KAIONTUT
06J1aCTh, TAPAHTUPOBAHHO COJIEPXKAIIYI0 Bce pernrenns. Ha Kak1oM 1mare urepaiu-
OHHOI'O IIPOIIECCa IIPUMEHSIETCs] OJUH U3 OIEPATOPOB CYKEHWsI, CTSITMBAIONUN 00-
JIACTb 3HAYEHUU [MePEMEHHBIX, CBSI3aHHBIX C HEKOTOPBIM orpanumveHuem. Kak mpa-
BHJIO, OIEPATOD CYKEHUS yTOYHsEeT 00JIACTH OMpPEIeIeHIs TOJIbKO OJHON IepeMeH-
HO. YIIpaBJieHNE UTEPAIMOHHBIM IIPOIECCOM OCYIIECTBIISAETCS [0 JAHHBIM, TO €CTh
JIJIsT UCIIOJIHEHUS Ha OYEPETHOM ITare BIOMPAETCs TOJIBKO TOT OIEPATOpP CyKEHU,
apryMeHThl KOTOPOI'O OBbLJIM M3MEHEHbI B IIPOIECCe BBIYUCJIEHWI Ha IIPeJblILyIIeM
mare.

OnepaTopbl Cy>KEeHUsT MOT'YT MPEJCTaBISIThLCA pasHbiMu criocobamu. Hampumep,
pacIelIeHieM UCXOIHON CUCTeMbl YPaBHEHUI Ha IPUMUTHBHBIE (YHADHbBIE 1 OHHAD-
HBbIE) COOTHOINEHWsI TOCPEICTBOM BBEJEHWs JIOMOJHUTENbHBIX —II€PEMEHHBIX.
B sTom cityuae Kaxj10e TPUMUTHBHOE COOTHOIIEHUE TTO3BOJISIET BHIPA3UTH KaKIyIO
73 BXOJSIIUX B HETO IIEPEMEHHbBIX Uepe3 OCTaJIbHbIe. Bech HAOOp MOJIyYeHHBIX Ta-
KM 00pa30M MPUMATHBHBIX yPABHEHUI 1 OyJIeT 3a1aBATh MHOXKECTBO OIIEPATOPOB
CyKEHUs J[JIsI HCXOTHON CUCTeMBI. JIOCTOMHCTBOM 3TOrO MOIXOA SBJISIETCS BO3MOXK-
HOCTBH perteHus 3a7a4 ¢ HeaudepeHIupyeMbIMu DYHKITASIMHA.
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2.2. MeToxm BeTBeil U TpaHuUI]

Meroz Berseii u rpauur [6] — 970 06mIMii MeToa oUCKa pemienus. Meros na-
qanHaeT paboTy ¢ OmpeeeHns HUKHEH 1 BepXHEl TPAHUIL /I UCXOTHON 3aatdH.
Ecnu BepxHsist n HIKHSIA I'DAHUIIBI COBIIAIAIOT, TO IOy Y€HHBIH PE3YIbTAT ABJISAETCs
ONITUMAJIbHBIM 3HaYEHUEM, U METOJ IpeKpaIaeT padoty. nade, MHOXKECTBO Tiepe-
MEHHBIX Pa30UBaeTCs Ha HECKOJIBKO CODCTBEHHBIX MTOIMHOXKECTB, 00beUHEHNE KO-
TOPBIX COBIAJIAET C UCXOIHBIM MHOYXKECTBOM. DTH HOJ3Ia9N CTAHOBITCH OTOMKA-
Mu ucxoanoit. Jlasee aaropuTM npruMeHsieTcs PeKypPCHBHO K KaKIIOi U3 MOA3a/ad,
co3naBasi JIepeBo noazajad. Eciau onruMmaibHOe pelreHne Hall/IeHO J1J1si HEKOTOPOi
[0J[38/1a9H1, TO OHO SIBJISIETCS JJOCTUXKMMBIM JIJIsI UCXO/IHOM 3a1a4n (He 06s3aTeIbHO
ONTHMAJIBHBIM), HO TaK KaK OHO JIOCTH?KHUMO, €r0 MOXKHO HCIIOJIb30BATh JJIsi 00-
pe3anus BeTBell y ucxomHoro gepesa. [Iporecc moncka mpomomKaeTcs 0 TeX 1op,
[IOKa, KaXKasl M3 [M013a/1a9 He Oy/1eT pPerleHa Win BBIKHHYTA WA J0 TeX II0p, IOKa
He OyIeT JMOCTUrHYT 3aJaHHBIH IMOPOT MEXKJy JIyYIIUM U3 HANJEHHBIX PeleHuil u
HIDKHEH rpanuneit f () juis Bcex HEPEIeHHbIX 3a1ad.

2.3. MeTroa XanceHa

Merox Xancena 6bu1 omucan B pabore [3] B 1992r. CyTb paborbl MeTona 3a-
KJIIOYAETCS B TOCJIEIOBATEILHOM YIAJIEHIU U3 HAYaJIBHON obsracTh, moodsacreil, B
KOTOPBIX HE CONEPAKUTCS NI0OATBHBIN MUHUMYM. YJIQJE€HIE TPOUCXOIUT OJHUM U3
HUXKE [IePEeYNCIEHHBIX CII0OCOOOB:

o Viansgrorcs momodJacTi, B KOTOPBIX TPAIUeHT ¢ (yHKIUN f OTJINYIEH OT HyJIs.

e Viansiorcs 1mog00JacTH, B KOTOPLIX f > f, Tie f — BepXHsd ONEHKa TI100aTIh-
HOTO MUHHUMYMA.

o Viassrorcst 1mogo06J1acTi, B KOTOPhIX (DYyHKIMsI f HEBBIIIYKJIA.

Kputepuu octaHoBku

Kpurepmit A: wid (X) < ex 719 HEKOTOPOTO £x > 0.
Kpurepuit B: f — f < ef g nekoroporo e¢ > 0.

2.4. Metoa MoaeupoBaHus 06>Kura

Merox mozesiupoBanust obxura [5, 1, 4, 7| aBisercs npejcraBuresieM ceMeicrsa
meronoB Monrre—Kapsio. Ou ocHoBaH Ha (PU3MIECKOM TIPOIECCE 3aMOPAKUBAHUS
JKUAJIKOCTeH MM PEKPHUCTAJIIN3AINYA METAJIJIOB B IIPOIlecce IIpOKaJnBaHus. B kade-
CTBE OIEHKU PEIleHUsI MOXKeT ObITh BbIOpaHa TOYKA HE TOJBKO HE YMEHbIIAIasi
3HAYEHUsI TIeJIEBOIl (DYHKIMHU, HO M yBEJUUYUBAIOIIAsl ero. 1akoe MOBeJIEHUE MOWC-
K& ONTHUMAJIFHOTO PEIeHUs] TIOMOTAaeT M30eXKaTh IOMaJaHus B TOYKHU JIOKAJIBHOI'O
MHUHHIMYMA.

3. Mertoa BeTBeiil U cy>KeHUit

B pamkax mammHoit paboThI OBLT peaaTn30BaH METO, O0beUHSIIONINA TPEeNMYIIe-
CTBa Pa3JINIHBIX TIOJIXO0B IPH PENIeHnn 318 VIO0AJTBHON ONTHMI3AIINN.
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Omnucanue MeToJa

JlaHHBIA MeTOJ, IO CYTH, SIBJISETCS YCOBEPIIIEHCTBOBAHNEM WHTEPBAJILHOIO Me-
TOJIa, BETBEH W T'DAHMUI], HA KAXKJIOH UTEPAITMU KOTOPOr'O IMPUMEHSIETCS METOJ XaH-
CeHa, JUIs Cy?KeHHsI 00JIaCTH, cojieprKalieil riaobatpHblil ontuMyM. Jlis yoay«amnenns
HIZKHEH OIEHKM (DYHKITMH HCIOJIb3YeTCs YUCIEHHBII METON CAMYJIANUA OOYKHUTra,
00'bEeIMHEHHBIN C METOJIOM MYJIBTHCTAPTA, KOTOPBIH IO3BOJISET JOCTATOIHO OBICTPO
HalfiTH Xopollee NpUOIMKEeHNe III00AJIBHOr0 onTuMyMa. JLjis npuMeHeHus MeToza
XaHCeHa HCIIOIb3YeTCs] METOJT PACIIPOCTPAHEHUS OI'DAHNYEHUI.

Bribop sTHX MeTOIOB He CiIydaeH, nX KOMOWHAIMS MTO3BOJISIET KOMIIEHCHPOBATH
cjiabble CTOPOHBI APYT Jpyra. IIpuBeseM CBOAHYIO TAOIUILy KA9eCTBEHHBIX XapaK-
TEPUCTUK HUCIIOJb3YyEeMbIX METOI0B:

Meron
XapaKTepUCTUKHU - -
BeTBEU JIOKaJIbHOMN
XaHncena
U rpaHunIy] OIITUMU3AIUN

TapanTupoBaHHBIN TOUCK IVI06AJIBHOTO OITUMYMa + - -
l'aparTHpOBaHHOCTH BBIYHUCIICHUI + + —
Beruncienus: HaJ MHTEPBaJIbHBIMUA THIIAMU JAHHBIX + + -
Heb6onbiue BpeMennbie 3aTpaThl - + =+
Heb6oubI10e KOIMYECTBO UCIIOIB3YEMBIX PECYPCOB - + +
Cy2xeHne 00aCTH ITOUCKA + + -

Hcnonb3oBanme KOMOUHAIIMKA METOJOB ITO3BOJISIET TapaHTHPOBAHHO HAXOIUTH
I00AJIBHBIN OITUMYM 3aJa9M, IIPU 3TOM HKCIIO/JIH30BAHUE METOJA JIOKAJBHON OIl-
TUMU3ALNN 115 YOy dIIeHns] TEKYIIEro PEKOPIa 3HAUUTEIbHO YCKOPSAET PaboTy Me-
To/a BeTBeit u rpanut,. Merton XamceHa TakKe TMO3BOJISET OTKUABIBATL 00,1aCTH, B
KOTOPBIX 3aBEJIOMO HE COJEP:KUTCS PElIeHUs.

Ha ocmoBe pe3ymbTaToB TECTOB OBLIM CAEJIaHBI HEKOTOPHIE KOPPEKTHUPOBKU B
HCIIOJIb3YEMBIX METOIAX:

e B METOJIe BETBEH W I'PAHUI] IPOU3BOAUTCS JEJIE€HAE Ha TPU YACTU, KPOME TO-
ro, pu BHIOOpE TTO/3a1a9H BbIOUpAETCs Ta, TJe CpeHee 3HAUYeHUEe (PYyHKIUU
HanMeHbIIIee;

e B MeTojle XaHCeHa HCIIOIb3yeTCsl MOJIepHI3NPOBAHHbI METO] PaclpoCTpaHe-
HUsI OTPaHUIEHNnll, Ipe/TIOXKEeHHbIH B padore [2];

e 3aIYCK JIOKAJHHOI'O METO/Ia IIPOUCXOUT TOJBKO IIOCJIE BBIITOJIHEHHUS HEKOTO-
POro KOJIMYEeCTBA UTePAIMil (3TO YUCI0 MOKET YCTAHABIUBATHCS [IOJL30BATE-
JIeM) METOJIa BeTBell U I'DAHMUIl, YTO II03BOJISIET YMEHbIIUTH BPEMs PelleHust
OTHOCHTEJIHHO TIPOCTHIX 3a/a4. KOIIMIecTBO CTAPTOBBIX TOYEK B METOJIE MYJlh-
TUCTAPTA BBIYHUCSIETCS 10 opMmysie: n = ng - dim, rime dim — pa3MepHOCTH
3a/1a4H, a Ny — 3aJaHHOE M0JIH30BATEIEM YUCIIO.

GlobOpt (X, F' (), kmax; €; Tloc)

[lceBmoxkom:
1. BEGIN
2. k=1, record = [c0,00|, SollList = null;

3. T = Xo = X; — nepeso nogobJiacTei
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4 WHILE T me mycTo AND k < Kkmax DO

5. IF kmodn,,c =0 DO

6. opt_record = LocOpt(e,dim); (dim — pasmepHOCTbH 3a/1a4K)
7 IF opt_record < record DO

8 OuucTuTh SolList;

9

. END DO
10. END DO
11. B3saTe ameMeHT tp = X us T';
12. t; = HansenMeth(ty,€);
13. IF F (X)) < record DO
14. IF wid(F (X)) <e DO
15. IF F(X}) < record DO
16. OuucTurhe Sollist;
17. END DO
18. record = [min(record;, F(X});), min(record,, F(Xy),)]
19. To6asuts (X, F'(Xk)) B SollList;
20. ELSE DO
21. Nomenuty X Ha 3 wacTu ¥ HobaBuTh ux B 1
22. END DO
23. END DO
24, Yoamute X, us 1T, k=k+1;
25. END DO
26. RETURN SollList;
27. END

4. PeByﬂbTaTbIqHCﬂeHHbDCSKCHepHMEHTOB

[IpuBenem cpaBHeHUE PE3YIBTATOB PEIIEHNs] HECKOIBKUX 33184 IVI006aIbHOI Ol
TUMU3AIIAA METOJIOM BeTBei U cykeHuil u makerom Numerica.

IIpumep 1 (®yukuua ge I:konra).
DE JOMG function 1

5 f=Y a7, w=[-10%,10%]

mobanpabIil MUHIMYM:

‘_E f = Oa Ti = [Oa O]a

2 )

El ie{l,...,n}.

s
SibCalc Numerica n

500 0 0.10 5
0.015 0.30 20
0.015 8.00 100
0.064 40.10 200

%2 -500° =500 w1 0.156 Out of Memory | 400
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IIpumep 2.
Rotated Hyper-Ellipsoid 1h

f:iix?, z;=[-10%,10%]. 1ot y )

i=1j=1
3
Trobanbubrit MuaIMYM:
g
f:07 x1:[070]7 §
2
ie{l,...,n}. B
SibCalc Numerica n °
0 0.10 5 100
0.015 3.70 20

0.438 | Out of Memory | 100
1.813 | Out of Memory | 200
7.953 | Out of Memory | 400 xZ -100" -100 %1

IIpumep 3 (dynxius Pacrpurnna).

n
f=" (&7 = 10cos(2mz;)) + 10n, RASTRIGINS function &
=1

z; = [~10%°,10%).

T'nobaabublit MUHIMYM:
f:()) .TZ:[O,O], ‘_E
2
ie{l,...,n}. El
2
SibCalc | Numerica n
0.328 0.10 5
2.578 0.30 10
11.546 0.70 15
25.141 1.20 20
58.016 1.90 25
IIpumep 4 (byukmus Ixmm).
1o I
f=-20-exp | —= . fo —exp ﬁZcos (2mx;) | + 20 4 exp(1),
=1 i=1
x; = [—33,33].

Trobanpabilt MuHIMYM:

f=0, z;=10,0, ie{l,...,n}.
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ACKLEYs PATH function 10

objective value

SibCalc | Numerica n

1578 | 0.40 5
15.266 | 1.20 | 10
x2  -207 20 1 83.546 | 3.60 |15

ITpumep 5 (rmecturopObiii BepOIIION).

il

4 — 92122
( I1+3

> o} +xiwo + (—4+4ad) 23, z1 =z = [-10°0,10%].

T'nobanbubIit MUHUMYM:
f=[-1.03628453, —1.03628453].

Ieproe pemenne: x7 = [—0.089842, —0.089842], x5 = [0.7126564, 0.7126564].
Bropoe pemenue: x1 = [0.089842, 0.089842], x5 = [—0.7126564, —0.7126564].

Six—hump camelback function

300
200

100

-100)
2

IIpu pemennn Numerica HaxonuT TOJBKO BTOPOE PEIIEHUE.
Bpewmst caera: SibCalc — 0.125, Numerica — 0.
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IIpumep 6.
f=sinz +sinz?, z=[-100,100].

I'nobaabHbIiT MUHIMYM:

f=1-1.999999438712797, —1.999999438712796] ,
x = [36.12937493100531, 36.12937493100539] .

-0,51

Numerica HaAXOIUT pelreHme:

f=1-1.999999438712743, —1.999999438712743],
x = [99.02767859, 99.02767859) .

Bpewms cuera: SibCalc — 0.015, Numerica — 0.1.

Ilpumep 7.
f=2a%+sin (exp (2°)), =z =[-100,100].

T'nobaabHbIiT MUHIMYM:

f =10.5264768703, 0.5264768703]
x = £[1.22528916901954, 1.225289169019542].

; \ ]
300
. 1
4 200
. \\ ] /
1 /\ 100 /
\1:/ \ ] /
x ] x
AR ) - - - - p

Numerica naxomur pemenue x = [0, 0].
Bpewmsi caera: SibCalc — 0.015, Numerica — 0.1.
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PesynbraThl 9KCIIEPIMEHTOB [IOKA3AJIN, ITO METO/, BETBEH U Cy’KEeHUH [T03BOJIAET
rapaHTHPOBAHHO HAXOJUTH IVIOGAIBLHBIA MUHIMYM, B OT/In4due oT nakera Numerica,
KOTODBI 3a49aCTYI0 TepsieT KOPHH, & B IIpuMepax 6 1 7 HAXOUT HeBEPHBIE 3HAUCHUSI.
Kpowme Toro, Bpemsi paboThl AJIrOPTHMa OCTAETCs BIOJIHE IPUEMJIEMbBIM, OH paboTaeT
Me/JJICHHee JINIIb Ha 3a/adaX ¢ GOJIBIINM KOJINIECTBOM JIOKAJIBHBIX 9KCTPEMYMOB
(mpumepst 3 u 4).

5. 3akJirouyeHue

B pamkax mamHOit paboThI OBLI IPOBEIEH AHAIN3 CYIIECTBYIONINX AJTOPUTMOB
MOMCKa TJI00ABLHOTO OoNnTUMyMa. Pa3zpaboTan n peaJm30BaH METOI TVIO0ATBHOMN OI-
Tumusarnu. [IpoBeens cpaBuenus ¢ makerom Numerica. ITo pesynbratam cpasie-
HUsT MOXKHO CJIeJIaTh CJIEJYIOIIe BhIBOJIbI:

1. CozmaHHbBIi METOJI TO3BOJISET TAPAHTHPOBAHHO HAXOIUTD PEIEHMUST, JTAXKe JIJIsT
3a/1a4 ¢ OOJIBIIINM 3HAYEHUEM JIOKAJIHHBIX MUHUMYMOB.

2. Metoa MOXKeT peabHO MPUMEHSITHCS JJIsT 33329 ¢ PA3MEPHOCTIMI HECKOJIBLKO
TeCATKOB.

3. CxopocTh pabOTHI METO/IA CPABHUMA, a HA HEKOTOPBIX 33/1a9aX ITPEBOCXOJIUT
CKOPOCTBH PabOTHI CYIIECTBYIOMINX METO/IOB.

CrouT Tak>Ke OTMETUTb, UTO IOJIyIEHHBI METOJ MOYXKET IIPUMEHSAThCS JIJIsl Pe-
meHus 38724 ycaoBHOU ontumu3anyn. OHAKO, CKOPOCTb PAbOTHI METO/IA IIPUA ITOM
CYIIIECTBEHHO TAIAET M3-38 OTCYTCTBUSA BO3MOYKHOCTH MPUMEHSITH B 9TOM CJIydae
MeToJ1, XaHceHa.

B ﬂaﬂbHeﬁIHeM Hpe)lIIO.HaFaeTCH a}laHTI/IpOBaTb n yﬂquIII/ITb JlaHHbIﬁ METO/ JAJIsd
pelleHust 3a/1a9 yCJIOBHOM OIMTUMU3AIIMH.
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MHTEPBAJIBHASI MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYUE COBENIAHUA C. 193-200

Heobxoanmple 1 JoCTaTOYHBbIE YCJIOBUSI
HEBBIPOXK/I€EHHOCTH NHTEPBAJbHBIX MaTPUI]

B.U. Epoxun*

Awnnoranusi. PaccMoTpenbl HEOOXOAMMBIE W JIOCTATOYHBIE YCJIOBHSI HEBBIPOKIEHHOCTH
MHTEPBaJIbHBIX MaTPUI] C HEBBIPOXK/IEHHON IIEHTPaJIbHON MaTpHUIleil 1 OJJHOPAHI'OBOM MaT-
puieii paguyca

BBenenne
IIycts
A(Ac, Ax) £ [Ac — Aa, Ac+ D] — (1)
WHTEPBaJIbHAsi MaTpuia Takas, dro A, € R™ ™ rank A, = n, Ay € R™™,

rank A4 = 1. 3aMerum, 4TO HOC/IEIHEE YCIOBAE SKBUBAJIEHTHO yCJIOBUIO
T
Ajp=c-uv’, (2)

rme e €R, e >0, u,v € R", u,v > 0 — HEKOTOPBHIE BEKTOPHI.
B nanbmeiinem oKazKeTcst BayKHBIM BBITIOJTHEHUE YCIOBUIMA

= |lv]l =1, (3)
u,v > 0. (4)

el

Takum 06pa3oM, OCHOBHBIM OObEKTOM HCCJIEOBAHUsI B HACTOLAIIEN padoTe sB-
JI€TCs MHTEPBAJIbHbIE MATPUIIBI, yIoBJIeTBopsomue yciaosusam (1)—(4). 3amernm,
yeaoBuaM (1)—(4) yJ0BIeTBOPAIOT U MHTEPBAJIbHBIE MATPHIBI CHEIUAILHOIO (Z10-
CTATOYHO IIPOCTOrO) BHIA

A(A. ) £ [A. —€E,A. + €FE), (5)

e A, € R™*" — nenrpanpias marpuna, € € R, ¢ > 0, £ € R"*" — marpurna, Bce
QJIEMEHTHhI KOTOpOfI — €JIUHMUIIBI. ,Hef/.lCTBI/ITeJ'H)HO, IIyCTb BC€ KOMIIOHEHTBI BEKTOPOB
u u v — exquHUNBL. OYEBUIHO, YTO TIPH ITOM yeaoBust (3), (4) BBIIOIHSIOTCS U, B TO
ke Bpemst, wv! = E.

Kak wussectro (cMm., manp., [6]), 3amada IpOBEPKU HEBBIPOXKIEHHOCTU HHTED-
BaJBHON MaTpuipl o0mero Buna asasgercs NP-tpymmoit. B pabore [8] 6buto mmo-
Ka3aHO, UTO MPOBEPKA HEBBIPOXKIEHHOCTH WHTEPBAJIBHON MaTpuiipl Buga (5) muist
[IPOU3BOJILHOI'O PAIMOHAJILHOTO € > (0 M HEKOTOPON CHMMETPUIHON ITOJIOKUTEb-
HO OIPEJIeJIEHHON MATPHIILI C HEOTPUIATEIBHBIMU PAIMOHAIBHBIMHI dj1eMeHTaMu A,
Takxke siByisiercss NP-tpynuoit. B ¢Bsi3zu ¢ 9TMM CcTaHOBUTCS aKTyaJIbHOI Tpobiema
MTOJIyYeHUsT HEKOTOPBIX OTHOCUTEJIHLHO MIPOCTHIX M MPAKTUIHBIX B BBIYUCIUTETHHOM

*BopucornebcKuii rocy1apCTBEHHbIH TeJarornIeCKuii HHCTUTYT.
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wiane kpurepues (“verifiable conditions”), cioCOGHBIX BBIIOJIHATD POJIb JOCTATOY-
HBIX YCJIOBUI HEBBIPOXKIEHHOCTH MHTEPBAIBLHBIX MaTpuil. O HOI U3 mocieHux ce-
PBE3HBIX PabOT, MOCBSNIEHHBIX YKA3aHHO TeMe, sBJIseTCs], no-BuauMomy, [7]. B o
7Ke BpeMs, aBTOPY HaCTOsAIIell pabOThI y/AJIOCh, ONUPAsCh Ha HEKOTODPbBIE II0JIe3-
HbIE CBOWCTBa ODOOIEHHBIX MATPUYHBIX HOPM M TE€XHUKY MATPUYHON KOPPEKIINU
HECOBMECTHBIX CHCTEM JIMHEHHBIX ajredpamdecKuxX ypaBHEHWIl, PACCMOTPEHHBIE B
pabote [1], HOIyInTh HEKOTOPBIE HOBBIE PE3YJIBTATHI U3 OOJIACTH KPUTEPUEB HEBbI-
POXKJIEHHOCTU MHTEPBAJIBHBIX MATPHUI| KaK 0bIero suzia, Tak u suja (5) [2]. B gacr-
HOCTH, JIJIS MHTEPBAJLHBIX MaTpull BUaa (5) ObLIN Oy IeHbI HOBBIE HEOOXOIUMbIE
U JIOCTATOYHBIE YCJIOBUsI HEBBIPOXKIEHHOCTH. B HacTosmeil pabore yKazaHHBIN pe-
3ysbraT 0000IIaeTC HA MHTEPBaJIbHble MAaTPUIbl Buja (1)—(4).

1. “NacTpy™mMeHTapmii’

Ormpenemny MaTpudHyio HOPMY || - ||, cooTHOmeHMEM [4]:

A w(Ax)
Al = o)

(6)

rue A € R™*" € R", ¢(-) u ¢(-) — 1pou3BoJIbHbIE BEKTOPHbIE HOPMBI (He 00si-
3aTeIbHO HOPMBI esbiepa) coorsercTBeHHO B R™ 1 R™ 1 COOTHOIIEHNE MEXKIY M
U N IPOM3BOJIbHOE. 3aMETHM, YTO B OOIIEM CiIydae HOPMA || - ||, yHOBIETBOpsIET
TOJIbKO AKCHOMAaM BEKTOPHBIX HOPM (T. €., HE ABJISIETCS MYJIBTUILIMKATUBHOM ).

Oupesesum BeKTOPHYIO HOPMY ™ (+), ABOMCTBEHHYIO K 3aJ[AHHONH BEKTOPHOI
HOpMe ¢(+) OTHOCHTEJIBHO CKAJISIPHOTO IIPOU3BeE/ICHUs [4] Kak:

T
cy A d
= max 7
o) £ max 7)
rie x,y € R™ — HeKOTOpBIE BEKTODBHI.
Bekrop y € R™ Oyzem Ha3bIBATH JIBOWCTBEHHBIM K HEHYJIEBOMY BEKTOPYy & € R™

OTHOCUTEJBHO HOPMBI ¢(+), eciin BBINOJIHSIETCs yesoBue [4]:
e (y) - plx) =y z=1. (8)

Crenyer saMeTuTh, 9TO OOHEKTHI, 3aMaBaeMble dbopmyaamu (6)—(8), meiicTeu-
TEJILHO OIIPEJIeJIEHbl KOPPEKTHO W BCEIJia CYIECTBYIOT, & KCIOJb30BaHue “max’
BMECTO “sup”’ OIpaBJIaHO, MMOCKOJIbKY COOTBETCTBYIOIINE BEPXHUE TPAHU BCETIa J0-
cruraiores [4].

Tenepn obparumcs K npuBejeHHoON B padore [1] semme, o6obiaromeii oty den-
Hoe A.H. TuxoHOBBIM [3| MUHMMABHOE TIO EBKJIMIOBON HOPME DEIEHNe CHCTEMBI
JINHEHHBIX ypaBHeHU# Ax = b oTHOCUTE/IbHO Heu3BeCTHOI Marpuilbl A Ha cirydait
IPOU3BOJIBHOI HOPMEI || - || 4

JlemMma 1. ITyemo x € R™ u b € R™ — npoussosvrvie sexkmopwi, x # 0. Tozda cu-
cmema ypasrenul Az = b pazpewuma omHocumesvHo A u npu 3mom Cyuwecmeyem
pewenue A uz xaacca 00HOPANZOGLT MATMPUY, PASMEPE T X T, MUHUMAALHOE NO
nopme || - ||, KOMoOpoe daemces dopmy.aot
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A =by”, 9)
20e y € R™ — sexmop, deoticmeennvili 6exmopy & ommocumenvho nopmos o(-). Ilpu

2mom
»(b)

o) (10)

[Allep =

[Ipeamnosnoxum temnepb, 9To HeKOoTOpass Marpuiia A, € R™ "™ gpisieTcst HEBbI-
POXKJICHHO, YTO IKBHBAJEHTHO OTCYTCTBUIO HETPUBUAJIBHBIX PEIIEHUN COOTBET-
CTBYIOIIEH OJHOPOJHON CHUCTEMBI JIMHEHHBIX ajiredOpandecKux ypaBHeHWil. 3aduk-
cupyeM HEKOTOpbI#i BekTop & € R™, x # 0, U paccCMOTPUM CUCTEMY JIMHEHHBIX
aredpanvIecKnx ypaBHEHUIA

(Ac+H)x=0 << Hzx=-A.x, (11)

roe H = (h;;) € R"*™ — HexoTopast MaTpHIa.

B cuy nemmbt 1 s smo6oro Bekropa ¢ # 0 cucrema (11) paspemmma orHOCH-
TeILHO MaTpulbl H, U mMo3ToMy, B CBOIO ovepen, marpuna A. + H okasbBaercs
BBIPOKIeHHOM. [Ipy sToM MuHuMasbHAsS 1O ||-|| . HODME MaTpuIa H upu duxcu-
POBaHHOM HEHYJIEBOM BEKTODPE T UMeeT BH/I

& T
H(I) = 7Acxy )
rae y € R™ — BeKTOp, NBONCTBEHHBIH BEKTOPY & OTHOCUTENHLHO HOPMBI ©(-). IIpn

’ﬁ(x)HW - W 2 @(z).

Hecnoxkuo nokasats [2], aro
. o —1—1
inf () = |4,

U JIOCTUTAeTCsl JJjIst JIF0DOH KBaPaTHON HEBBIPOXKIEHHON MaTpHUIlbl A..
Bosee Toro, nycrs A(A., H) — MHOXKECTBO BCEX BBIPOXKJIEHHBIX MATDUIL BHIA
A.+ H, rine A, € R™*"™ — HepbipoxkieHHas Marpuiia. CrpaBejiuBa CJIe Iy onast

Teopema 1 [2].

i H = A7 . 12
m(ﬁ%l#@” low =142 I (12)

Ipu smom cywecmsyrom maxue HEHYAEGBIE BEKMOPLL U, T,y € R™, 2de y — sexmop,
deoticineenHoill 8EKMOPY T OMHOCUMEALHO Hopmbi ©(+), 4mo

r=Alu, H = —uy’,
(Ac+ H) € A(A,), (Ac+ H)z =0,

||y = —2)

_ —111—1
m = [l A" [l

CaencrBue [2|. ITycmo mampuua A. — Hesviposcena u
184l < 1455 (13)

Toz20a urmepsasvHas MAMPUUL A ABAAEMCA HEBLPOHCOEHHOTU.
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Konkpernbiit Bug yeaosust (13) 3aBUCHT OT BHJA MCIOIB3YEMBIX BEKTOPHBIX
HOpM ¢(+) 1 9(+), KOTOpBIe B 00ImEM ciiyuae He 00si3aHbI ObITH HOpMamu [esbie-
pa. Ho nazke IIpH HCIIOIL30BAHUU TOJIBKO TeJIbIECPOBCKUX BEKTOPHBIX HOPM KJIACC
| - |lg,y HOPM OKa3BIBAaETCS JIOCTATOYHO IpeJcTaBUTebHBIM. K HeMy, Hampumep,
IPUHAJJIEXKAT TaKUe M3BECTHBIE W IIMPOKO YIOTPeOJsgeMble Ha NMPAKTHKE HOPMBI
(cm., mamp., [4]), kax

e L — 1Al = o | (1)
e Lt — 1), = e 3l (15)
mx L2 — Al = Mbae(A7 ), (16)
g Ll — 4] = mas ol (17)

OueBuIHO, YTO [IPHU UCCIIEJOBAHUN MHTEPBAJbHBIX Marpull Buga (5) (¢ uaTep-
BaJIaMH PAaBHOIl BeJIMYINHBI) HanboJlee OJIe3HOI OKasbiBaercs ||-||; ., Hopma. Ee mc-
[OJIb30BAHAE [I03BOJISIET TOJYIUTh 1] OTHOCHTENLHO IPOCTOl U JIOCTATOMHO HPaK-
TUYHBI KPUTEPUN HEBBIPOXKIEHHOCTH, MMEIOIINil BUJI HEOOXOIUMOIO M JOCTATOY-
HOTO YCJIOBHS.

Teopema 2 [2]. iz mozo, wmobu, unmepsasvhas mampuua A(Ag, €) ¢ neaupootc-
dennoti yenmparvoroli mampuuet A, € R™ ™ 6waa nesvposicdennoti, 1eobrodumo
u docmamouno, 4mobv, 6bINOAHALOCD YCAOBUE

e < AT % (18)

2. HeobOxoaumMble U JTOCTAaTOYHBIE YCJIOBUS
HEBBIPOXK/I€HHOCTU WHTEPBAJILHOI MaTpPUIIbI
C OJJHOPAaroBOil MaTpulleii pajamyca

[TpuBenem Terepsb HOBBIN, paHee He IIyOJIUKOBABIIUNCS PE3YJIBTAT, sIBJISTFOIIUICS
0000ITIeHreM PACCMOTPEHHON BBIIIE TEOPEMBI 2 Ha CJIydail HHTEPBAJBHON MaTPUIIBI
C HEBBIPOXKJIEHHOI IEHTPAJIBHOII MaTpHUIeil 1 OJHOPAHIOBOI MaTpuleil paauyca.

IlycTs

" £ || diag(v) - A" - diag(u)|| ;- (19)

oo,1

CupaBeinBa CJIeyomas

Teopema 3. s mozo, wmobv, unmepsasvhas mampuua A(Aq Ag) ¢ Hesvpootc-
dennoti yenmpaavnott mampuuyetd A. € R™™ u mampuuet paduyca Ay € R™*™
ydosaemsopsrouets ycaosusam (2)—(4), 6viaa neswpoosrcdernot, neobrodumo u do-
CMAMOUHO, 4MOGYL BVNONHANOCH YCAOBUE € < E.
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Jloka3aTeabCcTBO.
HocTaTouHocTs. IlycTh
o(@) 2 ding(v) -], () 2 |ding ™} (u) - 2| . (20)

Jlerko mokazats (cM., Hamp., [4]), aro byaxkumn ¢(x) n () ABAAOTCS BEKTOPHBIMI
nopmamu. [Ipu sTom byHKIISI

U(H) £ ||diag™" (u) - H - diag_l(v)Hlm (21)

SIBJISIETCSI ||~H%¢ HOpMOit, T.e., U(H) = HH”%w- B cuiy Teopemst 1 u opmyi (20),
(21),

B [H = A5 = [ding(v) - A7 - ding() 2 =< (22)

B 1o ke Bpems, B cuiy dopmya (2), (20), (21)
[Aall,, =¢- Hdiagfl(u) cunT - diagfl(v)HLC>O =c |||, =&

st 3aBepiennst 060CHOBAaHUS JIOCTATOYHOCTH corocTasisieM dhopmyssl (18), (22)
U OIIUpPAEMCsl Ha CJIEJCTBUE TEOPEMBI 1.

Heobxogumocts. Ilycts unTepBanbhast marpuna A(A., A4) HeBBIPOXKeHA, HO
npu 3ToM € > €*. B coorBercTBum ¢ Teopemoit 1 MoxkHO mocTpouTh marpuily H
Takyio, 4ro Marpuna (A, + H) saBjsercs BbIPOXKIEHHOM, U, B TO YK€ BpeMs,

- . hij
1H |, = [[diag™ (u) - H - diag™ (v)]], , = max |-—2—
1" Yj

.3

=t (23)

“Cugap”’ cumBoJ “max’ B IelOUKe paBeHCTB (23), ee MOXKHO IPOJIOJIKUTH KaK Iie-
[IOYKY HEPABEHCTB:

—*u; vy < hyy <etuu, S —*wl <HL wl o

A, —e* uww? <A +H< A+ w? =

A —e-wl <A +H<L Ac+e-w! <

(A.+ H) € A(A., A4) — uporusopeune. |

3. OO6cyxaeHue pe3yIibTaTOB

ITonpo6yem BHaUaJe pa30bpaThCsi, HACKOJIBKO NpakTHuIHbIMEA (“verifiable”) mo-
I'YT OKa3aThCs PE3Y/IbTAThl TeopeMbl 3. Mbl Oy 1eM OLIEHUBATD JBA IOKA3ATEIA: TPY-
JIOEMKOCTH BBIMHCJIEHUS TIAPAMETPa £ M IyBCTBUTEIBHOCTD PE3YIbTATOB 3TUX BbI-
YUCJIEHUH K TOTPEITHOCTSIM B 3JIEMEHTAX BEKTOPOB U, v U MaTpuipl A.. [Ipu sTom,
KaK OYEBHJIHO, TPYIOEMKOCTD BLIUUC/IEHUS € €CTh HE YTO MHOE KaK TPYI0EMKOCTh
[IPOBEPKU HEOOXOJMMBIX U JIOCTATOYHBIX YCJIOBUN HEBBIPOMKIEHHOCTH WHTEPBAJIb-
Holt Marpunel Buga (1)—(4), a IOrPenTHOCTh B BBIYUCJIEHUN £* — 3TO HOTPEITHOCTh
YKa3aHHOU IIPOBEPKU.

3ameTnM, 9To gBHAs (POPMYJIa, CBA3BIBAIONIAS 3HATCHIE ||HOol HOPMBI IIPOHU3-
BOJIBHOI MATPHUIIBI CO 3HAYEHUSIMA €€ JIEMEHTOB, HEU3BeCTHA. Fciu XKe jy1st Bhrauc-
nerns ||+, HOPMBI HeTOCPeCTBEHHO HCTIOIb30BaTh onpesenenne (6), Moy Taem
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3a/1a9y HEBBIIYKJIOTO MATEMATHIECKOrO IPOIPAMMUPOBAHUS, 11 KOTOPOH He ra-
paHTHpOBaHa [OJMHOMUAJIbHAS TPYIOEMKOCTh. A Tak Kak Beraucsenue |||, HOp-
MbI — COCTABHAsl YACTb BHIMHC/ICHNUs IAPAMETDPA & B COOTBETCTBHU ¢ hOPMYJIOi (19),
TO HEOOXOAMMO IIPU3HATH, 9TO B OOIIEM CJIyvae JJjisi BBIUUCJIEHUs TapaMerpa £ He
rapaHTUPOBAHA OJUHOMHUAIBHASA TPYJOEMKOCTb. B TO »Ke BpeMs, MOXKHO YKa3aThb
KJIaCC MHTEPBAJIBHBIX MATPHUI, JJI KOTOPBIX MapaMeTp £ MOXKET ObITh BBIYUCJICH
3a nojmHOMHAaIbHOE BpeMs. CyIecTBeHHOM 0COOEHHOCTHIO NHTEPBAIBHBIX MATPHUIL
YKa3aHHOI'O BBIIIE KJIACCA ABJSETCs BLITOTHEHHIE YCIOBHS

14 oo = 14, » (24)

e, npu yesnosun A7l = (ay4),

142, 2 Dl (25)

2%

O6bexr, 3amaBaeMblii hopmylioit (25), ABjgeTcs MyJIbTUIVIMKATUBHON MaTPUYIHON
HOpMOiT [4].

Kak mecyoxHno 3amMeTnthb, u obpamtenne Marpuipl A., u sbrancienne ee |||,
HODPMBI, ¥ IIPOBEPKA BHIIIOJIHEHUs] HepaBeHCTBa (18) MOryT GBITh BBIIIOJHEHBI 34 110-
JIMHOMUAJIbHOE BpeMsl (IIPU CTAHJIAPTHBIX IIPENOIOKEHUAX O [IPEICTABICHUN BXOI-
HBIX JIAHHBIX U TPYIOEMKOCTH apu(pMETHIECKUX OLePaIuii).

Takum 06pa3oM, TyIaBHOE, ITO HEOOXOIMMO BBISCHUTD — 9TO YCJIOBHS, IIPH KOTO-
PBIX CIPABEJJINBO PaBeHCTBO (24).

B mavasie mokazkem, UTO CIPABEJJIIBA CJIE/TYIONAs

JlemMma 2. Jlas npousdeoavhoti mampuys, A umeem mecmo Hepasercmaeo

[Alloo,n < 1Al - (26)
Hoxka3zaresnbcrBo. B cuy (6)
A
DI — (27)
, z#0 ||z o Izl =1

HyCTI) BCe 9JIEMEHTBhI MaTPUIbL A aBasaiorcsa HeOTpUuIaTeJIbHBIMI YHUCIaMU, a BCE

KOMIIOHEHTBI BeKTOpa = — equHunpl. B srom ciywae ||z = 1, [[Az|, = > |ai;| =
2%}
|All,, - Amanmornumbiii pesysIbTaT MOyYAeTCS, €CTU BEKTOD T COCTABJICH U3 {HCeT

—1. Jlerko y6euThCst, 9TO U JIIOGOM JIPYTOM BBIGOPE BEKTOPA T, OTBETAIONIETO
yenosmio ||z, = 1, cnpasenymuso mepasencrso ||Az||, < [[All,, , u3 gero, B cuiy
(27) caenyer, 9To JyIst MIOGON MATPHIBI ¢ HEOTPUIATEIBHBIME JIEMEHTAMHE

[All . = [[All, - (28)

Tenepb 3aMeTHM, 9TO PaBeHCTBO (28) CIpaBeIMBO M JJIsi OO0 MATPHIBI €
HEITOJIOXKUTEIbHBIMI SJIEMEHTAMHU B CUJLY AKCHOMbBI aDCOJIIOTHON OHOPOIHOCTH MaT-
PUAYHOIT HOPMBI.

Paccmorpum Teneps obmuii cirydaii. ITycrs MaTpuna A conep:KuT MoJI0KUTE b
Hble, OTPUIATEJbHBIE U, BO3MOXKHO, HYJIEBBIE 3JIEMEHTHI. 10r/ia OHAa MOXKET OBITh
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npejcraBiena B Bujie A = A+ A_ |, rae Ay — MaTpuia, cCocTaBjIeHHAsT U3 HEOTPHU-
[ATEJbHBIX 9JIEMEHTOB, A_ — MATpHUIA, COCTABIEHHAA N3 HEIOJOKUTEJLHBIX 3JIe-
MeHTOB. Vcronb3ysi HepaBeHCTBO TPEyTOIbHUKA, onpeiesenne (25) 1 COOTHOIIEHNS],
[OJIy YeHHbIE JIJIsl HEOTPULIATEIbHBIX (HEMOJI0KUTENbHBIX) MATPULL, UMEEM:

[l < 1A+ oo + 1A=l 1 = 1A+, + A=l = lIAll, -

9TO U TPebOBAIOCH JOKA3AThH.
Teneps obpaTuMCst K 00CYKJICHUI0 OCHOBHOT'O PE3YJIbTATA.

Teopema 4. Heswvipoorcdernocms unmepsanvrol mampuive A(A., Ay) ¢ Hesvi-
pootcdernoti mampuuelt A, u 0dnopanzo6ots mampuyets A mooicem Gvims npose-
PeHa 34 NOAUHOMUGNOHOE BDEMA, ECAU MAMPUUD Agl = (w;) asasaemeca maxody,
Ymo

_ -1 _ 3 —1| 1

;=1 - oyl -r; & A7 =diag(l) - ’Ac | - diag(r), (29)

2de l,r € R™ — gexmopbl, KOMNOHEHMbL KOMOPHLT NPUHUMGAIOM TOALKO 3HAYECHUS
{-1,1}, |A;1] — MAMPUYA, COCMACACHHAA U3 AOCONOMMBLT GEAUNUN INEMEHOE

mampuyvt Ag.

Jdoka3aTeabCcTBO. YUUTBIBAs y2Ke [IPOJIEJIAHHBIE BBIIIE PACCYXKIEHU, I 000C-
HOBAHUST YTBEPXKJIEHWsI TEOPEMBI JOCTATOYHO MOKA3aTh, UTO B PAMKAX IMPEIIIOJIO-
skeHust (29) OKa3bIBAETCs CIPABEJINBBIM ycJoBre (24).

HeitcTBurensro, mycts © = r. Jlerko mpoBepuTs, 4T0 B 3TOM Ciydae ||z|| = 1.
B 10 ke Bpems, B cuiy (29)

—1.._ q: -1
A x = diag(l) - |AC | -1,
rae 1 — BekTop, cocrosmuii u3 exunui. Ho
[diag(@) - [A] - 1, = 3 los| = [[ A
g c 1 LA | R | VA
,J
YTO, ¢ yUETOM JIEMMBI 2, U 3aBEPUIACT JOKA3ATEIbCTBO.

O6paTuMcst KO BTOPOMY BOIIPOCY, 3aTPOHYTOMY B HaYaJIe JAaHHOrO naparpada, —
BOIIPOCY O BJIMSHHMU HOrpentHocTeii B KoadduimenTax MaTpuibl A, U jeMeHTax
BeKTOPOB U, v. Cliielyer IpU3HATH, YTO ITOT BOIIPOC elle TPeOyeT UCC/IeIOBAHUSL.
Bo3MOXKHO, Ha 9TOM IIyTH OKaXKeTCsl TI0JIE3HON paccMoTpeHHast B pabote [2] Teope-

Ma, TIO3BOJISIONIAs OIEHUBATEH AOCOIOTHYIO TIOTPENTHOCTD BEJIUYINHBI €% JIJIT UHTEP-
BaJIbHON MaTpPUIbl BUa (5) O BO3SMYIIEHUSIM [EHTPAIBHON MATPUIIbL:

Teopema 5. [lycms nexomopoti mounoti Hesviposcdenioti mampuuye A, € R™*"
1YA0BAEMBOPAIOWET, YCAOBUIO

e =AM = 147t
CONOCMABAEHE NPUDAUHCEHHAA MAMPUUE flc € R™™ ™ makasn, wmo
§=||Ac — Acll1,00 < €.

Tozda abcoatomuan no2peusnocms o onpedeseHus MUHUMAALHO020 paduyca €
soipootcdentol unmepsasvnot mampuys, A(A.,€), 6osnurarowas npu 3amene A,
Ha Ae, He mpesocrodum wucaa §.
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Baazodaprocmu. Aprop 6GJaromapur CBOEro HAyYHOIO PYKOBOIUTE s II.D.-M.H.,
npoceccopa ['openuka Bukropa AjiekcanapoBuda 3a [eHHbIE 3aMeYaHUs U BHUMAa-
Hue K pabore. Ocobyro 61aroapHoCTb aBTOP BhIpakaer 1.¢.-M.H. [[Tapomy Cepreto
IlerpoBuuy 3a TO, YTO UMEHHO OH OOPATUII BHIMAHUE ABTOPA HA TPOOJIEMY HCCIIe 0~
BaHUs HEBLIPOXKIEHHOCTH MHTEPBAIHHBIX MATPUIL, & TAKKE JIOOE3HO MPEJTOCTABUI
TPYJHOAOCTYIIHBIE IS ABTOPA MOJIHBIE TEKCTHI crareil [5], [7] u Gonpmoe xkommye-
CTBO JIDYTHX MATEPHUAJIOB [0 MHTEPBAJIBLHBIM BBIYUCICHUSIM.

(1]

2]

3l

4]
5]

(6]
(7]

18]
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MHTEPBAJIBHAS MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYME COBEIIIAHUS C. 201-209

NuTepBasibHass MmaTeMaTudeckas 6ubjamoreka,
OCHOBaHHAas Ha Pa3JIOYKEHUAX
B paabl YebbrmeBa n Teitiopa

A.T. Epmos? T.II. Kamesaposa!

Bseaenune

WNurepBanbublil aHaIN3, aKTUBHO PA3BUBAEMbIil B IIOCJIEIHUE TPH JECATHIIETHS,
BBIBOJIUT BBIYUC/IUTEBHYIO MAaTEMaTUKy Ha KadeCTBEHHO HOBYIO CTyIleHb. VIHTep-
BaJIbHbIE METOJIbI [TO3BOJISAIOT IIOJIYyYaTh FapaHTUPOBAHHbBIE NHTEPBAJIbHBIE OIEHKHI
MHOKECTB PEeIleHnii B BUe MHOTOMEPHBIX OpycoB. Kpome Toro, ncrosb3oBanme nH-
TEPBAJIOB JIA€T BO3MO2KHOCTH KOPPEKTHO yYHTHIBATH IIOI'PEITHOCTHU, BLI3bIBAEMbBIE
MaIIMHHBIMA OKPYTJIEHUSMH.

[Ipencrasienne JaHHBIX B BUJE WHTEPBAJOB BBI3BIBAET HEOOXOIUMOCTDH pa3pa-
GOTKM COOTBETCTBYIOIIEH MaTeMaTnIecKoil bubmoreku. B Hacrosimnee Bpems cyrtie-
CTBYeT HECKOJIbKO Pa3pabOTOK MHTEPBAJIBLHBIX MaTEMATHIECKUX OMOJINOTEK, OHA-
KO IIOYTU KaXKJasl U3 HUX, HAXOMAIIAACT B OTKPBITOM JIOCTYIIe, 00JIa/1aeT TeMU UJII
WHBIME HejlocTaTKamu. Tak, HalpuMep, JJisl pean3aiui OU0INOTeKN MaTeMaTnIe-
ckux dynkiuit Pascal-XSC (cM. [6]) ucnonb3yercs nenouncieHHas apudMeTuka,
KOTOpast MTO3BOJISIET TOJIyIATh TOYHBIE PE3YJIBTATHI IIPU OMEPAINIX HAJ] IUCIAME C
IJIABAIONIEH TOYKOM, OTHAKO WCIOJIH30BAHUE IEJTOUNCTCHHON apndMeTUKN 3HAYUN-
TEJIbHO yYBEJIUYINBAET BPEMsI BBIUUCIICHUI.

[To sroit mpuawmHe aBTopaMu ObLIN PA3PADOTAHBI U PEATN30BaAHBI AJITOPUTMbI BbI-
YUCJIEHUS TADAHTUPOBAHHBIX BEPXHUX U HIKHIX [PAHMUIL 9JIEMEHTAPHBIX MATEMATH-
9eCKUX (DYHKIINI C TOMOIIBIO HAIPABIEHHBIX OKPYIJIEHUIT Ha OCHOBE Pa3JIOXKEHMIT
B psagbl Hebbrimesa n Teitiopa. DT aJropuTMbl MO3BOJIAIOT 00ECIIEIUTDH BBICOKYIO
TOYHOCTH OIIPEeJIeJIEHUsI BEDXHUX W HIDKHUX I'PAHMUIL, & TaAK¥Ke [IPOU3BOIUTEIHHOCTD,
HE XYJIIYIO 10 CPABHEHUIO CO CTAHIAPTHBIMU MaTeMaTUIeCKUMU (pyHKIusIMu Oubd-
smorekn C. Pazpaborannasi nHTepBaJIbHAS MaTeMaTHIecKasi OndbmoTeka ObLIa pe-
asm3oBaHa B paMkax pabor man upoekrom SibCale (cm. [7]).

1. OcHOBHBbIE OITpeeJIeHNsI THTEPBAJILHOIO aHAJIN3a

OrnpenenuM wHTEPBAJ HaJ, [I0JIEM JefCTBUTENbHBIX dnces R ciemyrommum obpa-
30M.

Onpenenenne. MHOXKECTBO

x=[z,7] = {z|r € RU{—00,+0}, z <z < T}

*Nucruryr cucrem nudopmaruku uM. A.Il. Epmosa CO PAH, 3A0 “Jlenac”, eag@sib3.ru
tWucruryr cucrem undopmaruku um. A.IT. Epmosa CO PAH, toma@iis.nsk.su
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OyaeMm Ha3bIBaTH MHTepBajoM Ha R, a x, T, COOTBETCTBEHHO, €0 HIUKHEH U BEPX-
neit rpanunamu. Kpome Toro, onpeesnM clienuaibHbIl MHTepBaJl (), KOTOphIil He
COJICP?KUT HU OJTHOT'O SJIEMEHTA.

Eciin HukHsIs rpaHuIa paBHa BepXHE, TO WHTEPBAJ CONEPYKUT TOJBKO OJIHO
9UCJIO0, TAKOM MHTEPBAJ HA3BIBAETCST BHIPOXKIEHHBIM. MHOXKECTBO BCEX WHTEPBAJIOB
obozuaanm depes IR.

B nanmoit pabore MbI Oy/1€eM UCIIOIB30BATH PACIITUPEHHYIO MHTEPBAJILHYIO apud-
Meruky [1, 5]. MamuHHas peajnsanust BBIIOJHEHNs apudMeTHIECKUX Oleparuii
OCYIIIECTBJIEHA C TIOMOIBIO BHIYUCJICHUH ¢ HAIIPABJICHHBIMU OKPYTJIEHUSIMHU.

CioxkeHre U yMHOXKEHUE B WHTEPBAJIBHON apudMeTnke 00J1aIal0T acCOIUaTUB-
HOCTBIO ¥ KOMMYTATUBHOCTHIO, HO He 00JIaJai0T AUCTPUOYTUBHOCTDHIO. 1t mHTEp-
BAJIOB BBIIIOJIHAETCS CBOHCTBO, HA3bIBAEMOE CyHIUCTPUOY THUBHOCTHIO:

a-(b+ec)Ca-b+a-c.

g onepanuii HaJi HTEPBAJAMU BBIIIOJIHACTCS OCHOBHOE CBOWCTBO MHTEPBAJIb-
HBIX BBIYMCJIEHA# — MOHOTOHHOCTH 110 BKJoueHmio, T.e. eciam a®) b)) e IR u
a® C b*) k=1,2, rorga ms 1060 Onepanun CIpaBeIInBo

a® 5 a® C b 4 p®,

2. MaremaTuydeckmne OCHOBBI AJITOPUTMOB BBIYUCJIEHUS
3JIEMEHTAPHBbIX (PYyHKITUIA

WNurepBanpuas 6ubImoTeka MareMaTwdecKnx QYHKIUN sABIsgeTcd 0a30i Iy
BCEX MHTEPBAJBHBIX METOJOB, MOITOMY OT KOPPEKTHOCTU €€ Deau3alliyl 3aBUCHT
rapaHTUPOBaHHOCTDH IIOJIyIa€eMbIX PE3YyJIbTaTOB.

[Ipu pazpaborTKe ajJrOpUTMOB BBIUMC/IEHUS MaTEMATHIECKUX (DYHKIUH CTOAT
JIBE TJIABHBIE 33191 — TOYHOCTh U CKOPOCTh. VIHTEpBaIbHOE IIPE/ICTABIEHUE TI03BO-
JISIET TIOJTyYaTh HUKHIOI U BEPXHIOIO OIEHKU UCKOMOI (DYHKIIUHU, TO €CTh 0becedn-
BaeT rapaHTHPOBAHHOCTD BBIYUCJIEHUH, OIHAKO 3/16Ch BO3HUKAET HOBasl MpodJIeMa —
oJydeHrne Kak MOXKHO OoJiee y3KMX HHTEPBAJIOB, B Ueaje, COCTOSINUX UX JIBYX
[TOJIPSIJT MIIYIUX MAIlUHHOIIPEICTABUMBIX BEIIECTBEHHBIX 4ucesl. BpeMsi BbIYuciie-
HUsl 3HAYEHUN MHTEPBAJIBHBIX (DYHKIUI CyIIeCTBEHHO BJHseT Ha 3(DPEKTUBHOCTH
BBIYUCJIEHUH B [1e710M. VIMEHHO TI09TOMY OBLIO IPUHATO PEIIeHUe UCTIOIH30BaTh PaB-
HOMEpHbBIE TPUOIMKEeHNsT eObIeBa, MOCKOAbKY OHU 00ECIIeTNBAIOT HAMMEHDBIITY IO
abCOJTIOTHYIO TIOTPENTHOCTE PU (DUKCHPOBAHHOM YHCJIE WIEHOB psifia [4].

AJIropuTMBI BBIYNC/IEHUS] HHTEPBAJIbHBIX 3HAYEHUN MaTEMATHIECKUX (DYHKITHIA,
peanmsoBanubie B SibCalc, ocHOBaHBI Ha pa3jiokeHnn (pyHKIUN B psijibl UeObiiiesa
u Teitsiopa ¢ KOPPEKTHBIM OKPYTJIEHUEM PE3YJIbTATOB apu(METHICCKUX OIepaIuit
U OIEHKOH OcTaToYHOro wiena. Jljs mosydenus: Hanbojiee y3KUX MHTEPBAJIOB, ra-
PAHTHPOBAHHO BKJIIOYAIONINX MATEMATHIECKOE 3HAYEHIE BBIYUCIIIEMOl (DYHKITUH,
OBLII PEATTU30BAH PsIJl OPUTUHAJBHBIX [TPUEMOB, TIO3BOJISIIOIINX 3HAYATEIBHO YMEHb-
[IUTh BEJUYUHY BBIYUCIUTEIbHON omubku. Psyipr Teitsopa MCIOIB3y0TCS TOJIBKO
B OKPECTHOCTH HYJIsI, TAK KaK B JAHHOM CJIydae OHHU 0becredmBaroT Oojiee BBICO-
KYI0 OTHOCHTEJIBHYIO TOYHOCTH. Ha OCTANBHBIX ydacTKaX Pas3jioKEHUsT UCIOJIb3Y-
FOTCS pAabl UebbInreBa, MOCKOIbKY OHM 00ECIIEINBAIOT PABHOMEPHOE MPHUOJIMKEHIE
7 TpeOyIOT MEHBINEro YUC/Ia WICHOB Psifia TI0 CPABHEHUIO ¢ psiamu Teitsopa.
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2.1. Muorouaeunr YeoObpnmnena. PazjiockeHug 1mo MHoroujeHaM UYeOblresa
OOBIMHO CTPOSITCS B BHUJIE

f@) = aTu(x), =e€l-1,1]
n=0

IIpu sTOM = MOXKeT OBITH HEKOTOPOI JIMHEHHOM (DYHKITHE: ecjin HEOOXOIIMMO pac-
CMaTpUBATh passoxkenue MYyHKIMU Ha UHTEPBAJIE [a, b], TO ucnob3yercs JuHeilHoe
upeobpasosanue [4]. B pabore paccMaTpuBaroTcs CMeneHHbIe Ye0bIIIEeBCKIE MHOTO-
warenst 1) (), 3amannbie Ha uaTepBade [0, 1]. [Iis HIX CyMmECTBYeT PEKypPPEHTHBIE

dopmymst (em. [4]):
w1 (1) =222 — )T (x) = T5 4 ().
st orpeska [—1, 1], ocrarounslii wien passioxenus B psij, Uebbimesa wy, () =

FT"(I) Oy/ieT MMeTh HauMeHbIIee BO3MOXKHOEe 3HaUeHue sup |wy, (z)| cpean Beex
MHOTOYJICHOB JIAHHON CTEIeHu. B 9TOM ciydae OIEHKa TOrPENTHOCTH PA3JIOZKEHU

L, (z) byskuuu B psiz, Hebbimesa npumer Bug (M. [2]):

@)~ Loo)] < gt

W7 rae My = SuP‘f(nH)(ﬂU)’-

2.2. OpraHusanusi MAIUHHBIX BbIYUCJIEHUN. Bbruncienne saeMeHTAPHOM
dyHKIMN Ha BCell 00IaCTU OMPEIEIeHNsT CBOJUTCS ¢ TIOMOIIBIO COOTBETCTBYIOIIAX
dopMyIT IpuBeeHNs K BEIUUCICHUIO €€ Ha, HEKOTOPOM, HA3bIBAEMOM KAHOHIIECKIM,
narepBasie. Jjis yMEHBINEHNsT BBIYACIUTE/IBHBIX 3aTPAT KAHOHUYECKHUN MHTEPBAaJ
JIeTATCs HA HOAMHTEPBAJIBI JUIHHONH 27 %, Ha Kask/IOM U3 KOTODBIX IIOJIydYaeM CBOE
pasnoxkenne. Takoit cnocod JeeHns m03BoJIsgeT 3MMEKTUBHO OMPEIEIATh TOIUH-
TepBaJjl, B KOTOPBII MOMajiaer apryMenT QyHKIMA, ¥ TPOBECTH JInHEHOe Tpeobpa-
30BaHUe MIPUBEJICHNST K KAHOHMIECKOMY JIJIsI CMEIEHHBIX MHOTOYIEHOB UebbIrieBa
unrepsaiy [0,1] 6e3 npuBHECEHUsT OMUOKN OKPYTJIEHUS.

By wactuunoit cymmbl psjga UebbinmeBa MOXKHO NMPeobpa30BaTh CJIEILYIONIM
obpazom:

flx) = z”: a;Ti(v) = zn:ai EZ:TZ-J:rj = ic;@v’ﬂ cp = Zn:aiTi’k,
i=0 =0 J—0 i—k

=0

TOJTYIUB TEM CAMBIM JaCTUIHYIO CyMMY OOBITHOT'O CTEIIEHHOTO psama. Koabdwuru-
€HTBHI PA3JIOKEHUIl B CTEIEHHBIE PsJIbI HA KaXKJOM IIOJUHTEPBAJIE BBIUUCIISIOTCS
3apaHee C HEOOXOIMMOI TOYHOCTBIO M XPAHSITCS B OTIEJNbHBIX Tabymiax. Takoi
[TOJIXOJT HE3HAYUTEIBHO YBEJININBAET O0bEM IMaMSITH, 3aTO CYIIECTBEHHO YBEJIMYIN-
BA€T CKOPOCTh BBIYUC/ICHUS (PYHKITUN.

[Ipu BeIYUCIEHNT 3JIEMEHTAPHBIX (DYHKITHI C TOMOIIBIO PA3JIOXKEHUS B PsiJ] BO3-
HUKAET TPHU POJIa TOIPEINTHOCTE:

1) morpermHocTh, BhI3bIBAEMAas UCIOJIb30BAHIUEM BMECTO GECKOHEYHOrO Psijia ero
KOHEYHOHM YaCTUIHON CyMMBI. DTy MOTIPEITHOCTh MOXKHO OIEHUTH CBEPXY C
IOMOIIBIO (DOPMYJI OIEHKN OCTATOYHOIO UJIEHA;

2) HOIpenIHoOCThb, BbI3bIBAEMasl UCIOJIb30BAHINEM BMECTO UCTHHHBIX 3HAYEHUI KO-
3bPUITUEHTOB TTOTNHOMOB UX MAINMUMHHBIX TPUOJIMKEHUII;
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3) HOrpenrHoCTb OKPYIVIEHUsT PE3YJILTATOB apUMMETHIECKUX OlEPAIIHii.

BazkHbIM (PAKTOPOM B OPraHU3AlMKA MAIIAHHBIX BBLIYUCIEHUA YACTHIHON CyM-
MBI PsiJia ABJISIETCS MOPSIOK CYMMUPOBAHUS, TOCKOJIBKY OH OIPEIEJIsieT BeIUInHY
[TOT'PENTHOCTH TPEThEero posa. Tak Kak Mbl 3HAE€M BHUJ 9JIEMEHTAPHON (QYHKIUU U ee
OBeJIeHNe Ha MHTePBaJe, Mbl MOXKEM BbIOpATh MaKCUMAaJIbHO 3(hEKTUBHBIN MOPsi-
JIOK CyMMUpOBaHus. Pa3jiozkenne B psiJ] 9J1eMEHTApHBIX (DYHKIUH TAKOBO, YTO HAM-
6OJIbINNIL BKJIAJ B CYMMY BHOCST YJI€HBI HU3KOTO MTOPSIIKA, MEHDBIINN — WIEHBI OoJiee
BBICOKOI'O TIOPSIIKA, 8 HAUMEHbIINI — YJIeHbl BCEX [TOPIKOB BBIIIE HEKOTOPOI'O 3apa-
Hee BbI6pa.HHOl"O7 CyIV[My KOTOprX MBI 1 OIl€eHUBaeM CBery C ITIOMOIIbIO U3BECTHBLIX
(OpPMYJI OLIEHKH OCTATOYHOI'O UjieHa. Y MeHbINEeHNe BEeJIMYUHBI YJIeHOB YaCTHIHON
CYMMBI C YBEJUIEHUEM UX MOPSIJIKA TPOUCXOIUT JTOCTATOYHO OBICTPO, KAK IIPABUIIO,
COOTHOIIIEHNE MEXKJIy BEeJUIUHAMHU JIBYX COCEIHUX UJIEHOB MEHbINE BEJUINHBI WH-
TepBasia pazbuenns (B Hameil peajusarum uMerorieit mopaaok 1072-1073). Onru-
MaJIbHBIM, TAKUM 00Pa30M, SBJISIETCA CyMMUPOBaHHE YaCTUYHON CYMMBbI, HAUMHASI
C 49JIEHOB BBICOKOI'O TIOPsIJIKA K WjieHaMm 0OoJiee HU3KOIO IMOpsijika. B TakoMm ciydae,
OmMMOKY OKPYTJIEHNUsI, BHECEHHBIE Ha 00JIee PAHHUX ITAINAX BBIUUCICHNUSI, CTAHOBATCSI
HE3HAYUTEbHBIMU Ha 60JIee TIO3/IHUX STAlaX BRIYUCICHUs; B pe3yJbTare, O0Ias mo-
PEITHOCTD BBIYUCJIEHUS TPETHEro poja (POPMUPYETCs IMOYTH UCKJIIOUNTE]IBHO IPU
JI00ABJIEHUU “JIEHA TIEPBOTO MOPSIKA M CBOOOJHOTO WjIeHA. 3aMETHM, 9TO TAKOMY
[TOPSIJIKY BBIYHMCJIEHUs] COOTBETCTBYET MU3BECTHAS M BBIUMC/IUTENBHO 3P heKkTuBHAs
(MI/IHI/IMyM olepaluii ¢ IJjiaBarolein Tquoﬁ) cxema ['opuepa.

Jljisi KOPPEKTHOrO OCYIIECTBJICHUS BHIYMCJICHUs BepxHell (HuxKHel) rpaHuibl
3JIEMEHTAPHOM (DYHKIMK C TIOMOIIBIO PA3JIOXKEHNS B PsIJ K 9ACTUYHON CyMMe psijia
HEOOXOIMMO JI06ABJIATH (OTHUMATH) JBa JIOIOJHUTEILHBIX CJAraeMbIX: IIePBOE Olle-
HUBAET CBEPXY MOTPEITHOCTD MEPBOrO Pojia (OCTATOYHBIN IEH DPsifia), BTOPOe Olle-
HUBAET CBEPXY IIOI'PEIHOCTbh BTOPOTO POJia, BOSHUKAIOILYIO M3-33 HCIIOJIb30BAHUS
BMECTO UCTUHHBIX Kodddunmentos Yebnimesa n Teitopa nx MaITUHHBIX TPUOJIT-
JKeHnii. BejmdnHa mepBoro cjaraeMoro MMeeT MOPSJIOK IJIABHOTO YJIeHA B OCTAT-
Ke psiga UeObllieBa, BEJIMYNHA BTOPOrO - IOPSJIOK PA3HOCTU MEXKJy MCTUHHBIM U
TOYHBIM 3HAYEHHEM CBOOOJHOTO *yieHa. Taxum oO6pa30M, OTHOIIEHHE BTOPOTO CJia-
raeMoro K BBIYHC/ISIEMOIl CyMMe MMeeT IMOPsiIOK MAIMHHOW TOYHOCTH, & 3HAYWT,
YUEeT 3TOr0 CJAAraeMOr0 HErATUBHBIM 00pa30M BJIUSIET HA MIAPUHY WHTEPBAJIA MEXK-
Jly BepxHell W HIKHEH OlleHKaMu 3HadeHus (DyHKIMUA, BO MHOIUX CJIy4YasaX HE T03-
BOJIsIsd JIOOUTHCs YKestaeMoil mupuHbl B oaud ulp (unit in last position — Besmuunna
€JIMHUIIBL B II0CJIE[HEM Pa3psijie MaHTUCCh). [ljs Toro, 4Tobel n36ekarh 31oro ad-
deKTa, IpeIaraeTcsi UCI0JIb30BaTh Cleyoue (POPMYJIbl BEIYUC/IEHUs] BEPXHEN U
HUZKHEl oneHku (pu ycaosun & > 0 BKJIIOYEHBI COOTBETCTBEHHO (JIar OKPYIJICHUS
BHU3 U BBEPX):

Fi(z)=c+ ((((r[5] x x +r[]) x x +7[3]) x c +7[2]) x z +r[1]) x x +dy),
F_(z)=c+ ((((s[5] x x + s[4]) x x + s[3]) x x + s[2]) x x + s[1]) x x +d_).

31ech ¥ 1 § — MaCCUBBI, CoAepXKaIue TpUdINKeHnsT KO3 MUITMEHTOB Psiia PasJiIo-
JKeHHsI C OKPYIVIEHHEM BBEPX M BHH3 COOTBETCTBEHHO; ¢ +dy > ag > ¢+ d_, ag —
HACTUHHOE 3HAaY€HNe CBOOOHOIO WIeHa PAa3/IoyKeHus, d4 U d_ — JiBa I0CJIe/I0BaTe I b-
HO WJIYIIUX BEIECTBEHHDBIX YUCJa, OTHOIIEeHne d K g UMEET HOPSIOK MAITHHHON
TOYHOCTH.
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HpI/I OPraHU30BaHHbIX TaKNM O6p3,301\1 BBIYUCJJIEHUAX MbI ,HO6I/IBaeMCH TOT'0, 9TO
CBO60,ZLHI>H71 qJIeH YYUTbIBaeTCdA CO 3HaYUTEJIbHO 60.)'[66 BBICOKOI TOYHOCTBIO, CHU-
2Kad TeM CaMbIM IIOT'PEITHOCTHL BTOPOT'O poO/ia, IIOPAI0K KOTOpOI7I CTaHOBUTCsA paB-
HBIM IIPOU3BCACHUIO JIJIMHBI MHTEPBaJia pa36I/IeHI/I$I Ha Pa3HOCTb MEXKAy UCTUHHBIM
¥ TOYHBIM 3HAYeHnEeM KodddunmenTa mpu X. [leHoit 3a JOCTUTHY TYI0 TOTHOCTD BbI-
YUCJIEHUN dBJISIETCA OJIHa OOIIOJTHUTEJ/IbHaA OIlepalud CJIOXKEHHA, PAaCXOAbl Ha BbI-
IIOJTHEHNE KOTOpOfI HE CJ/IMIIKOM 3Ha4YUTEJ/JIbHBI II0 CDaBHEHHIO C O6HH/IM BpeMeHeM
BbIYYUCJICHUA SJIeI\IGHTapHOﬁ (I)yHKHHH

PaCCMOTpeHHbeI BBIIII€ IIpUEM HMeEEeT CMBICJI, €CJIN HaI/I60.HBH_[I/II71 II0 BeJIMYMHE
BKJIaJd B YaCTHYIHYIO CYMMY BHOCUT HMEHHO CBO6O,ILHI)IIL/'I qJIeH — TOorJga IIpeacTaB-
JIEHWE €ro B Bue OOJbINel W MEHBIeil JYacTh ONpPaBIaHO. B MpOTHBHOM ciytae,
OoJTbITIUiT BKJIAJT BHOCUT UJI€H IIPHW IEPBOH CTEIIEHN apryMeHTa, W ITOTPEITHOCTD,
BHOCUMas UM, IIPEBBINIAET IIOTPEHTHOCTH, BHOCHUMYIO HETOYHBIM IIPEJCTaBJICEHUEM
cBoboHOTO wieHa. Ha Takux mHTepBasiax pasbueHus MpejiaraeTcs UCIoJb30BaATh
crteytorne OpMyJIbL:

Fy(@) =z + (5] x @+ r[4]) x @ +r[3]) x @ +r[2]) x z + r[l]) x z + r[0)),
F_(xz) =2+ ((((s[5] x x + s[4]) x  + s[3]) x =+ s[2]) x z + s[1]) x x +{[0]).

3ech MBI pa3buBaeM Ha JBA CJIATAEMBIX YK€ TJIEH MEPBOA CTENEeHU, MCHOb3YS B
KavgecTBe GOJIBIIETO CIATAEMOr0 X U B KAUeCTBE MEHBINero caaraeMoro r[1] X z (nmm
s[1] x ). st 9T0r0 €CTh TPU HPUUUHBL [IepBasi COCTOUT B TOM, UTO pasiaraeMble
dyukimn (sin(), asin(), tan(), atan(), In(14+z)) B obuacrsax, rie 3HadeHust QYHKINL
CYIECTBEHHO MEHBIIE €JIUHUIIBI, JOCTATOTHO XOPOIIO NMpHUOIMKAIOTCa (DyHKIHMEH
T — a 3HAYWT, BEJUIMHA I CYIIECTBEHHO INPEBBIMAET OCTAJBHBIE HUJIEHBI CyMMBI.
Bropast 3akogaeTcss B TOM, 9TO IIPEJCTABIEHUE UJIEHA MEPBOHl CTEIEeHN B BUJIE
CYMMBbI 60ﬂbllleﬁ 1 MEHBINell 9yacTu ¢ X T U d X T BeIeT K TOMY, 9YTO BO3HHKaET
[OIPENTHOCTD TPETHErO POJIA [IPHU BBIYMC/ICHUU IIPOU3BEICHUSA C U T, Y9€r0 MOXKHO
u30€eXKaTh, UCIOJIL3Yd B KadecTBe Oosbmieil yacru . TpeTbs npuduHa cOCTOUT B
TOM, 9TO, OTKa3bIBASCH OT JIUITHETO YMHOMXKEHHUS Ha KOI(DMUIMEHT, MBI SKOHOMUM
BpeM« BbIYUCJICHUI.

Cy1ecTBEHHBIM HEJIOCTATKOM Pa3JIOKEHUs B Psifl deObileBa siBISETCS TOT (PAKT,
9TO YaCTHYHAA CyMMa psga UeOblmeBa 0becrieunBaeT HaWIydlIee MpUO/IKEHIe
HA UHTEPBAJIE B CMbICJIE abCOJIOTHOTO OTKJIOHEHUsI, HO HE B CMBICJE OTHOCUTE b~
HOro oTKJIoHeHus (cM. [3]), KoTopoe HamboJIee BasKHO JIJIs pacdeTa 3JeMeHTapHbBIX
dyuxnuii. [TosTomy HA HHTEPBAIAX, € OTHOCHTEIHHAS TIOTPEITHOCTD CyTIECTBEHHO
IpeBbIiaer abCOTIOTHYIO TOTPEITHOCTD, UCIIOIb3YeTCsl Pa3jioxkeHue B ps Leiio-
pa. OnHako movTH JIs Beex asteMeHTapHbIX dhyrkmit (sin(), asin(), tan(), atan(),
In(1 + z)) ma objacTu UX PA3JIOKEHUs B Psijl TAKOIO POJA UHTEPBAJ Pa3buenus
TOMbKO ofuH — 370 maTepBad [0, 2] (m1a In(1+ x) eme ects uaTepsan [—27%, 0]).
3ameTnM, UTO BBIYUCIEHHE 3TUX (DYHKIUA B HyJle ¢ IIOMOIIBIO PA3JIOKEHUS B P
Yebbimesa MpuBeso Obl K MJIAYEBHBIM Pe3yJIbTaTaM — MaKCHUMAaJbHOE OTKJIOHEHUEe
npubsmKenns JeObIeBa 0T UCTUHHON (PYHKITUN JTOCTUTACTCA KaK Pa3 Ha, KOHIIAX
UHTEpBaJa NPUOJNKEHUSA, U B MAJONH OKPECTHOCTH HyJsl OTHOCHTE/bHAS MOTPEI-
HOCTB OblLjia ObI OueHb OouibIioil. Kpome Toro, ectsh eie ofuH aprymMeHT B IOJIB3Y
HCIIOIb30BAHMS HA 9TOM HHTEPBAJe pa3iokenus B psiy Teitnopa — Bee 3tn hbyHKIMN
passaraloTcs B psj Tefiiopa B OKPECTHOCTH HyJIsSI TOJBKO M0 HEYETHBIM CTENEHSM,
YTO CYIIECTBEHHO SKOHOMHUT BPEMS BBIYHCJICHUI.
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2.3. Ucnoab3oBanme oaHoro d¢Jara OKpyrjeHusi. Peammsaius ¢aaros
OKDYIVIEHUSI Ha MHOI'MX KOMIIBIOTEDHBIX ILIAT(OPMaxX TAKOBA, UTO BPeMs, 3aTpa-
qrBaeMoe Ha u3MeHeHue (JIiaroB OKPYIJIEHNsI, CDABHUMO CO BPEMEHEM, 3aTpadnBa-
€MBIM Ha, BBIYUCJICHUE 3JIEMEHTapPHOI (DYHKINYN KaK YACTUIHON CyMMBbI psijta JeObi-
meBa wan Teisiopa. B cBsi3u ¢ 3TuM B ommchiBaeMo#l aBTOpamMu peasn3anun diar
OKDPYIJIEHUS BBICTABJIAETCS OIUH Pa3, A0 [IPOBEIEHUS BBIYUCJIEHNAN, & BBIIUCJIEHUS
BepXHel W HUKHEH TpaHull PYHKINH peaJn30BaHbl TaK, UTO OHU JIEJIAIOTCS TIPHU
OJIHOM U TOM 2Ke pjiare okpyryienusi. Hanpumep, eciiu BoicTaBjieH ¢Jiar OKpyrie-
HUs “OKPYTJISITh BBEPX , U & > 0, TO BBIYMC/IEHNE BEPXHEN TPAHUIIBI 3JIEMEHTAPHON
byHKIMM poucxoauT 1o 0obranoit hopmyse oprepa:

F(x) = (((((r[5] x x +r[4]) x x +r[3]) x x +r[2]) x z + r[1]) x = + r[0]),

rie r[i] — xkosddunuentsr moamHOMa YebbIeBa, OCUNTAHHBIE [JIsI ONPEIeIeHUs]
BepxXHeil I'DAHUIIbI, & BBIYUC/IEHNE HUXKHEH TPAHUIILI IPOUCXOUT IO CJIELYOIei
momucunupoBannoit popmyse loprepa:

F(z) = =((((((=5[5]) x & = s[4]) x @ — s[3]) x x = s[2]) x & — s[1]) x = — 5[0]),

rae s[i] — koabdunnenTsr nosmHOMa YebBIMEBa, TOCIUTAHHBIE JJIS OIPEIEIEHIsT
HUKHEH I'DaHnIbL.

UcnonpzoBanve DyHKIMI BHIYUCIEHNS BEPXHUX U HUXKHUX I'PAHUIL C OJIHUM U
TeM ke (HJIaroM OKpYyIJIEHUsI TO3BOJIsieT 3D MEKTUBHO OCYIIECTBIIATE OOJIbITHE 00b-
eMbl Beraucyennit. Kpome toro, Bo m3bexxaHne BIANSHAS BbI30Ba (DYHKIMI MAaTEMa-
THUYECKOI OMOINOTEKN HA JAJIbHEIIIe BEIYUCICHIS, BCe (DYHKIINN MaTeMaTHIeCKON
OUOTMOTEKN UMEIOT JIyOJIUKATHI, KOTOPbIE JTOMOJHUTEIHLHO MEHSIOT (hjiar OKpyrJie-
HUsI HAa 3HaYeHHe “OKPYIJISITh BBEPX II€peJl HavdaOM BBIYHUCJIEHUs JIEMEHTAPHON
GYHKIMM, ¥ YCTAHABJIMBAIOT UCXOJAHBIN (bJjiar OKPYTJIEHUsI [IOCJI€ 3aBEPIINEHUsT Bbi-
9UCJIEHUSI.

3. IIpumepbl MHTEPBAJIBHBIX AJITOPUTMOB BBIYUCJIEHUS
3JIEMEHTAPHbIX (DyHKITIIA

B kadecrBe IpuMepoB IpUBEIEM AJTOPUTMbBI BBIUMCJIEHUs] HEKOTOPBIX JIEMEH-
TapHBIX (DYHKITAN.

3.1. Brorunciienne dbyHkimnu cuayc. Paszyioxkenne cuayca B psiji IPOBOIUTCS HA
unrepsase [0,7/2] (em. [3]). Dror unTepsan pasbusaercs Ha NOJMHTEPBAILL JJIH-
i i+1
3 o

) 3a/1av9a O Pa3JIOZKEHNN CUHYCa CBOJUTCA K 3aJa1€ O PAa3JIOZKECHUN

HO# 27’“, Ha KaKJO0M IOJUHTEpBaJie T € [ } C TIOMOIIBIO TTPe0OPA30BAHMS

_ ok _

t=2%x (w ok
)

dyHKIME Sin (2”“ x t+ 27) Ha KaHoHudeckoM unrepBasie t € [0, 1]. g nannoit

JUITMHBI TIOJUHTEPBAJIA JOCTATOYHO UCIIOJIB30BaTh PA3JIOXKeHUe B psijl debbInesa 10
[ISITOI CTENeHW BKJIIOYNATEBHO. 3aMETHM, 9TO pa3JjioXKeHue B psif Teitiopa Tpedy-
eT JJIsd JOCTVKEHUsT TAKON K€ TOYHOCTH IPU TOM K€ UHCJIE€ WIEHOB PA3JIOXKEHUsT
HCITO/IH30BaHus B 4-8 pa3 O0JIbIIEro 4mciia MoJANHTEPBAJIOB, 9TO BeJeT K 4-8-Kpar-
HOMY YBEJINYEHUIO 00'beMa UCIIOIb3YeMOH TaMsATH.
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ITycrs, k upumepy, k = 7 u ¢ = 30, T. e. Mbl pa3jiaraeM sin(zr) Ha IIPOMEKYTKE

{30 31

1287 128
OblIeBa U COCTaBJIAEM KOI(PDUIMEHTHI PA3JIOKEHNsSI B CTEIIEHHOM sl JJIs BBIYHC-

JIeHUT BerHeIU/I W HUKHER T'paHUIbI CUHYCa, B pE3yJIbTaTe 9€ro IoJydacM d)Opl\ly.HLI

}. Mpsr BBIMHCIISIEM BEpXHUE W HUYKHUE OIEHKU Kodhdurmentor He-

30
A1 IPHBENIEHHOTO apryMenTa ¢ = 128 X (x a §8>:

sing (z) = (((((8.097870612551672648 - 1072 x ¢ +
9.676530503240125813 - 1072) x t — 1.621099466468840788 - 107 1) x ¢ —
1.161175593052558991 - 1071) x ¢ + 9.726596782449125067 - 1071) x t +
1.952311138366777654 - 10™7) + 0.232235118611511443,

sin_ () = —((((((—8.097870612551670913 - 10~ x ¢ —
9.676530503240124079 - 1073) x ¢ + 1.621099466468841066 - 10~1) x £ +
1.161175593052559130 - 10~ 1) x ¢ — 9.726596782449123957 - 101 x t —
1.942458581633222228 - 10~ 17) — 0.232235118611511443),

sin(x) = [sin_(z), siny (x)].

Borunciienus 3uatiennit cuHyca, Jijisi 3HaYEHUN apryMeHTa, BBIXOJMAIINX 33 Mpe-
T
JeJIbl UHTEePBaJIa [O, 5}, TPeOYIOT IIPpUMEHEHUsI (DOPMYJI IIPUBEIEHUSI TPUTOHOMET-

pudeckoro aprymerTa. OCHOBHOIl TPYIHOCTBIO B HUX sIBJISETCSI KOPPEKTHOE BbI-
qUTaHUe TOJHBIX IEPUOJ0B TPUTOHOMETPUIECKON (DyHKIMHU jIs 3HAYEHMA apry-
MEHTa, JIOCTATOYHO YJaJeHHBIX OT HyJisl. OOBIYHO BBIOMpPAETCsl HEKOTOPBIA J0CTa-
TOYHO DOJIBITION MHTEpPBAJ, HA KOTOPOM 3HAYEHHE TPUTOHOMETPUIECKUX (DYHKITHH
JKeJIATEJIbHO BBIUYUCIATH C BBICOKON TOYHOCTBIO (B paspaboraHHOoil 6ubimorere —

[—10°,10%]), a 3a mpeelaMu 3TOrO WHTEPBaJIa BBHICOKAs TOYHOCTH BLIMHC/ICHHUI He
m

Tpebyerca. Vcnonb3ys crenuaibHoe MpeCTaBIeHue Gucia 21 = Y . p;, TAe P; yI0-
i=0
BJICTBOPSIOT HEPABEHCTBY 8 X 271X% > pi > 4 x 271X y pmeror manTuCCy AIMHEL [,
m

MBI MOXKEM OT TPUTOHOMETPUIECKOTO APTyMEHTa BBIYECTh BEJUIUHY 271 = » . PN
Tak, ITOOBI BBRIYMCJIEHNE TPOU3BEICHII P; N IIPOUCXOIUIIO O€3 OIMUOKM OprI‘;Ie(;II/IH.
st aToro HeoGxoaumo, 4Tobbl cymma [ u [Inn] — coorBercTBEHHO paspsiHOCTE
MaHTHUCC P; U N — HE IPEBBIIIAIA PA3PAIHOCTA MAHTUCCHI MAINIUHHOIO IIPE/ICTAB-
JieHus. 3aMETUM TaKKe, UYTO Pa3psiIHOCTb MAHTHCCHI MAIIUHHOTO IIPeJICTaBJIEHNs I,
yaosaeTBopsiomemy cranapty IEEE-T54, pasua 52, a jj1s1 yKa3aHHOrO BBIIIE WH-
tepsasa [—10%,10°] enuuuna [Inn]| orpanudena cepxy 28 — Takum obpazoM,
MOXKHO BBIOpaTh paBabiM 24. VI3 mpakTudecknx cOOOpakKeHUil [AIMHA PEICTaBIIe-
HUS 27 OTPaHUYeHa BeJIMINHON m = 3.

Brraucienve dpyHKIMN CHHYC JJ1s THTEPBAJIBHOIO 3HAYEHUS APT'YMEHTa COCTOUT
B TOM, 9TOOBI HAUTH IJI00aIbHBIE MUHUMYM M MaKCHMYyM Ha 33JIaHHOM HWHTEpBAJIE.
IlonsiTHO, YTO eciu MUpPUHA UHTEPBAJILHOIO 3HAYEHUS apr'yMeHTa & OOJIbIle, ueM
27, 1o sin(z) = [—1.0,1.0]. Ecau mupuna unrepBana-aprymMeHTa MeHbIIE, 4eM 27,
TO OIIPENEJISAIOTC 3HAYCHUS APIYMEHTA Tynin U Tyax, B KOTOPBIX JOCTUTAIOTCH CO-
OTBETCTBEHHO MUHHUMAJbHOE U MAKCUMAJIbHOE 3HAYeHUs (DYHKIMU CUHYC HA JAH-
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HOM MHTEpBaJje. DTO MOKHO CJIEJATH UCIOJIb3Ys CBOWCTBO KYCOYHON MOHOTOHHOCTH
dyuknun. Pe3ysbraToM BBIYNCIEHUS CHHYCA JJIsi HEBBIPOXKIEHHOIO MHTEPBAJIBHO-
ro aprymeHnTa OyjeT HHTE€pPBaJI, HUXKHsIsI TPaHUIla KOTOPOT'O PaBHA HUXKHEI IPaHuIle
3HAYEHUs CUHYCa B TOYKE Tpin, & BEPXHsS — BEPXHEHN I'DaHUIlE 3HAUYEHUs CUHYCa B
TOYKE Tpax-

3.2. Brurunciienne jgorapudma. Paszioxkenune jorapudma B psil IPOBOAUTCS HA,
WHTEepBaJIe [2’1/ 2 o1/ 2. Bue 3Toro mHTEpBasa MbI HCTIOIB3YeM bopMyTy & = 2™y
JUTsl BBIOOpA TOJXOJISINEr0 3HAYEHUS Y U3 HHTEPBAJA DA3JIOKEHUsI, BBIUYUCIITEM
In(y), a 3arem mosb3yemcs coorHormerneM In(z) = In(y) + m1n(2). Takoe 3Ha-
YeHHe Y BCEria MOYKHO HAWTH, IIOCKOJIBKY OTHOINIEHNE BEPXHEH U HUKHEH TPAHUIIbI
unTepsaa [271/2,2/2] pasno 2. BriGop 3TOro mHTEpBaia 00IAMACT TAKIKE TEM
MIPENMYIIECTBOM, 9TO OH cojiep:kuT 3uadenue 1.0, Ha KoTopom Jiorapudm obpara-
eTcsl B HyJIb, YTO MO3BOJISIET BBIYHUCIATEH JiorapudM B okpecTHOCTH 1.0 ¢ BBICOKOI
OTHOCHUTEJIbHO! TOYHOCTBIO.

B cuny toro, uro jorapudm sBIsieTcsi MOHOTOHHO Bo3pacratoleil (hyHKneit,
€r0 BBIUUCJICHUE IS HEBBIPOXKIEHHOI'O MHTEPBAJILHOIO apIyMEHTa, CBOJIUTCSI K BbI-
YUCJIEHUIO HUYKHEH IPAHUIIBI Ha JIEBOM KOHIIE U BEPXHEN TPAHUIILI Ha ITPABOM KOHIIE
WHTEpBaJIa-apryMeHTa.

3.3. BrorunciieHne 3KCIIOHEHTBI. Pa3jioykeHne IKCIIOHEHTHI B PsiJI, MIPOBOIUTCS
na unrepsaJie [0, 1n 2]. Bue sroro unrepsasia Mbl ucnosb3yeMm GopMysLy & = Y+ m X
In 2 ny1st BEIOOPA TTOAXOIAIIETO 3HAYEHUS Y U3 UHTEPBAJIA PA3JIOKEHUST, BEIYUCIISIEM
€Y, a 3aTeM IOJIb3yeMCsi COOTHOIeHneM e® = 2eY. 3aMernmM, 9TO BBIYUCIIEHUS 110
rocyieiHel popMyJIe MPOBOAATCsT €3 IMPUBHECEHUsT OIMUOKYN OKPYTJICHIUS.

3.4. BpruucieHue KBaJApaTHOTO KOPH#A. [loCKOIBKY HA COBPEMEHHBIX KOM-
[LIOTEPHBIX [1aTHOPMaX 3aTPATHI HA BEIYUCICHAE KBAJIPATHOIO KOPHA MaJibl (OHH
[IPUMEPHO PaBHbI 32TPATaM Ha BBIYMCJICHHE OIEPAIUU JIJICHHs ), aBTOPaMU ObLIO
IIPUHATO PellleHue UCIIOJIb30BaTh JIjId BBIYUCICHNA BEPXHUX U HUXKHUAX I'PAHUIL 3TOHN
GYHKIMY CHeUaabHy0 TeXHUKY. JIJIs BBIYNCIeHNs HUKHEN TPAHUIBI MBI HCIIOJIb-
3yeM 3HadeHUe t, BO3BpAIllaeéMOe CTaHIAPTHON MareMaTudeckoil oubsmorexoit C,
U TIPOBEPsIEM, SIBJISIETC JIM OHO HUXKHEN I'DAHUIE!l C IIOMOIIbIO BBIYHUCJIEHHUS €ro
KBazpaTa t X t ¢ OKpyryieHneM BBepx. Ecim pe3ysbTar He MPEBOCXOIUT apryMeH-
Ta, TO t ABJISETCs HUYKHEH I'DAHUIEN; HHAYE MBI BBIIOJHAEM CIBUL: ODEPEM BMECTO
t cocenHee CHU3Y MAIIMHHOIIPEICTABUMOE YUCJIO M IIOBTOPSEM OIIMCAHHYIO BbIIIIEe
oneparuio. Borauciienne BepxHeil IPaHUIbI TPOBOJUTCI AHAJTOTHIHBIM CIIOCOOOM C
IIOMOIIBIO ¢ABUTA BBEpX. Kak Mmokazasy SKCIIePpUMEHTBI, JJIsT BHIYUCICHUS TDAHMI]
HU pa3y He MPHUIIIOCH BBITOJIHATH O0JIee OTHOTO CBUTA.

3akJrouyeHue

Maremarnyeckasi 6UOIMOTEKA peaJM30BaHa KaK MOJLYJ/Ib, HE3aBUCUMBIN OT ILJIaT-
dopmbl (¢ €IUHCTBEHHBIM OIPAHUIEHUEM COOTBETCTBUS IPECTABICHNS BEIIECTBEH-
ubix guces craggapry IEEE-754), ¢ unrepdeiicom na sasbike C, cocrodmmit u3 Ha-
6opa dyukiuit Ha sa3bike C++. OH cojepKuT cieayonme QyHKIMA: CHHYC, KOCH-
HYC, TAHT€HC, KOTAHT'€HC, ADKCUHYC, ADKKOCUHYC, aDKTAHT€HC, KBAJIPATHBIA KOPEHb,
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HATYPAJIBHBIN JloraprudM, IKCIIOHEHTa, (DYHKIUS BO3BEJICHNS B BEIIECTBEHHYIO CTe-
nenb. Jlanmas O6ubIuMOoTEKa BCTpOEHA B MHTEPBAJILHDLIN pellaTe/b HeJIMHEHHBIX CHU-
crem ypasuenuii SibCalc. st obecrieueHnsi TOYHOCTH Pe3yJIbTaTa B OHOIHOTEKE
HCITOJIB3YIOTCS OPUTHHAJIBHBIE PA3pab0TKU aBTOPOB. | apaHTUPOBAHHBI HHTEPBAJIb-
HBIN PE3YJIbTAT BBIYUCJICHNSA (DYHKIUU JIJIsI BBIPOXKIEHHOTO MHTEPBAIBLHOTO 3HATE-
Hus aprymenta B 80-90% ciydasx cOCTOMT M3 ABYX HJYIIMX I[TOJPSi]] MAITHHHO-
[IPEJICTABUMBIX YHCEJI, TO €CTh SIBJISETCS HEyJIydIIaeMoil HHTePBAJIBHOI OIEHKOIA.
IIpu sTOM ObeciieunBaeTCsl BBICOKAS IIPOU3BOIUTELHOCTD BBIYUCJIEHUS] DJIEMEHTAP-
HBIX (DYHKIWiI, HE yCTyIaiolias MPOU3BOIAUTEIHFHOCTH CTAHIAPTHON MaTeMaTmde-
ckoit 6ubmorekn C.
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10 SMITMPUIYECKUM JTaHHBIM
C MHTEPBAJILHOI OIINOKOI

C.N. Xunua*

Awnnorarusi. B pabore paccMmarpuBaeTcs 3ajada MOCTPOEHUsT JIMHEHHO MapaMeTph30-
BAHHBIX 3aBUCHUMOCTEH THUIIA “BXOJ—BBIXOJ IO SMIUPUYECKUM JAHHBIM C MHTEPBAJIbHOMN
OINOKOM U3MEepPEHMsI BBIXOIHOM 1tepeMeHHoit. I1peyioxkeH MeTo 1 BbIsIBJIEHHST HAOJIIOIeHU—
BBIOpOCOB. [lo pe3ysbTaTaM IMUTAIMOHHBIX SKCIIEPUMEHTOB IMPOBEIEHO CPaBHEHNE TOYEY-
HBIX OIEHOK MAKCHUMAJBbHOTO IPABJIOINOA00MS W HAMMEHBIINX KBaJIPATOB C TOYETHLIMU
OIEHKaMH, TOJIyIaeMbIMH ITyTE€M BBIOOpA CPEIMHHON TOYKM WHTEPBAJBHBIX OIEHOK, U I10-
JIy4€eH BBIBOJI O KOHKYPEHTOCIIOCOOHOCTH TTOJ0OHOI0 HECTATUCTHIECKOTO TOIXOIA.

1. BBenenue

PaccmarpuBaemas B pafoTe IMOCTAHOBKA 3aJIa9M MOCTPOCHUS M AHAJIN3A 34BU-
cUMOCTEll [0 SMIMPHIECKUM JIAHHBIM C MHTEPBAJIBHOI OIMMOKONH BOCXOIHUT K Hee
JI. B. Kanroposuya [5] u uccienyeres B [1, 3, 8-11], coBnasasi B HUX ¢ TOYHOCTHIO
JIO TEPMUHOJIOTUH.

CyTb 3371291 COCTOUT B NOCTPOEHUH TI0 IMIMPUIECKUM JIAHHBIM JIMHEHHO T1apa-
METPH30BaHHON 3aBUCAMOCTH

y= Zﬂixi, (1)
i=1

rae x € R™ — BeKTOp BXOIHBIX IepeMeHHbIX, 5 € R™ — BeKTOp mapamMeTpoB, moje-
ZKAIIX OICHUBAHUIO, Y — CKaJIspHAs BBIXOAHAA IePEMEHHasI.

3aBUCHMOCTb KOHCTPYUPYETCSI 110 SMIUPHUIECKON nHMOPMAIUH, [JIABHOE MECTO
B KOTOPO#l 3aHMMAaeT TabJINIA SKCIEPUMEHTAIHHBIX JAHHBIX, OIydeHHasd B N Ha-
OJIFOIeHUSIX:

T: {(yj,xlj,...,xnj) |] = 17,N}

IIpm sTom mpeamoaraeTcs, 9TO MOTPENTHOCTHIO U3MEPEHNs BXOJIHBIX ITePEMEHHBIX
T; MOXKHO TIpeHedpedb, a BLIXO/JIHAS IIePEMEHHAs Yy B j-M HAOJIIONEHUN U3MEPSETCsT
€ IpeJIeNIBbHON abCOMOTHON MOIPEITHOCTDIO €.

OrpaHr4eHHOCTb ONINOKKM W3MEPEHMsI BBIXOJHON IIePEMEHHOM IO3BOJISIET JIJIs
KaXKJIOTO U3 HAOJIOJEHNN 3aIUCATDh JIBYyCTOPOHHEE HEPABEHCTBO

n
yj*€j§25ﬂij§yj+€j7 Jj=1...,N. (2)
i=1

Hepasencrsa (2) B COBOKYIIHOCTU ONPEJIEISIOT MHOXKECTBO B JIONyCTUMBIX 3HAUE-
uuii mapamerpos 8 = (B1,. .., On), UIMEHyeMOEe MHOYKECTBOM HEOIPEIECJIEHHOCTH.

* Anraiickuil TOCYyJapCTBEHHBIN yHUBepcuTeT, BapHayir.



O nocmpoeruu 366uUcuUMOCMed NO IMNUPUYECKUM OGHHHIM 211

B kauecTBe MHTEPBAJIBHBIX OLIEHOK IIAPAMETPOB (3; YaCTO MCIIOIb3YIOTCS IPOEK-
1 [ﬂi, (3;] HaMMeHBIEero u3 OXBATHIBAIIIMX MHOXKECTBO B GpycoB, a B KadecTBe
TOYEYHBIX OIEHOK — CEPEJIMHBI ITUX ITPOEKITHit

/éi = (ﬁl +8:)/2. (3)

['panrumsr mpoexknuit MOTyT OBITH HAWIEHBI PEIIeHneM 33189 JIMHEHHOrO TPOTrpaM-
MHUPOBaHUS:

—1

6:gggﬁ“ Bz:gleagﬁu i=1...,n. (4)

B oTHOmEHMM MHOXKECTBA B MOMKET TaKKe CTABUTLCA 331294 WHTEPBAJIBHOIO
U TOYEYHOrO NPOrHO3a 3HAYEHUS BBIXOAHON NEPEeMEHHOH i B TOouke . I paHmipl
MHTEPBAJIBHBIX OIEHOK [yl(:n)’yl(m)] MOTYT OBITH HAilIeHbI PElIeHUEM 33189 JINHEH-
HOT'O IPOIPAMMHUPOBAHHMS:

Z( manﬁz 7, (x) —maXZﬁl i=1,...,n. (5)

BEB “ BEB 4

<

Toueunasi oreHKa IPOrHo3a §() CTPOUTCS KAaK CepejiiHa MHTEPBAJIbHOM OleHKMH:

1

5w(@) +9(2)). (6)

i) =

Opnnako mobast U3 yKa3aHHBIX 33849 OLEHUBAHUS MMEET CMBICJ JIMIIbL B CIIy-
qae OTPAHUYEHHOCTH W HEITYCTOTHI MHOXKECTBa Heompenenernnoctu B. Heorpanu-
YEHHOCTb MHOYKECTBa, B 0YeBUIHBIM 00Pa30M PACIIO3HAETCSI B pe3yJ/IbTaTe PAHIOBBIX
WCCJIeIOBAHUN MATPUITHI HAOJIIOIEHUI U CO/IEPKATEBHO MOXKET HHTEIPETHPOBATHC ST
KaK HEeJOCTATOK IMIIMPUYECKON MH(MOPMAIMY JJIsi TOCTPOEHUsT 3aBucuMocTu. [ly-
CTOTa MHOXKECTBa B TOBOPUT O MPOTHBOPEIUBOCTH COOPAHHON MH(MOPMAIMH, O
HOIl U3 BO3MOXKHBIX MPUYINH KOTOPOW MOXKET CJAYKUTH HAJUYINE BHIOPOCOB CpEIH
nabtiofenuit. B pabore mpejraraeTcst METO/, BBISIBJIEHHS BHIOPOCOB, TTO3BOJISTIONIIIT
JIOOUTBHCST HEIIPOTUBOPEYNBOCTU UCXOJIHBIX JAHHBIX M, COOTBETCTBEHHO, HEITyCTOTHI
MHOXKECTBa HEOIPEJIeJIEHHOCTH.

Eme omxnmMm BompocoM, paccMaTpuBaeMbIM B paboTe, SBISIETCS BBISICHEHHE CO-
OTHOIIIEHNUST OTEHOK, TOJIYIaeMbIX C TOMOIIHIO U3TOXKEHHOTO BBIIIIE TOIX0/1a, C TPa-
JIAITNOHHO HUCIOJIb3YEMbIMHU CTATUCTUIECKUMHU OIEHKAMHU METO/Ia MAKCUMAJHLHOTO
upasononobust (MMIT) u metona HanMenbimux keazgparos (MHK) Ha ocHOBe nMu-
TaIMOHHOTO dKcrepuMenTa. O HeOOXOIMMOCTH IPOBEIEHNUS TIOJ0OHOT0 SKCIIEPUMEH-
Ta KaK €IUHCTBEHHOTO CPEICTBA CPABHEHUS METOIOB OICHUBAHUS, OIMMPATOIIIXCSI
HA PA3JIMYHbIe CUCTEMbI TUIIOTE3, TOBOPUIIOCH B 3aMmerke [2]. s onpeeseHHoCTH
U KPaTKOCTH OIIEHKH, I10JIydaeMble II0CpecTBOM Bbipaxkenuii (3)—(6), masee Oyaem
Ha3bIBATh HECTATUCTUIECKUMH.

2. BrpigBiieHune BbIOpOCOB

OparM u3 HanboJiee 3HAYNMBIX C ITPAKTHIECKON TOYKM 3PEHUs CBOCTBOM OIIH-
CAHHOTO BO BBEJIEHUU TOIXONA HABJISETCH €r0 MOTEHIMAIbHAS CIIOCOOHOCTDH BBISIB-
JIATh CATYAIINHM, B KOTODPBIX COODAHHBIE /I IOCTPOEHUS 3aBUCUMOCTUA COBOKYII-
HOCTHU JA@HHBIX IIPOTHBOPEYNBHI. VHINKATOPOM HAJMYHS IPOTUBOPEYUNl B JAHHBIX
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SIBJISIETCST TIyCTOTA MHOYKECTBA HeolpeeleHHOCTH. OCHOBHBIMU UCTOYHUKAMHE PO~
TUBOPEYN FABJISIOTCS JIMOO HapyIIEHUE THMIIOTE3bI O CTPYKTYPe KOHCTPYUPYEMOit
3aBUCHMOCTH, JITOO HAJMYIUE BHIOPDOCOB B JIAHHBIX. BBIOOD criocoba pasperieHns
[IPOTUBOPEYHI B KOHEUHOM HUTOI'€ OIPEJIENIAETCS UCCIIEI0OBATEIEM 110 Pe3yJIbTaTaM
BcecTOpoHHEro aHajm3a. OJHAKO PE3YIbTATHI TAKOIO AHAJIN3a BO MHOTOM 3aBUCSIT
“ OT TOro, Kakoil madopMalueil pacrojaraer jis 3TOro uccieaoBaresb. Hacros-
Uit pa3/iesl MOCBSIIEH OIMCAHUIO OJIHOTO U3 BO3MOXKHBIX ITO/IXOJIOB K IOJIYYE€HUIO
nHGOPMAIIH, TO3BOJISIONIEH pa3pelraTh TPOTUBOPEYNs, BO3HUKAIOIINE B CJIydae
HaOJTIOJIEHNT ¢ BEIOpOCAMU.

Bribpoc mpencrasiisier coboit onpeeIeHHy 0 0COOEHHOCTD, HETUIIMIHOE HAOJIIO-
JIEHUE TI0 OTHOIIEHHIO K OCTAIbHBIM JIAHHBIM. DTO O3HAYAET, 9TO BBIOPOCHI JTOIXKHBI
[IO/IBEPTATHCS OCOOEHHO TIIATEIHLHOMY PACCMOTPEHUIO C IEJIbIO BhISCHEHUS IPUINH
X BOBHUKHOBeHUsI. VIHOI 18 BBIOPOC JlaeT Takyto WH(MOPMAIMIO, KOTOPYIO HE MOI'YT
JaTh JApyrue HaOJIIOJEHUs, U sIBJISIETCS Pe3yJIbTATOM U3MEPEHUil IIpu HeOObIYHOM
KoMOuHanuu ycaosuit. B arom citydae tpebyercs JasbHellnee yrirybieHHOE nCcITe-
noBanue. OHAKO Yalre BIOPOCHI BBI3BAHBI IPYOBIMU IIPOMAXaMU IIPU PETUCTPAIAN
3HaYEHNl HAOJIIO/IaeMbIX BEIUYNH. B 3TOM citydae IpOU3BOIUTCS UCKIIIOUEHUE UIIN
TeJIeHaIIpaB/IeHHOe ocjabienne Beca HabJI0eHnsA—BbIOpoca B o0Ieit nudopMmaIu-
OHHOII COBOKYITHOCTHU.

Bribpoc, 00yciioB/ieHHBII IPYOBIM ITPOMAXOM [IPU PECUCTPAIMY PE3YJIBTATOB U3~
MepeHUil, MO2KHO TPAaKTOBATH KaK HAOJIOJEHNE, MPEeIeIbHAsS OIPEITHOCTh KOTO-
pOro 3aHU)KEeHa 1O OTHOIIEHUIO K PEabHOIl OIIMOKe, MMEBIIel MeCTO IIPHU H3Me-
pennu. UTobbl Takoe HAOIIOIEHNE CTATO “TIPABUILHBIM ), HEOOXOTUMO HANTH HUK-
HIOIO T'DAaHUILY peasbHON OIMMHUOKHU, Ipu KOTOPOil HabsiojeHne He OyIeT BCTYyIATH
B mpoTuBOpeune ¢ ocrajbHbiMuA. CpaBHEHUE 3HAYEHWsS ITON HUXKHEH I'DAHUIBI U
[IPUMMCAHHON HAOJIIOICHUIO OMMUOKY, TIO3BOJISET CTPOUTH HEKOTOPBIE CYKICHUS OT-
HOCHTEJILHO CTEIEHN HECOOTBETCTBUS HAOJIIOIeHUs-BhIOpoca o0IIeil KapTHHe.

Hikane rpanuiisbl npeiesbHbIX OMNO0K HAOJIIOAEHUI, IPU KOTOPBIX MHOKECTBO
HEOIIPE/IEJIEHHOCTH CTAHOBUTCS HEILYCTBIM, MOXKHO OTBICKUBATD, PeIlasi 3a1ady

N
i 2 "
j=1
N

yj—ijjSZﬁj.’L‘ijj—f—w]‘Ej, ’U)jZl, jZl,...,N, (8)
j=1

rje w; — MacmTabupyomue Ko3hhUIIeHTs, YKa3bIBaIOIHe, BO CKOIBKO pa3 HeoO-
XOJIIMO PACTAHYThH UCXOAHYIO IPeJeTbHYI0 OMMOKY € /Il TOTO, 9TOOBI j-€ HAabJIIo-
JIeHIe He BCTYIAJIO B IPOTUBOPEYHE C 00IIell COBOKYITHOCTBIO JaHHbIX. [losryuyeHHbIe
B pesysbrare pemntenns 3aga4n (7), (8) 3Hadenus mMacrmrabupyommx Koaddbuimen-
TOB, MPEBOCXOISAIINE €IMHUILY, COOTBETCTBYIOT HabO/IomeHusiM—BbiOpocam. Ecmim y
WCCJIeIOBATENIST €CTh OCHOBAHUSI CYUTATH, 9TO HAJEXKHOCTH HEKOTODPBIX HaOJIIOIe-
HUI OJIMHAKOBA, TO CHCTEMa OrpaHuveHuil (8) MoxkKeT OBITh MOIIOJHEHA PABEHCTBA-
MH BHJa Wj, = Wj, = '+ = Wj,. B ciydae, KOrJa B HaJEKHOCTH KaKNUX-JI100
HaOJIIOJIeHUI MCCIIeIOBATE b YBEPEH MIOJHOCTLIO, Iipu pemenun 3a1a4au (7), (8) co-
OTBETCTBYIONIHE UM BEJIUIUHBI W; MOMKHO HOJIOKUTH PABHBIMU €HHHUIIC.
Komraectso Habmonennii, 11 KOTOPBIX MaCHITabUpyIontie Ko3b UIIenTs! w;,
[OJTyYeHHBbIe B pe3yJsbTare perenus 3a1aau (7), (8), IpeBoCXOIAT eIUHAILY, TO3BO-
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JISIeT CYJIUTH O JI0JIe BBIOPOCOB B COBOKYITHOCTH JIAHHBIX. BOJIbINas 107151 BIOPOCOB
MOYKET TOBOPHUTH JINOO O HEBEPHO BHIOPAHHOM CTPYKTYPE 3aBUCUMOCTH, JINOO O TOM,
YTO TIpeJIeJIbHbIe OIMOKN U3MEPEHUsI 3aHIKEHbl BO MHOTUX HaOJIIO/IeHUsX (HAIIPH-
Mep, B Pe3yJibTaTe HEBEPHOIl OIEHKM TOYHOCTH MU3MEPUTEIHLHOrO NPUOOPA).

JIXOOOIBITHBIM TIPEJICTABIISIETCS TOT (PAKT, UTO MPEJIOKEHHBIN MMOIX0 K pas3-
PEIIEeHNIO TPOTUBOPEYNii B COBOKYITHOCTH IKCIIEPUMEHTAIBHBIX JTAHHBIX YKJIAIbIBA-
€TCsl B PAMKH T€OPUU KOPPEKIMK HECOOCTBEHHBIX 3a/1a4 JIMHEIHOTO TPOrpaMMUpO-
BaHUs [4] U MOXKET pacCMaTPUBATHCSI KAK OJIMH M3 BO3MOXKHBIX CIIOCO0OB ITpaMer-
pusanyuy HecOOCTBEHHOM 3aJiad¥ JIMHEHHOTO MPOI'PAMMMPOBAHUSI C IEJIBIO0 TIOUCKA
ee aIlIPOKCUMAINU CODCTBEHHON 3ajiadeil W IyTell KOPPEKIUU C MUHUMAJTHLHBIMUA
3aTpaTaMu.

3. DKclIIepuMeHTAJIbHOE CPaBHEHUE
CTAaTUCTUYECKUX U HECTATUCTUIECKUX OIEHOK

['maBHBIM OT/IMYHEM B CHCTEMAaX TUIIOTE3, JIEXKAIIMX B OCHOBAHUU CTATUCTUYE-
CKOI'0 ¥ HECTATUCTHYECKOr'O IIOJIX0/I0B K IIOCTPOEHUIO U aHAJIN3Y 3aBUCUMOCTENL, sIB-
JISIETCSI TUTIOTE3a O CTPYKTYPE OIIMOKH.

B crarucrmyeckoM moaxo/e omuoKa MOJIaraeTcsi CIyIaiiHOM BeJITMIMHOMN, OIICHI-
BaeMO#l HEKOTODPBIM 3aKOHOM PACIIpeJIeJIeHNsI, BEIONpAaeMbIM HccIefoBareneM. Ha
[PaKTUKe 9acTO, HO KaK MOKA3bIBAET DPsijl UCCIenoBanuii [6, 7], majeko He Bcerua
000CHOBAHHO, 3aKOH pACIpeeseHnsT OIMMOKN BBIOMpPAETCS HOPMAaJbHBIM. B 3aTom
cityuae HanboJIee KauecTBeHHbIe (CoCTosiTeNbHbIe U 9 dEeKTUBHBIE) OleHKHN obecte-
gupaer MHK, siBsiromumiicst wactroit popmoit MMIT.

OHUM 2Ke U3 IJIaBHBIX [IPUHIMIIOB HECTATUCTUYIECKON 00pabOTKY HAOJIFOIEHUIA,
OIIPEIEJISIONIAM BCE TOCIEYIOIINE aJrOPUTMbI U IOy YaeMble BBIBOJIBI, SIBJISETCSI
PaBHOBO3MO2KHOCTD BCEX JIEMEHTOB MHTEPBAJIA OIMUOKN, & CJIEI0BATEILHO, U MHO-
2KeCTBa HEOIPEIeIEHHOCTH B.

OrnucarebHbIE CIIOCOOHOCTH PACCMATPUBAEMBIX METOJIOB IIPU IMOCTPOEHUN 3a-
BUCHMOCTH II0 SMIUPUYECKUM ITAHHBIM IIPEJJIATA€TCH BBISICHUTH 110 PE3YJIbTaTaM
BBIYMCJIMTETHHOTO SKCIIEPUMEHTa, COCTOSIIIEr0 B MHOIOKPATHOM PEIIeHUH KazKIbIM
U3 CPABHUBAEMBIX METOJIOB 3aJ[aYd TOYEYHOIO ITPOTHO3a IO MOJE/BHBIM JTAHHBIM
U BBISICHEHWM CTAHJAPTHBIX OTKJOHEHUU ITPOrHO3HBIX OIEHOK OT MCTHUHHBIX MO-
JebHBIX 3HadeHuil. MoaeapHble MaHHbIE MPEJIAraeTcs NeHepUPOBATD IyTEM JI0-
6aBjieHns OMMOKYU C 33J@HHBIM PACIPE/IeIEHNEM K TOYHBIM 3HAYEHUSM BBIXOIHON
repeMeHHo Tpu (PUKCUPOBAHHBIX 3HAYEHUSIX BXOJHBIX IIEPEMEHHBIX JIJIsST HEKOTO-
Ppoii 3apaHee U3BECTHOI 3aBUCUMOCTH. BBIOOD MMEHHO TOYEUHBIX OIIEHOK B KAYECTBE
CpaBHUBAEMBIX TOKa3aTeaeil 00bsICHAETCT X 0CO0O0I POJIBIO JJIsT MCCIIeI0BATE TeH—
MIPAKTUKOB U BO3MOXKHOCTBIO OIMHAKOBON MHTEPIIPETAINU, YTO HE BIIOJHE DEAJIH-
3yeMO B OTHOIIEHUN CTATUCTUIECKUX HECTATHUCTHYECKUX MHTEPBAIbHBIX OIEHOK.

Yo KacaeTcs BbIOOpa PACIpEesIeHHsT OIMUOKKM TTPW TeHEPUPOBAHUUA MOJIETh-
HBIX JIAHHDBIX, TO UHTEPEC MPEJICTABIAIOT CUTYAIIUN “‘HamIydmme”’ s KaXKJI0r0 U3
CpaBHUBaeMbIX METOJOB, a TaKyKe HEKOTOpble OJIn3Kue K HUM BapuaHTbl. Hawmryd-
UMY YCJIOBUSIMHU JIJIsI CTATUCTUIECKUAX METOJIOB SBJISFOTCS CUTYAITMH, KOTIa, OIu0-
K& PaCIpeeIeHNs MOIINHIETCS HEKOTOPOMY YHUMOIAJBHOMY PAaCIPEIESIEHUIO, B
qactaocTH, aia MHK TakoBbIM siBIsieTcss HOpMaJbHOE pPaCIpeie/ieHre OIIHOKM.
Bazosomy mmist MITH mpeamo/ioykeHnio 0 paBHOBO3MOXKHOCTH BCEX JIEMEHTOB MHO-
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2KECTBa, HEOIIPE/IEJIEHHOCTH B BEPOSITHOCTHBIX TEPMHUHAX HanboJIee aJeKBATHO COOT-
BETCTBYET PaBHOMEDPHOE pacipeesienne. Takimm 00pa3oM, CpaBHUTEJILHBIH SKCIIEPU-
MEHT TIPEJIJIAraeTCs TPOBECTH JIjIsl YHUMO/IAJILHOTO U PABHOMEPHOT'O PACIIPE/IeJICHIIT
OMMOKY, a TaKKe HEKOTOPBIX ITPOMEXKYTOUHBIX PaCIIPeIe/IeHUI.

3.1. HectaTuctuvieckKue OIeHKU M OI[eHKU MaKCHUMyMa IIPaBaOIIOI00usI

CpaBHeHI/Ie HECTaTUCTUYIECKOI'O MeTO1a IIOCTPOCHUsA OIEHOK C MMII IIPpOBE/ICHO
JJIA ceMencTBa paCHpeﬂeﬂeHI/H';I C IIJIOCTHOCTBIO

1—2ea 1—-ca
5T+ , —€<z<0;
€ €

Pa(r) = 2ear — 1 1—ca
x +

5 , 0<z<g
€ €
. 1
e € — abCOJIIOTHOe 3HadYeHne IpeesbHoi omubku, a o € |0, 2 rmapamerp,
€

OIIPeNIEJIONINiI CTelneHb OJIM30CTH pacupeiesieHns K Tpeyrojbaomy. llpn ¢ = 1
rpadbuku GYHKIUU Po, (X)) Ui TPAHUYHBIX U JIBYX IIPOMEXKYTOUYHBIX 3HAYECHUIT T1a-
pameTrpa « IIpUBEJIeHbI Ha puc. 1.

a 6

11 11
1 1 )

B r

Puc. 1. I'padurn dyHKImn mioTHOCTH po(z) tpu e =1 n
(a) =0, (6) a=1/6, (B) a=1/3, (r) a=1/2

IIpu moctpoenun onernoxk MMII mpu pactpeesiennu onmmoOKN, OJTU3KOM K PABHO-
MEPHOMY, BO3BHUKAIOT CJIO2KHOCTH B BBIOOpE OIEHKHU, 0OYCJIOBJIEHHbIE HEeIMHCTBEH-
HOCTBIO MaKCUMyMa, (DYHKIIUHU [IPABJONOA00UsI. BBIX0/ 13 9TOi cuTyalruu BHIUTCS
B DEryJisipu3alyi 33Ja4u HOMCKa MakcuMmyMa dyHKImn npasaonogobus L(5) iwy-
Tem fobasierns caraemoro 6| L(B3)[(3 — 8Y)%, tme § < 0 — mocTOSHHEBIH BecoBoit
koacbdunment (B sxcrepumente § = —0.1), a ° — m3BecTHOE MOJIETBHOE 3HAMEHNE
rapaMeTpoB.

B kadecTBe MojesibHOI 3aBUCHMOCTH OblTa BbiOpana dyHkius y = « + 1, T.e.
HCTUHHOE MOjieJbHOe 3HadeHne BekTopa mapamerpos (Y = (1,1). CoBokymHOCTb
TOYHBIX 3HAYEHUI MOJEJILHON 3aBUCHMOCTH ObLIa IOJIyY€HA IIyTEM BBITHCJICHUS
3HAYEHUI BBIXOHON ITIEpEMEHHOM B y3J1aX PEery/IsApHOil CETKH C maroM 1 Ha UHTepBa-

1
" (m=0,...,20)

Jie [1;10]. st kazxa0ro u3 GUKCUPOBAHHBIX 3HAYCHUN by, = 0%
€
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5000 pa3 renepupoBasiach TAOIUIA HAOJIOJIEHUI IIyTeM J00aBJIeHUs] K TOYHBIM
3HAYEHUSIM BBIXOJIHON IepeMeHHO cirydaiiHoit ommbku u3 uaTepBata [—0.5;0.5]
C IUIOTHOCTBIO PACHPEJIENIEHUS Py (X) U KaXKJBIM U3 CPABHUBAEMBIX METOJOB CTPO-
WINCHh TOYEYHBIE OIEHKH [APaMeTPOB 3aBUCAMOCTH, HA OCHOBE KOTOPBIX BBIUUCIIS-
JINCh TTPOTHO3HBIE 3HAYEHNUS 3aBUCHUMOCTA B Touke * = H.5. I[lo pesynbraram mosTo-
peHnii KcrepuMenTa 11pu GUKCUPOBAHHOM 11 BBIYUACIISIJIOCH CTAHIAPTHOE OTKJIOHE-
HU€e KaXXJ0r0 U3 THUIIOB OIEHOK OT MCTUHHOI'O 3HAYEHUs] MOJEIBHON 3aBUCUMOCTA B
9TOil TOUKe. 3aBUCUMOCTH CTAHJIAPTHOIO OTKJIOHEHHS] HECTATHCTUYECKHUX OIEHOK U
ortenok MMII or m npuseiena Ha puc. 2.

A
0.0006 -

0.0005 Wﬁ\/\/ 2

0.0004. k\‘*\

0.0003. -\_k.,-’:hi\r*'*ﬁﬂ
0.0002. e N N

0.0001 \

00000- T T T T T T T T T T l -
60 2 4 6 8 10 12 14 16 18 20m

Puc. 2. CpeznHexkBagpaTuuHble OTKJIOHEHUsI IIDOIHO3HBIX 3HAYEHU
ot ucrnanbix g MMII (1) u mecrarucruaeckoro merona (2)

CpaBHUTEIBbHBI AaHAJIN3 CTAHIAPTHBIX OTKJIOHEHHN HECTATHUCTHIECKOTO W
MMII-tiporaosa moKa3bIBaeT, UTO MPHU PACIPEIETICHUAX TOTPENTHOCTH, OJIU3KUX K
“TpeyToJIbHBIM”, XapaKTep MOBEIEHNS OITUOKHU MTPOTHO3a, COOTBETCTBYET U3BECTHBIM
COOTHOIIIEHUSIM U 3aKOHOMEDHOCTSIM, CBOWCTBEHHBIM WCIIOJIb30BAHHBIM METO/aM
oreanBanus. JleficTBUTEILHO, HECTATUCTHIECKAs IPOIEYPa HE YIUTHIBAET JIOMOJI-
HUATEIHHYIO NH(MOPMAINIO, CBI3AHHYIO C XapPaKTEPOM DPACIpEIe/IeHNs, 1, COOTBET-
CTBEHHO, MMeeT OOJIBINYI0 OomubOKy mporuaosa. Ho mo Mepe npubiankenus: pacipese-
JIEHUSI TTOTPEIIHOCTH K PABHOMEPHOMY OMNIMOKa HECTATHCTHYECKOTO IIPOrHO3a CHU-
KAETCsI. DTO OObSICHSIETCSI TEM, ITO TaKasl CHTYAIMs CTAHOBUTCS BCe OoJiee COOTBET-
CTBYIOITEH 6a30BOMY JIJISI METO/Ia IOCTPOEHUST HECTATUCTUIECKUX OIEHOK ITPEJIII0IIO-
JKEHUIO O PABHOBO3MOXKHOCTH BCEX JIEMEHTOB MHOXKECTBA HEOIIPEIeIeHHOCTH. B TO
2K€ BpeMs IIPU MPUOJINKEHNN PACIPEeICHNs OMMNOKNA K PABHOMEPHOMY CTAHIAPT-
noe orkmonenune MMII-npornosa Bo3pacTaeT M ¢ HEKOTOPOTO MOMEHTA HAIMHAET
[IPEBOCXO/IUTH CTAHJIAPTHOE OTKJIOHEHHE HECTATUCTUIECKOrO IMPOrHo3a. Peskoe mna-
JeHne craHgapTHOro orkjoHenuss MMII-iporaosa B Touke m = 20 0ObsicHsieTCS
BO3POCIIIUM OTHOCUTEbHBIM BECOM PErYJIsIpU3YIOIIEr0 CAAraeMoro.

3.2. HecraTucrudeckue OII€EHKM M OII€HKMW HaHMMEHBbIIINX KBaJApaToB

Cxema u IIapaMeTpPhbl S9KCIICPUMEHTOB 110 CPaBHECHUIO HECTATUCTUICCKUX OIIECHOK
C OIIEHKaMHM HaMMEHBIINX KBaJApaTOB B OCHOBHOM IIOBTOPAET CXEMY SKCIICPpHUMEH-
TOB, OIIMCaHHYIO B IPEAbIAYIIEM pa3/eJIe. M3meHeHnst KacaroTCs JINITbL KOJIUIECTBA
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[IOBTOPEHUIH, BUJIA PACIIPE/IEIEHIS OMMUOKN 1 KPATHOCTH HAOJIIOIEHUIA.

KomnuuecTBo nosTropennii sxkcnepuMeHTa pu (GDUKCUPOBAHHBIX ITapaMeTpax pac-
pejiesiernst coctaniso 1000.

CemeiicTo pactipesiestenuii omuoku N (a, 02) B 3TOM cIydae TpeICTABIAIO CO-
6010 HOpMaJIbHBIE PACIIPEJIEJICHN, yCeUeHHbIE Ha YPOBHE K, T. €. OIMMUOKA IPUHAMAET
3HavYeHus U3 uHTepBaJa [a — ko, a + ko|, rue a — MareMaTuyecKoe OKUJAHUE, 0 —
CpeIHEKBAIPATHIECKOe OTKJIOHEHNE. B pOBEIeHHOI cepuu 9KCIIEPUMEHTOB MaTe-
MaTHYeCKOe OXKUJaHUEe OBLIO HYJIEBBIM, CPEJIHEKBaJIPATUYECKOE OTKJIOHEHWE €JIU-
HUYHBIM, a k BbiOupasiock u3 unHTepBasa [0,2;3] ¢ marom 0,2. ITo mepe pocra k
[OJIy9aeMble PACIIPEie/IeHUs] TPUHIMAJM BHUJI, OT HOYTH PABHOMEPHOIO JI0 ITOYTH
HOPMAJIBHOTO.

ITo ykazannoit cxeme SKCIIEPUMEHT IPOBOUJICA B IIOJTHOM OObeMe JJIst KayKI0Tr0
13 (PUKCUPOBAHHBIX 3HAYEHMI KpaTHOCTH HabJogenuii @ = 1,3, 9.

PesynbraThl sxciiepuMenTa B rpadpuiecKOM BHJI€ IIPUBEJIEHBI Ha, PUC. 3.

A

06 [ orer1 oot gy
—x==2,0=1 Lo
0.5+ Q o
—_——] Q:?’ X" x
oad-| T 2E=3 x’ /
' ——1,0=9 X o
——2 0= -~ e
0.31 2079 X VL, P

0.21

k

Puc. 3. 3aBHCHMOCTb CPEHEKBAIPATUYIHBIX OTKJIOHEHHI IIPOrHO3HBIX 3HA-
gennii or nucruuubix Jyia MHK (1) u HecraTucrudeckoro meroia (2) or ypos-
Hsl yCeUeHUs] HOPMAJILHOIO pacipesiesieHnst k 1 KpaTHOCTH HabuoneHuit Q

KawecTBennblit aHam3 B3aNMOCBA3€H CPEIHEKBAIPATHIHBIX OTKJIOHEHUIT HeCTa-
Tuctrudeckoro 1 MHK-1porao3os ¢ ypoBHeM ycedeHnsi HOpMaJIbHOTO pacipeiesie-
HUs ONIMOKKM W KPATHOCTBHIO U3MEPEHUil MO3BOJISET CeNIaTh CJIeIyIoNe HabJIro Ie-
HUS:

1. Tlo mepe yMeHbIIIeHUsI yPOBHSI yCeUeHMsI HOPMAaJIbHOTO PACIIPE/IEIEHNUSI OO~
K U3MEPEHMIl CpEeIHEKBAIPATUYHBIE OTKJIOHEHUS W HECTATUCTUIECKOrO, U
MHK-nporuozos Takxke yosiBaior. Ilpu srom s MHK-mpormnosa ckopocts
yObIBAHUST MOXKHO KAa4eCTBEHHO OXapaKTEPU30BATH KakK JIOTapuMHUIECKYIO
WA JINHEHHO-JIOrapudMUYecKyIo, B TO BpeMs KakK JUIsi HECTATUCTUYECKOI'O
[IPOTHO3a — KaK IOJUHOMHUAJBHYO.

2. Ilpu 6ompmux 3uavenusx k ormeraku MHK-mpornoza 6osee ycToiianBbI, dem
HecraTuctTudeckne ornenkrn. OHAKO € YMEHBIIEHHEM Kk WX IIPEUMYIIECTBO



O nocmpoeruu 366uUcuUMOCMed NO IMNUPUYECKUM OGHHHIM 217

yTpaduBaercs. Kpome Toro, ¢ yBeJmveHHEM KpPATHOCTH H3MEpeHWit Gojiee
YCTONYMBBIMEA CTAHOBUTCS HecTaTHCTHIecKue OreHku. OObsiCHEHne 3TOMY
dakTy, Tak ke Kak u B ciydae cpaBHenuss ¢ MMII, cocrour B ymeHbIie-
HUAU CTEIEHU COOTBETCTBUsI PACIPEIesIeHNs OMUOKN M3MEpPEHUsl TUIIOTe3€e O
HopMaJibHOCTH, B paMkax kotopoit MHK naer mawmryammue pesynbratel. B To
JKe BpeMsl, IpUOJIMKeHne pacipeIeeHns ONMMMOKN K PABHOMEPHOMY Bce DoJtee
COOTBETCTBYET OJJHOMY M3 0A30BBIX IPEJIIOJIOKEHNN HECTATUCTUIECKOTO Me-
TOJ[@ O PABHOBO3MOXKHOCTH BCEX JIEMEHTOB MHTEPBAJIA OIIUOKN U MHOXKECTBA,
HEOIPEJIeJIEHHOCTH.

C yBesmmyeHneM KpaTHOCTA U3MEPEHUil yCTONINBOCTh HECTATUCTUIECKUX OIle-
HOK paCTEeT HECKOJIbKO ObIcTpee. TeHIeHIINs YCUINBAETCS 110 MepPe YMEHbIIIe-
HUsl yPOBHSI yCeUYeHUs] HOPMAJIBHOI'O paCIIpejie/IeHUsl OMNOKY M3MePeHUid, TO
€CTh 110 Mepe MPUOIMKEHUsI PACIPEIESIEHUsT K PABHOMEPHOMY. IDTOT (hakT
CBHJIETEJILCTBYET O CIIOCOOHOCTH HECTATHCTHYECKOTO METOJa HESBHO HAKAII-
JINBATH WHMOPMAIINIO O PACIPEEIEHNN OIMINOKN, HE3aIEHCTBYEMYIO SBHBIM
00pa3oM B OTJIMYUU OT CTATUCTUYECKUX IIPOIEIYD OIEHUBAHUS.

Taxum 06pa3oM, Pe3yIbTATHI CPABHATEIHHOIO AHAJIN3a TOUYEIHBIX HECTATUCTHU-

YECKHX OIIEHOK C OII€EHKaMH, II0JIyYa€MbIMU METOAaMN MaKCUMaJIbHOI'O IIPaBJI0II0I10-
OusI 1 HAMMEHBIITIX KBa/JIPaTOB IIO3BOJIAIOT CJ/e/IaThb BBIBO/ O KOHKypeHTOCHOCO6HO—

CTHU HECTATUCTUYIECCKOI'O IIOJAXO/Ja K IIOCTPOCHUIO U aHAJIU3Y 3aBUCHUMOCTEN B cjrydae
OI'PAHUYICHHOCTH OIIIOKM H&6JIIOLL€HHI7'I HECMOTPA Ha TO, YTO CTATUCTUYICCKHE METO-

AbI,

BOOOIIE TOBOPS, 33AeHCTBYIOT 00JIbIlie nH(MOPMAINH, TPeOys yKa3aHUs SABHBIM

00pa3oM CTPYKTYPHI [IPEIIOYTEHII Ha UHTEPBAJIe ONNOKK B BHJIe 3aKOHA PacIIpe-
JeJIeHUs].

(1

2]

3l

(4]
]
(6]
7]
(8]
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MHTEPBAJIBHAS MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYME COBEIIIAHUS C. 219-224

Moaudukanus MeToaa rpaHUYHBbIX peaJan3alluii
JJI THTEPBAJIBHBIX UMIYJIbCHBIX
II0CJIEI0OBATEIbHOCTE CMEIaHHOTO THUIIA

C.1O. Kayuukuna, C.I". Iymkos*

Annoranua. PaccmarpuBaercs mpobiiema peajus3alnuni B MPOCTPAHCTBE COCTOSHUMN JIJTst
WHTEPBAJbHBIX JIMHAMUYECKUX CHUCTEM C JIMCKPETHBIM BpemeHeM. [IpesjioykeHbl MeTOIbI
HaXOXKJECHUS aJreOpandecKnx Peau3ariuii s MOJTHOCTBIO HEOTPUIIATETHLHBIX U TOJIHO-
CTBIO HEMOJIOXKUTEIbHBIX cucTeM. lIpencraBiena moaudukanus METOJa IPAHUYIHBIX pe-
aju3anuii sl cucreM ‘cMmeraHHOrO” Twma. [IpuBeeHBbl WJTIOCTPUPYIOIIUE YNUCTEHHbBIE
MIPUMEPHI.

Bsegenune

OpxHOiT U3 pacnpocTpaHeHHBIX (POPM IIPEJICTABJIEHUs] YIIPABJISIEMbIX 00bEKTOB U
CHCTEM yIpAaBJIEHUS sIBJISIETCsI IIPEJICTAB/IEHAE B IIPOCTPAHCTBE COCTOsSTHUIT. 3agada
npeicTaBieHns nHopMarmu 00 00bEeKTe TECHO CBsI3aHa C IPOOIEMO peaTn3aun
JIMHAMWYECKUX CHCTEM. DTa MpobeMa COCTOUT B IMOCTPOEHUN MOJIEIU MPOCTPAH-
CTBa COCTOSTHUU JIJIsT JIMHAMUYIECKON CHCTEMBI C U3BECTHBIM COOTHOIIEHUEM MEXKTy
€€ BXOJIHBIMM U BBIXOJIHBIMY CUT'HAJIAMU.

Mogenupys 1000# TUHAMUYECKAN IPOIECC, MBI YACTO UMEEM JIeJIO C HEOIIPE/Ie-
JIEHHOCTSIMA U HEOJIHO3HAYHOCTSIMH B JIAHHBIX, HCTOYHUKNA KOTOPBIX MOTYT OBITh
PA3JINYIHBL: OIIHOKH OKPYTJIEHHS, MOIPENTHOCTH W3MEPEHUN M3-3a eCTECTBEHHOT'O
HECOBEPIIIEHCTBa TPUOOPOB, UCIIOJIb30BaHMe MPUOJIMKEHHBIX dnces u T. 1. OaHum
73 IIPUEMOB, TTO3BOJISIONIIM YI€CTh TaAKNe HEOPEeJIeJIeHHOCTH, SBJISETCS PEeICTaB-
JIEHUE TIapaMeTPOB 00bEKTa B BUJE HEKOTOPBIX MHOXKECTB. B Tom ciryuae, Korzia
9TU MHOXKECTBA MIPEJICTABIAIOT COOO0M MHTEPBAJIBI, MBI HIMEEM JIEJIO C HHTEPBAJIBHOMN
HEOIPEJIeJIEHHOCTHIO.

[Ipobsiema peanuzanuu i AHTEPBAJIBHBIX JUHAMUYIECKUX CACTEM U BHUIBI Ta-
KHUX CHCTeM PacCMAaTPUBAJIKCH B [1]. A B aHHOl paboTe cOCPe0TOYNM BHUMAHUE HA
HAXOXKJIEHUHU AJIreOpanvIecKuX Peasn3aliuii HHTePBAIbHBIX JIHHAMUIECKAX CHCTEM C
IIOMOIIBIO METOJa I'PaHUIHBIX peaﬂnsal_mﬁ.

1. IIpobiema peanusanuu aJisi UHTEPBAJIBHBIX CUCTEM

Knaccuaeckast mpobsiema peaju3aliud COCTOUT B OIPEEeJeHUN MOJIEIN B IIPO-
CTPAHCTBE COCTOAHUI JId JIMHAMUYECKON CUCTEMBbl, 3aJJaHHOU CBOUM IIOBEICHU-
eM BXOI-BbIXOZ. IloBesmeHme BXOI-BBIXOJ JIMHEHHON CTAIMOHAPHONH MHOTOMEPHOM
yIIpaB/ISIEeMON CHUCTEMBI MOXKET OBITH OXapaKTEPH30BAHO WMILYJILCHON MOCJIEI0Ba~
TEJIbHOCTBIO MATPUIL pa3Mepa p X m (M — YUCJI0 BXOJIOB, P — UUCIO BBIXOJOB CH-

cremsl): {Aq, As, ...}

*Buiicknit TexHONIOrHMIECKUH UHCTUTYT AJITafiCKOro rocysapcTBEHHOIO TEXHUYECKOIO YHUBED-
cuTeTa.
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B sroM ciayuae sl 3aaHHON IOCTIEIOBATENBHOCTH BEKTOPOB YIIPABJICHHIT
(Bxozmoit nocnenoBarensuoctr) u(0), w(1), ... € U BeIXOxHAS IIOCIEI0BATEIHLHOCTD
BekTopoB Y(0),y(1),... € Y onpejensieTcss COOTHOIIEHUSIME

t
y(t):ZAiU(t*Z‘), t=1,2,...
i=1

3asiava peasiu3aiyy J1jis JAaHHOTO KJIACCA CUCTEM COCTOUT B OIIPEJIE/IEHUU MaTe-
MaTUYECKON MOJIEJIA 3TOU CUCTEMBI B ITPOCTPAHCTBE COCTOTHU, KOTOPas ONMUCHIBA-
€TCcsl PA3HOCTHBIMU YPABHEHUSIMU

z(t+ 1) = Fz(t) + Gu(t),
y(t) = Hx(t), t=0,1,...,
rae x(t) u x(t + 1) — BeKTOpPBI cocrogHuii B MoMenThl BpeMenu ¢t u (t + 1) coorser-

cTBEHHO. XOPOIIIO U3BECTHO [2], 4T0 3aj1a4a Pean3alii B 9TOM CJIydae CBOIUTCI K
HaxoxKieHuto Tpoiiku marpun (F, G, H) takux, 4to

A; = HF'71@, i=1,2,...

O,H‘HOfI 13 BO3MO2KHBIX CI)OpMyJ'II/IpOBOK 3aJlav9U peaJin3dalun JIJid THTEePBaJIbHbIX
CHCTEM MOXKET OBLITH TaKasi:

s 3a0annoti nocaedosamesvHOCY UHMEPSAALHLLT MAMPUY, PA3MEPL P X M
xm .
{Al,AQ,...}7 A,GHRP , 1=1,2,...,

onpedesums pasmepHocms n U mpoliky ukmepsasvror mampuy (F, G, H) maxuz,
YMO BHINOAHAIOMCA UHMEPBAALHBLE YDABHEHUA

A, =HF~@G, i=1,2,...,

2de F ¢ IR™™", G € IR™™, H ¢ IR?*", a mampuumsie npouscedenus 6bmon-
HAIOMCA CNPAGA HAAELCO, M. €. CHAYAAG Bbucaaemces npouseedenue FG, zamem

F(FG) um.o.

Ilox muTepBaIbHON JMHEHHOW CTAIMOHAPHON IMHAMUYICCKONW CHCTEMOM C JIMC-
KPETHBIM BpeMEHeM (C 1M BXOIAaMU, 12 COCTOSIHUSMU U P BBIXOJIaMK) Oy1eM HOHUMATh
takyto cucremy [X] = (F, G, H), tuHaMu1IecKoe TOBeIEHNe KOTOPOH OMUCHIBAETCST
YPaBHEHUSMU

z(t+1)=Fz(t) + Gu(t), y(t)=Hz(t), z(0)=zeR", t=0,1,2,...,

e u(t) € R™, z(t),z(t+ 1) € R™, y(t) € RP, u noHnMaTh KaK ceMeiicTBO MareMa-
THUYECKUX MOJIeJIeit

z(t+1) = Fa(t) + Gu(t), y(t)=Hz(), z(0)=z¢eR", t=0,1,2,...,

marpunbl (F, G, H) KOTOPBIX IPUHA/JIEKAT 3aJaHHBIM HHTEPBAJIbHBIM MATDHUIIAM
(F,G,H), r.e. F€ F eIR"" GeGelIR"™™, He H e IR"*".

Jlpyrue BO3MOXKHBIE OIIPeIe/IeHNs] NHTEPBAJIbHBIX JTUHAMAYECKUX CACTEM MOXK-
HO Hafitu B [1].

VKazaHHYIO BBIIIE 33/1a9y MBI Jajee OylIeM Ha3bIBaTh 3adauet anzedpauyeckot
peanudayuu, a Tpoiiky unrepBaidbubix Marpull (F, G, H) 6ynem Ha3blBaTh a.2e0-
pauveckolt uHmepsasbHoti peasusdauue.
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2. I'paHm4HbBIE peaM3aIuu

C I/IMHyJIbCHOﬁ IIOC/JICAOBATEC/JIBHOCTHIO MHTEPBAJIBHBIX MATPHIL MO?KHO CBA3aTh
Be OOBIYHBIE (BeHLeCTBeHHbIe) UMITYJIbCHBIE€ ITIOCJIEZIOBATE/IbHOCTH, OIIpEaesdeMbIe
BEPXHUMHU U HUKHUMU I'DaHUITaMU MHTEPBaAJbHbBIX MaTPHIL.

,ZLJIH II0CJ/IEI0OBATC/JIBHOCTH MHTEPBAJIbHBIX MaTPHIL

{A, As, .} ={[A}, A1],[4,, 45), ... } (1)

peanusanun mociaenosareasroctn {A;, Ay, . ..} OymeM Ha3LIBATH HIKHIMY IDAHIT-
HBIME PeajIn3alisiMi I0CIIeI0BATeIbHOCTH (1), a pean3alun moce10BaTeIbHOCTI
{4, A4,,...} 6ynem Ha3BIBATH BEPXHHMH DAHUYHBIME PeAU3aIlUsAME 10CIIe/10Ba-
resprocT (1).

JI1st IOJTHOCTBIO HEOTPHIATEIbHBIX HHTEPBAJIBHBIX CUCTEM METOJ IDAHIYHBIX
peaJiu3alIuii OIIpPAETCs: Ha CIIE/YIOIHe yTBEPIK ICHIU.

IIpennoxxenue 1. Ecau das nusicret U 6eprHeli 2paHUMHOIT DEau3auuti 00uHa-
kosot pasmeprocmu (F,G,H) u (F,G, H) nexomopol nociedosamesbHocmu, uH-
MEPEANLHBIT MAMPUY, GINOAHACTICA

1) F,G, H, F, G, H - neompuuamenvhvie;
H

2) F<F,G<G, H<H, mounwmepsaavnas cucmema ([F, F),[G, G|, [H, H))
ABAACNCA UHMEPEANbHOT mounotl (arzebpauveckol) peasusayuet amot no-
CAE008AMEALHOCTIIU.

IIpennoxkenue 2. Ecau 0as epanusmbiy peasusauuti o0unaxosoti pasmepHocmu
(F,G,H) u (F,G, H) nexomopoti nocaedo8amessHocmu, uHmepeasbHoil MaAmpuy,
natidymesa maxue mampuyve T1 © Ty, WMo 6WNOAHAIOMCA HEPAEEHCTNEE

F<FG<GH<H

)

2de
E=nF17',G="T\G,H=HT", (2)
F=TFI; G ="10GH=HI,", (3)
E, Q, E, ﬁ, é, ﬁ - Heompuuameﬂbm;te, mo ’u,HmeBa,/L’bHaﬂ cucmema

(£, F),[G. Gl [H, H])
ABAAETNCA UHm@pSa/L’bHOa aﬂee6pau%ec%0a pecmusau,uea amotl nocaedosamenvHo-
cmu.

Taxum obpa3oM, pelneHre 3a1a9u PEATN3anN )Tl HHTEPBAJIBHBIX TOJTHOCTHIO
HEOTPUIATEIbHBIX CHCTEM MOXKET OBITH OCYIIECTBJIEHO C IIOMOIIBIO CJIEIYIONIErO
aJropuTMa
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AsaroputMm 1.

1. HaxomuM HUKHIOIO M BEPXHIOIO I'PAHUYHBIE PEATUIANNI OJUHAKOBON pa3MepHO-
CTH I 33/IaHHOM MMITYJILCHOI IIOCJIE€I0BATEIBHOCTH NHTEPBAJIbHBIX MATPUIIL.

2. Ecnm naiiieHHble TPAHUYHBIE PEATUIAINNH YJIOBJIETBOPSIOT YCJIOBUSIM ITPEIIIO-
KeHus 1, TO COOTBETCTBYIOIIAS WHTEPBAJIbHAS PEATU3AINSA U OyIeT MCKOMOI,
uHaxe

3. B coorBercTBUE ¢ IpeIOKeHEEM 3, ¢ IOMOIIBIO IpeobpasoBanmii mompodus (2),
(3) mombITaeMcs HAfTH SKBHBaJEHTHBIE (C TOYHOCTBIO J10 m3oMopdusMa) rpa-
HUYHbIE PEATU3AINT, [Tl KOTOPBIX YCIOBUS IIPEJIOKEHNS 1 BBIIOIHSIIOTCS.

3amMeTuM, YTO TP BHIIOJHEHUH mara 1 JaHHOrO ajrOPUTMa, JJIsi BBIYUCIEHUS
IPAHUYHBIX DPeau3aluil MOIyT HpUMeHsAThCd, Hamnpumep, ajaropurm B.JI. Xo [2]
WJIM JIDYTHE MEeTOJIbl BBIYUC/IEHNs KOHEYHOMEDHBIX peajusanmii [3, 4].

IIpumep 1. PaccmoTpum HMHTEPBAIBHYIO UMILYJIHCHYIO HOCIEI0BATEIHHOCTD I
CHUCTEMBI C OJJHUM BXOJIOM U OJHUM BbIXOJOM:

A, = [0,0.21], A, = [0.684,1.357),
As =[0.599,1.915], A, = [1.072,3.805].

Huxusist BEPXHAA I'PaHUYIHbIC DeaJIn3alluil UMEIOT BU/I:

09 1 0
F:(O.Sl 0>’ G:<0.81)’ H=(10),

= 12.2 1 — 0.1 =

F(—133.1 —11)’ G<O)7 Hi(l 0)'
DTa mapa He YIOBJIETBOPSET yCJIOBUAM Ipeiioykenus 2. [IpuMeHus K aTuM peasin-
3aIysM [Ipeo0pPa30BaHUSA HOI00UST

1 0.876 1 6.462
n=(o ") me(o V)

MIOJIy9MM TIapy pean3anuii B HabJI0JaeMOil KAHOHUIECKOI dopme:
p 0 1 2 0 -
F_(O.S 0.876)’ G_(0.684|:)7 2 (1 0)’

= 0 1 = (021 =
F‘(1.043 1.25)’ G_(1.357)’ H=(10).

HonyquHaﬂ HaMH HHTEpBaJIbHAad CHCTEMa

; [0,0] [1,1] - [0,0.21] .
F= ([0.8,1.043] [0.87&1.25]) » G= ([0,68471_3570 , H = ([1,1][0,0]).

OTBeYaeT YCJIOBHSIM IIPEJIOXKEHHsI 1 U SABJISAETCs WHTePBAJIBHON peasmsarmeii uc-
XOJIHOI TIOCJIEIOBATEILHOCTH MaTpHIL (4).

JJIs1 TIOJIHOCTBIO HEHOJIOYKUTENBHBIX MHTEPBAJIBHBIX UMILYJIbCHBIX II0CJIEA0Ba~
TEeJILHOCTEH MATPHI[ MOYKHO HCIIOJIBb30BATE CJIELYIONIIN AJIrOPUTM.
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Asaroputm 2.

1. O6p33yeM CUMMETPUYIHYIO OTHOCHUTEJ/IbHO HYJIA ITOC/JI€I0BATC/IBHOCTD MaTPUIL
{[_Zh _A1}7 [_Z% _AQL .. }

2. s noJy9eHHOl TakuM 06pa3oM IOCIeI0BATEILHOCTH MATPUL, (KOTOpast SBJIs-
€TCsl TOJIHOCTHIO HEOTPUIATEJILHOM) ¢ MIOMOIIBIO AJrOPUTMa, 1 BBIYHUCIISIEM HH-
repBasibuyio peasmsanuio (F, G, H).

3. CTpoumM peam3anuio UCXOJHON OJHOCTBIO HEMOJIOKUTEILHON OC/IeI0BATE b=
HOCTH, B KauecTBe KOoTopoit MoryT 6tk cucremsl (F, —G, H) wm (F,G,—H).

3. Peasmmzaimsa mMnyJIbCHBIX ITOCJIeJoOBaTeJIbHOCTEM
CMeIIaHHOTO THIIa

B ciyuae “cmernnaHHBIX MHTEPBaJbHBIX CHUCTEM, T.€. CUCTEM, B KOTOPBIX IPU-
CYTCTBYIOT U OTPHUIIATEJIbHBIE U TIOJ0XKUTEIbHBIE 3JIEMEHTHI, MOKHO UCI0/Ib30BaTh
CITETYTOTIYI0 MOMU(UKAIINIO METO/Ia TPAHNIHBIX DEATU3AIIAN.

Paszoxum ncxomHy0 UMITyJIBCHYIO OCIEI0BATEIbHOCTh MWHTEPBAJIBHBIX MaT-
putr (5) Ha HEHOJIOXKUTEIbHYIO 1 HEOTPHUIATEIbHYIO II0CIIe]0BATE I bHOCTH:

— (A= A= + Af
{A1,Aq,.. .} ={AT,A;,.. .} +{AT A],.. }, (5)
e A7 u A (i = 1,2,...) orpunarenbHas U NOJOKATEIbHAS TACTH MATDUITHI
A;. Tlocnenosarensrocts {A], A5, ...} (KoTopas SIBIsIeTCS MTOJHOCTBIO HEIOJIO-

JKUTEJIBHOI), Oy/leM Ha3blBaTh OTPUIATEIBHOI YacThIo HociegoBarebHocTh (5).
Anasormaro mocenosatenbiocts {AT, AT, ...} (KoTOpas ABJISETCS TOTHOCTHIO
HEOTPUIATENBHOI ), 6y1eM HA3BIBATH OJIOKATETHHON JACTHIO MOCIIEI0BATEIBHOCTI
(5)-

Nmeer MecTo coenyromuil pe3yJibTar.

IIpennoxkenue 3. Ecau 0as nososcumesvhoti u cummempuyHots 0mmocumensHo
HYAA OMpPuyamesvrol wacmet nocaedosamesvrocmy mampuy (5) cywecmsyrom
HeompuYamestHble UHMepsavtve anzeboaudeckue peasudavuu (FH GT HT) u
(F~,G~,H™) coomsemcmaerno, mo unmepsasvhas cucrmema (F, G, H) ¢ 6a0u-
HOLMU MAMPULAMU

F~- O G~
— — — (—H- +
F_<O e G= a | H=(-H- HT"). (6)
ABAAEMCA UHMEPBAALHOT anzebpaueckoll peasusayuet nociedosamenvrocmu (5).
3aMeTnM, 9TO B COOTBETCTBHHU C TEOPETUKO-CHCTEMHON TEPMUHOJIOTHEH crcTeMa
6) sIBJIFIETCS HI YeM MHBIM KaK MapaJiielibHol Kommosuruei cucrem (FT G HT)
u(F-,G~,—H™).

ITpumep 2. PaccMmorpum MHTEPBAIBHYIO UMILYJIBCHYIO IOCIEI0BATEIHHOCTD I
CHUCTEMBI C OJIHUM BXOJIOM U OJJHUM BBIXOJOM:



224 C.I0. Kanunxuna, C.I". ITywkos

A =[-0.44,0.22], Ay =[0.412,1.504], -
Az =[-0.2216,2.2528], Ay = [—0.07592,4.42156].

Obpa3syeMm OTPUIATEHHYIO U MTOJIOXKUTEIBHYIO YACTH ITON IIOCJIEI0BATETLHOCTH:
A7 =[-0.44,0], A; =0,0], Ay =[-0.2216,0], A; = [-0.07592, 0];
A =10,0.22], A =1[0.412,1.504], AJ =[0,2.2528], A = [0,4.42156].

HHTepBanbHble pean3aliii, BEIYUCIEHHBIE C TIOMOIIBIO aJrOPUTMOB 1 U 2, UMeIOT
BU,

B 0,0 0,1 _ /1]0,0.44 _
o= <[0,[0.5(])4] [0,[0.3J13}>’ G = ([ [0,0] ]>’ H™ = ([-1,0] [0,0]);
0,0 1,1 0,0.22
Fr= <[0,[0.8]79] [07[1.3]73])’ G = <[0.z[112,1.5]o4])’ H' = ([1,1] [0,0]).

MCHOJIBSYH IpeaI02KeHne 37 IoJIy9aeM UCKOMYIO peaJn3alluio II0CJAeJ0BaTEIbHOCTU

(7):

0,0 01 00  [0.0]
e _ | 10,0504 [0,0313] [0,0] [0, 0]
=| 00 0 0o 01 |
[0, 0] 0,00 [0,0.879] [0,1.373]
[0, 0.44]
G = [0[706.%]2] L H = ([-1,0] [0,0] [L1] [0,0] ).
[0.412, 1.504]
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MHTEPBAJIBHAS MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYME COBEIIIAHUS C. 225-230

O pacno3HaBaHNM 3KCTPEMAJIbHBIX 00bEKTOB
C TIIOMOIIbIO MHTEPBAJbHBIX PEINalonnX MpaBUJI

H.B. Kuamr, H.H. ITerpynpko? I'.I11. Hunuamsuu'

AnnHoTaums. 3a7aHO KOHEYHOE MHOXKECTBO 06beKToB A = {a;}, i = 1...n, xapakrepn-
3yeMBbIX OIpeJlessonmMu napamerpamu X = {z}; U 9KCHEPUMEHTAJILHO IOy YeHHBIMA
WHTEpBaJbHBIMU cBOficTBaMu Y = vy, ¢ = 1,...,n, 7 = 1,...,m. Ha muooxecrse A
3a71aHBI TIOJIMHOXKECTBA XapaKTepHbIX mpejacrasurenei {Aq, ..., A,}. Obcyxmaorcsa Bo-
IPOCHI KOPPEKTHOCTH, 3(PDEKTUBHOCTH U ONTUMHU3AIMY KJIACCU(PUKAIINN, OCHOBAHHON Ha
MMEIOIIUXCS SKCIIEPUMEHTAJIBHBIX JTIAHHBIX.

Sagaun Kiaccudukanuu OObeKTOB HA OCHOBE 3KCIEPUMEHTAJIBHBIX HabJIIojIe-
HUIl JaBHO W MHOIOKDPATHO IPUBJIEKAIU K cebe BHUMaHue uccieposareseii. Oco-
60 ompaspiBaeT cebsi MHTEPBAJIBHBIN TOIXO0J K ITpobJieMe Ipu 00paboTKe OrpaHu-
YEeHHOTO YHCJIa HADJIIONEHUN M OTCYTCTBUU HAJEXKJ| OIMCATH IIPOIECCHI, YIIPABJIs-
IOI€ COCTOSTHIEM OOBEKTOB, PEAJbHBIMUA CTATUCTUIECKUMH 3aKOHOMEPHOCTSIMHU.
O/inH U3 BAPUAHTOB MPAKTUIECKH F(DPEKTUBHOTO W IMPOCTOTO MHTEPBAILHOTO pe-
eHnst 331241 00pabOTKN €CTECTBEHHOHAYYHBIX HAOJIIOIEHUI TPOIEMOHCTPUPOBAJT
¢ coapropamu B cBoux paborax I'IT. unmamswm [1, 2] u ap. Ipexcrasisiercs,
YTO MOMOOHBIN MOAXO MOT Obl ObITH IIOJIE3HBIM B 33Ja9aX JIMAHOCTUKHU (OIEHKH
TEXHUYECKOTO COCTOSIHUS) BBICOKOBOJIGTHOI'O 3JIEKTPOIHEPIETUUECKOr0 060DYI0Ba-
HUs, TeM 0OJIee, 9TO B HACTOSIIEE BPEMs UJIET MOIIHBIH IIPOIECC PECTPYKTYPU3AIIUN
JIEKTPOIHEPIrEeTUKH, COIIPOBOK/IAIOIINIICH MACCOBBIM O0CJIE/IOBAHUEM SHEPreTmde-
CKUX MOIHOCTel. VIMest 5T0 B BUly, B HACTOsIIIEH paboTe Jie/1aeTcsi MOIbITKa 6oJiee
ri1y6oKo (bopMaIM30BaTh U (MJIK) PA3BUThL OTMEYEHHDIH BBIIIE MOIXO/L.

3amano koneynoe MuHoOxKecTBO 00bekToB A = {a;}, i = 1,...,n, xapakrepu-
3yeMbIx omnpejessiomumu napaMerpamu X = {x;}, KOTOpbIE SBJIAOTCS OCHOBOM
nust Kitaccudukanuu o6bekToB. (st npocToThl B JasbHeiineM 00beKThl a; Oyuaem
OTOXKJIECTBJISAITH C UX HOMEpPAMU, T. €. MHIEKCAMHE ¢, YTO HE MOXKET BBI3BATH HEJIOPa-
symennii). PaccmarpuBaeTcst TakKe MHOYKECTBO HHTEPBAJIBHBIX CBOHCTB OO'bEKTOB,
samaBaeMblx Marpuneit Y = {y;;},i=1,...,n,j=1,...,m.

Cunraercs, 9TO0 WHTEPBAJbHbIE 3HAYCHUS IJIEMEHTOB MATPHUIILI Y IIOJIYYEHBI
9KCIIEPUMEHTAJIbHBIM IIyTeM U OTPAXKAIOT JIMOO TPEHJ COOTBETCTBYIONIETO U3MEPsi-
€MOr0 3HAYEHUST BO BPeMsI ero HabJIIOeHsI, MO0 HeCKOIHLKO TTIOBTOPHBIX HAOJIIO/IE-
HUIl B cepu, JIOO allpUOPH MHTEPBAJIBHO 3a/[@HHbIE OIMUOKNA U3MEPEHMU.

Ha muOXKXecTBe A B COOTBETCTBUU ¢ HEKOTOPOH KjaccuuUKaImeil 3a aHbl MO
MHOXKECTBA XapaKTepHBIX mpejicrasureieii A = UAg, kK = 1,...,r. Im coorser-
CTBYIOT HeIlepeCceKaloIuecs: HHTEPBAIbHbBIE OIPEIeIAIONINe TapaMeTPhL:

X = [min(z;), max(z;)], i € Ag;

*VIHCTUTYT aBTOMATUKU U TpoleccoB ynpasienus JIBO PAH.
tWucruryr maremaruku JIBO PAH.
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XklﬁX;Q:@, kl#kg, kl,kgzl,...,r.

fcno, uTO KaKIOMy MHOXKeCTBY Aj COOTBETCTBYET TM-MepPHBINH MHTEpBaJl (I'H-
neprapaJiie/IenuIe]]) B IpOCTPAHCTBE CBOHCTB 00beKToB Yy, = UY;, i € Ay. Ecan
ACCOIMUPOBATH MHOXKECTBO HOMEPOB CBOMCTB OOBEKTA ¢ MHOXKECTBOM TOYEK IIJIOC-
KOCTH Ha OCH abCIUCC, a UX 3HAYEHUS — ¢ OPJUHATAMU, TO yJI0O0HO TOBOPUTDH TAKKE
0 TpyOKe CBOMCTB (3HAUYEHMI Y;) Ui KaXKIOro o0beKTa @ U, COOTBETCTBEHHO, O
TpyOKax CBOUCTB Y} JJIsi XapaKTEPHBIX IPEICTaBUTEIEI.

B repMuHax mcrospb3yeMoil MHTEPBAJILHONW MOJEJN MOXKHO CTABUTH W PENIATh
CJIEJTYIONINE 3a/Iat0:

® OIlEHMBAaTbh KOPPEKTHOCTH KJIaCCU(UKAIUY;

e o1eHnBaTh 3OEKTUBHOCTD KJIACCH(MUKAIUN, OCHOBAHHOI Ha 38JaHHOM KOH-
KPETHOM 3IKCIEPUMEHTAJIbHOM MaTepuaJie;

® SKCIUIyaTUPOBATH KJIACCH(MUKAIUIO, T. €. IPUHAMATH IPAKTHIECKOE DEIICHIe
0 IPUHATIEXKHOCTH HOBOTO 00beKTa (a; ¢ A) Npu IOJIyIeHn: COOTBETCTBYO-
IMUX IKCIEPUMEHTAJIBHBIX JIAHHBIX Y;}

® OIITMMU3UPOBATH KJIACCU(PUKAINIO, T. €. IEPECMATPUBATH U YTOUHITH MHOXKE-
CTBa XapaKTePHBIX IIPe/ICTaBUTEJIeH;

® OIEHMBATH 3HAYUMOCTDH KaKJOT'O M3 CBONCTB IIPU PEIIeHUN 33/a49U KJIACCH-
bukanuu;

® TICCJIEJIOBATH 33J[ady IIPOrHO3UPOBAHUSI TIOBE/IEHUsI OOBEKTOB.

Knaccudukarmio 6yneM cIuTaTh KOPPEKTHOM, €CIIN BBIIOJHIETCS yCJIOBUE
Vki, ke € {1,...,7}, ki # ke Ji1 € Apr, i2 € Ao, yir \ (Wi NYi2) #0. (1)

Coornorenre (1) mocryaupyer NPUHIANIAAILHYIO BO3ZMOXKHOCTH KJaccuduka-
nun. [Ipu HeoOXoAUMOCTH MOYKHO TOBOPHUTD O CJIa00M JINOO CHIIBHON KOPPEKTHOCTH,
OTMPAsICh Ha CBOWCTBA MHTEPBAJIOB Y} B IEJIOM, a UMEHHO, €CJIN HUKAaKasl Iapa WH-
TEPBAJIOB He HAXOJUTCS B OTHOIIEHUH [IOJTHOTO BKJIIOUeHHs (C1abast KOpPEKTHOCTD )

Ve, ka € {1,...,7}, ki # ko, Y \ (Yer N Yio) # 0, (2)
Jbo He TIepecekaloTcst BoooIe (CUIbHasT KOPPEKTHOCTD):
vkl,kQ € {1,...,7’}, k1 #kg, (YklekQ) = 0. (3)

B jasbreiineM, He oroBapmBasi CIENIHAJIBHO, PACCMATPUBAEMble Kjaccuduka-
1un GyjIeM CIMTATh KOPPEKTHBIME (Hanpumep, B cmbicie (1)).

OnernM 3¢pPeKTUBHOCTD HEKOTOPOI Kitaccudukarmu. Jjist kaxaoro ¢ € A mnpo-
BepUM COOJIIO/IEHUE YCJIOBUS IPUHAJJIEXKHOCTH Y; TPyOKe Yj U IMOCTPOUM MHOXKe-
crBa Bj, COOTBETCTBYIOIIHE MMOMAIAHIIO Y; B TPYOKY Y}, M HEIOIAIaHUIO TTapaMeTpa
T; B HOAMHOXKecTBO X} :

Vie A (’inYk)\/(,Ti¢Xk)$7;€Bk. (4)

B coornomennu (4) mogpasymeBaeTcst TOJHOE O IaHne 00bEeKTa Y; B TPYOKY
Y).; onnako anajorudHo cBoiictBaM (2, 3) MOXKHO pasaudarh cjiaboe Jubo CUIbHOE
(kak B (4)) coorBeTcTBUN OOBEKTA XaPAKTEPHBIM HOJAMHOXKeCTBaM. MOXKHO roBo-
PUTHb Tak»Ke O HECOOTBETCTBUHU OOBLEKTa Y; TPyOKe Yy, eciaum XOTs ObI IO OTHOMY
mapaMeTpy ¥;; OObeKT He IonajiaeT B TPYyOKy CBOMCTB Yi:
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Teneps spdexkTuBHOCTD Kiaccudukanuy (BepOATHOCTh PACIO3HABAHUS OObEK-
TOB HA OCHOBE MMEIONUXCs IKCIEPUMEHTAJIBHBIX JAHHBIX) OTPAXKAETCsI BEKTOPOM
HEYIAUHO KJIACCHUUIMPOBAHHBIX ciaydaeB b = (by,...b,) = (|Bil,...,|B;|), umm
JKe, HallpUMEP, CYMMApPHBIM MHTEerpajbHbiM nokazarenem (1 — (by + ...+ b,)/n).
EcrectBenno, uro mys onenku 3hGHEKTUBHOCTH KIACCH(MUKAINNA MOXKHO OBLIO ObI
MTOKOOPJIMHATHO CPABHUBATDH IEPECEUEHNs] THIIEPIAPAJIETENUNE0B Yy, U ONEHHU-
BaTh X 00beMbI; (POPMATBLHO 37eCh HET MPobJIeM, HO, UMesT B BULY 00pabOTKY ecTe-
CTBEHHOHAYYHBIX WJIM TEXHUIECKUX IKCIEPUMEHTAJIBHBIX JAHHBIX C HE BIIOJIHE fC-
HBIMU BHYTPEHHUMH CBSI3sIMU U (DUBUUECKH HECOU3ZMEPUMBIMU ITapaMeTpaMu, UIeH
0 runepobbeMe HeOOXOUMO YOeIUTEIHEHO ApTyMEHTHPOBATE B KasKI0i KOHKPETHON
3aJ1a49e€.

IIpu nosyueHnn JOMOTHUTEIBLHBIX 9KCIIEPUMEHTAIbHBIX JAHHBIX Yi, & = N, .. ., P,
COOTBETCTBYIONIMX HOBBIM OOBEKTAM, MHOXKECTBO A pacHIUpsaeTcs, TPaKTUIECKOe
pellleHre O MPUHAJJIEXKHOCTH 00hEKTa COOTBETCTBYIOIIEMY ITOJIMHOXKECTBY XapaK-
TEPHBIX [PEJCTABUTEIeH IPUHAMAETCH [0 NPUHIMILY, anagorudaomy (4) mwim (5):

Vili =n,....p) (g C Yi)=i€ Ay, (6)

OPUYEM YBEPEHHOCTH B NMPABUJILHOCTH DEINEHUs 0OECTIEIMBACTCS C BEPOATHOCTHIO
(1—bg/n).

ObpaTnMes K WUTIOCTPATUBHOMY mpuMepy. IlycTb nexomble JaHHBIE 33aHBL
Tabi1. 1 ([4J1s1 IpocTOTHI BBEJEHa HOPMHUPOBKa: ; € [0, 1], y;; € [0,1]).

Tabiuna 1

A X Y Yo Ys Ya Ys Ys Y7 Ys

1 | 0.0000 | 0.5133 | 0.5494 | 0.7391 | 0.6429 | 0.8030 | 0.7500 | 0.8750 | 0.7273
2 | 0.0000 | 0.6467 | 0.9699 | 0.9348 | 0.9286 | 0.7121 | 0.5000 | 0.9375 | 0.7273
3 | 0.0000 | 0.7067 | 0.9699 | 0.7826 | 0.5714 | 1.0000 | 0.7500 | 0.6250 | 0.9091
4 | 0.0760 | 0.5933 | 0.7651 | 0.9130 | 1.0000 | 0.6061 | 0.7500 | 0.5015 | 0.5000
5 | 0.0770 | 0.5933 | 0.8735 | 0.8478 | 0.5714 | 0.7727 | 0.7500 | 0.6625 | 0.6818
6 | 0.0800 | 0.4667 | 0.6265 | 0.8478 | 0.9286 | 0.8636 | 0.7500 | 0.7500 | 1.0000
7 | 0.1538 | 0.5733 | 0.7711 | 0.4783 | 0.2857 | 0.3030 | 0.5000 | 0.8125 | 0.3636
8 | 0.1698 | 0.5733 | 0.8434 | 0.3043 | 0.0000 | 0.3030 | 0.2500 | 0.5625 | 1.0000

9 | 0.2308 | 0.0000 | 0.2771 | 0.5217 | 0.7143 | 0.3030 | 0.5000 | 0.7500 | 0.1818
10 | 0.2564 | 0.5733 | 0.3855 | 1.0000 | 0.2857 | 0.2424 | 0.5000 | 0.7500 | 0.1818
11 | 0.2809 | 0.2800 | 0.1566 | 0.5217 | 0.2857 | 0.2727 | 0.2500 | 1.0000 | 0.9091
12 | 0.3077 | 0.0400 | 0.4217 | 0.7826 | 0.1429 | 0.3030 | 0.2500 | 0.4375 | 0.4545
13 | 0.3468 | 0.4267 | 0.2169 | 1.0000 | 0.7143 | 0.0909 | 0.2500 | 0.6875 | 0.7273
14 | 0.3846 | 0.1333 | 0.6265 | 0.7391 | 0.7143 | 0.0000 | 0.2500 | 0.3750 | 0.7727
15 | 0.4156 | 0.3067 | 0.2169 | 0.3913 | 0.7143 | 0.1515 | 0.5000 | 0.3125 | 0.1364
16 | 0.5611 | 0.3067 | 0.0000 | 0.5217 | 1.0000 | 0.7576 | 0.2500 | 0.0000 | 0.6364
17 | 0.8851 | 0.8400 | 0.8072 | 0.9130 | 0.5714 | 0.4545 | 0.5000 | 0.3125 | 0.3182
18 | 0.9231 | 0.7067 | 0.3976 | 0.6087 | 1.0000 | 0.4545 | 0.7500 | 0.8125 | 0.0455
19 | 1.0000 | 1.0000 | 0.9880 | 0.3043 | 0.1429 | 0.2121 | 1.0000 | 0.4375 | 0.0909
20 | 1.0000 | 0.2800 | 0.8795 | 0.7391 | 0.2857 | 0.4848 | 0.5000 | 0.7500 | 0.2727

ITycrs Takxke gano, uto A = AjUAUA; = {1,...,6}U{7,...,15}U{16,...,20},
u, ciaenosaresnbno, X = [0,0.08]; X5 = [0.1538,0.4156); X3 = [0.5611,1.0]. Ecan
[PEJIIOIATAETCs, 9TO Onpeaesaomuii napaMerp X MOXKeT IPHHUMATH JI00bIe 3HA-
vyenns Ha unTepsase [0, 1], yaursisas, aro [0, 1]\ (X7 U XU X3) # 0, Heobxoxumo
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Tabiuna 2
Xk Yir Yor Ysk Yir Y5k Y5 Y7 Ysk
A [0, [0.4667 | [0.5494 | [0.7391 | [0.5714 | [0.6061 | [0.5000 | [0.5015 | [0.5000
! 0.1) | 0.7067] | 0.9699] | 0.9130] | 1.0000] | 1.0000] | 0.7500] | 0.9375] | 1.0000]
A [0.1538, | [0.0000 | [0.2771 | [0.3043 | [0.0000 | [0.0000 | [0.2500 |[0.3125 | [0.1364
2 0.4156] | 0.5733] | 0.8434] | 1.0000] | 0.7143] | 0.3030] | 0.5000] | 1.0000] | 1.0000]
A [0.5611, | [0.2800 | [0.9880 | [0.3043 |[0.1429 | [0.2121 | [0.2500 | [0.0000 | [0.0909
3 1.0] | 1.0000] | 0.0000] | 0.9130] | 1.0000] | 0.7576] | 1.0000] | 0.8125] | 0.6364]

COOTBETCTBYIOIIUM 00OPa30M JIOIOJIHUTH UHTEPBAJIbl XapaKTEPHbBIX [IPEICTaBUTE e
X, nanpumep: X7 = [0,0.1); X5 = [0.1,0.45); X5 = [0.45, 1.0]. Bupouewm, nocse-
Hee TIPEJICTAB/ISIET UHTEPEC JINIIb PU (PUBNIECKON MHTEPIIPETAIINN PE3YIIHTATOB.

IMocrpous runepnapaienenunenst Yy, Ys, Y, (Tabm. 2), n306pasum ux Takike,
JIJIS HAIJISIIHOCTH, B BUZE TPYOOK XapaKTePHBIX MpeJCcTaBuTe el (PUCYHOK ).

IIpoBepumM KOppeKTHOCTH Kiaccudukaruu. [locTpons rumeprapasiieenune bl
Y1, Y, Y3, BBIACHUM, UTO OHM HAXOJSATCS B COOTHONIEHHH (2) c1aboil KOPPEKTHO-
cru. s onenku 5pHeKTUBHOCTU KIaCCU(PUKAIMK TOCTPOUM MHOYKECTBA, HEYIadHO
knaccudurupoBanbix 00bekTos: By = (), By = 0, By = {4,7}. Takum o6pasom,
3 20 00bEKTOB HEYAAYHO KJIACCU(PUIMPYIOTCs ABa, 1 3(PHEKTUBHOCTU KJIACCUpU-
KaIluy MOXKHO Ipunmcarhb 3Hadenne (.9.

PaccmoTpuM jrajiee IIPAKTUYECKOE UCHOJIb30BAHUE OCTPOEHHOHN Kiaccuduka-
. Ilycrs mosydennt skcnepuMenTaababie gannpie A” = {21,...,26} (Tabm. 3).

[
[Sx]
T

=
bk
T

=

a
X ¥ Y2 Y3 ¥4 Y& YE ¥7 ¥&

[Ipescrasienue runepnapaiesenue/ 0B Y] (CIIOMHbIe JIMHNN),
Y> (mrrpuxossle juHnn), Y3 (JIMHEM TOYEK)
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Tabiauma 3

A Yl Y2 Y3 Y4 Y5 Y6 Y7 YS

21 | 0.2467 | 0.6783 | 0.3913 | 0.2857 | 0.2152 | 0.5000 | 0.5625 | 0.4091
22 | 0.7933 | 0.1387 | 0.3043 | 0.2857 | 0.2121 | 0.5000 | 0.6250 | 0.1364
23 | 0.5067 | 0.9398 | 0.3448 | 0.2857 | 0.5152 | 0.5000 | 0.6250 | 0.3636
24 | 0.2400 | 0.6386 | 0.3592 | 0.5714 | 0.3030 | 0.2500 | 0.4375 | 0.8636
25 | 0.5733 | 0.7843 | 0.8783 | 0.5714 | 0.8030 | 0.7500 | 0.6875 | 0.5909
26 | 0.3067 | 0.3566 | 0.5217 | 0.2857 | 0.3030 | 0.5000 | 0.6250 | 0.1364

IMpumenss npunnun (5) Kk obbexram {21, ..., 26}, moayunm, 910 {as1, ags € As,
Q92,023 € Az, a5 € Ay, a 0OBEKT agg MOYKET OBITH OTHECEH KaK K IIOJMHOXKECTBY
Ao, Tak u noaMuOXKecTBY As. Takum obpas3om, 0ObEKTHI G321, . - . , G5 KJIACCHMUIU-
pytorcs ¢ yBeperHOCThIO 0.9, 8 00BbEKT ag5 — ¢ yBepeHHOCTHIO 0.45.

06 onrumuzarym Kiaccudukanuu. MoKHO BapbupoBaTh pasbuenne obsacTu
OlIpeJIesIeHNns] OlIpeienstonero napamerpa X Ha (3aJaHHOE) YHCJIO FHHTEPBAJIOB
OIIpeieJIeHrsT XapaKTepHbIX IpejcTaBuTeseil. Kaxmomy n3 stux paszdouenwnii Oyaer

B coorBercrBun ¢ (4) comyrcrBoBarh BekTop b = (b1,...,b,), onTuMuzaUa Kiac-
cupUKAIE CBOJNTCA K MUHUMU3AIAU €10 HOPMBI.
OrnennBasi 3HAYMMOCTDH KayKJIOTO0 W3 CBOHCTB j, j = 1,...,m, UpHU pereHun

3asaun kiaaccudukamn, aHagaornaao (4) smbo (5) mocTpouM BEKTOD

bj = (blj,-~-7brj) = (|Blj|7---,|Ber;
Vi=1l...m, i=1...n, (yijCij)\/(xi¢Xk):i€Bj. (7)

Hopwma BexTOopa b; B 06paTHOM COOTHOIIEHUH ACCONUHUPYETCS CO 3HATMMOCTBIO
napamMeTrpa j.

Hakomer, octanoBuMcs BKpaTIle Ha CBA3W JAHHON MOJEIN C 3aJajdeil MpOrHo-
3UpOBAHUSA MOBEIEeHNA 00bEKTOB. VIHTepIpeTnpyst NCXOAHYIO TaOJHIYy KaK KJIACCH-
buKaTOp COCTOSHMIT 00bEKTA, a JIONOJHUTEIbHbIE SKCIIEPUMEHTAJIbHbIE JTAHHBIE —
KaK M3MEHEHHe I1apaMeTPOB HEKOTOPOro OObeKTa BO BPEMEHU, IIPOU3BEJIs IKCTPa-
MTOJISITTNIO KaXKJIOTO U3 TAPpaMEeTPOB, BO3MOXKHO HA 9TOI OCHOBE C IIOMOIIBIO JTAHHON
KJTacCr(UKAIUU OCYIIECTBIISITh IPOTHO3 COCTOsIHUST OOBEKTA, IO €r0 OIIPEIEISIONIe-
My mapamerpy. Tak, K mpumepy, oOpaTuBmmch K Tabs. 4, mpeactaBuM cebe, ITo
JaHHBbIE CTPOK 27 U 28 COOTBETCTBYIOT HADJIIOIEHUIO TOBEEHUS HEKOTOPOrO 00 bEeK-
Ta B Ilape BPeMeHHBIX TO4YeK ¢ uHTepBasioM At. HerpyiaHo BHjeTh, YTO COCTOsIHUE
00'beKTa XapaKTepPU30BaJI0Ch HHTEPBAJIOM XapakTepHoro cBoiicrBa Xi. [Ipousse st
9JIEMEHTAPHYIO, €IUHCTBEHHO BO3MOXKHYIO (DU OTCYTCTBAM UHBIX JOIIOJHUTE b~
HBIX JAHHBIX) UHTEPIOJISAINIO [I0BeJIeHNns 00beKTa, HOJLyduM CTPOKy 29 B Tabiuie
cBoOiicTB 00bekTa. OUEeBUIHO, 9TO TEepPh TPOrHO3UPYETCsI TePEXOJ] €r0 B COCTOsTHHUE,
cooTBeTCTBYyIOIEee X3.

Tabiauna 4
A" Y; Ya Ys Y, Ys Ys Y7 Yz
27 0.65 0.9 0.9 0.9 0.8 0.6 0.6 0.9
28 0.5 0.8 0.8 0.7 0.6 0.65 0.62 0.7
29 0.35 0.7 0.7 0.5 0.4 0.7 0.64 0.5
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BreiBoabl. PaccmarpuBaemast hopMmabHast MOJETb KJIACCU(PUKAIAN TOCTATOTHO
[IpO3pavHa 10 IOCTAHOBKE U IIPOCTA B UCIHOIL30BaHUN. [IpencraBisercs moae3nbimM
6oJtee ryboKo ee (popMaIn30BaTh.
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MHTEPBAJIBHAS MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYME COBEIIIAHUS C. 231-239

CpeacTBo /151 pellieHns MOJIMHOMUAIbHBIX
orpaHmveHmii B periarejie Sibcalc

11.B. Mankesuu®

BBenenue

Muorue TpUIOKEHNS B HAYKe W TEXHUKE TPEOYIOT HAXOXKJIEHUS BCEX U30JIUPO-
BaHHBIX PeIIeHUil cucTeMbl nojnHoMuAIbHBIX orpanndenuii (CIIO) na mHOXKecTBe
BEIECTBEHHBIX YHCEJI. B 9acTHOCTH, MHOIME MEXaHUYECKHE CHUCTEMbI, BKJIIOUYAO-
e B cebsl OYTH BCeX POOOTOB-MAaHUIIYJISITOPOB, OIMCHIBAIOTCS MHOXKECTBOM CO-
crostumii, 3amanubiM HekoTopoit CITO. DTo cupaBeainBo Ajs JT000ro MeXaHU3Ma,
COCTOSIITIETO U3 YKECTKUX KOHCTPYKINIA, COeMHEHHBIX mapaupamu. [losromy perre-
aue CIIO siByisteTcst MEHTPAJIBHBIM MOMEHTOM I[PU aHAJIU3€E JIBUYKEHWST MeXaHIIe-
CKUX CHCTEM U IPHU UX IPOEKTHUPOBAHUMU.

B nocseaaune apa jiecsaTKa JeT MOsIBUJIOCh HECKOJIBKO METO0B HAXOXKIEHUS] BCEX
M30JIMPOBAHHBIX KOPHEH IOJMHOMHUAJIBHBIX CUCTEM, CPEJI KOTOPBIX MOXKHO BBIJE-
JIUTh MHTepBaJibHble MeToJ B! [1-4], romoronnsle MeTozpl (homotopic methods) [5],
[6] n Mmerozp! uckiouenus (elimination methods) [7].

HemocrarkoM METO/I0B MCKJIIOUEHUsT SIBJISIETCS WX OOJIbINAs PECYPCOEMKOCTD U
3aBHCHMOCTB OT CHUMBOJIbHBIX BBIMUCJIEHUH [7], 9TO JeIaeT nX HEeNPUTOMHBIMHA TSt
pelieHnst OOJIBIINX TOJIMHOMUAJIBHBIX CHCTEM.

loMmoTOnHBIE METOBI HENPUIOJHBI JJIsi PElIeHUs] OOJIBIIUX CUCTEM U CHCTEM
orpaHuveHuil OOJIBIION CTEIeHN B CHJTy HEOOXOIMMOCTH [TPOXOXK JIEHUS [Ty Teil, YUCIIO
KOTOPBIX €CTh IIPOU3BEIEHUE CTEIIeHell MMEIOIIMXCS OrPAHNICHMIA.

KpoMme ykazaHHBIX BBIIIE HEJIOCTATKOB KJIACCUYECKUX YUCIEHHBIX METOIOB, UX
HCIIOJIb30BaHUE 9acTO ObIBaeT HEIPUEeMJIEMbIM 110 HECKOJIBKUM IPUYMHAM, B TOM
YUcje W U3-3a HAKOILJIEHUs OMMOOK OKPYIJIEHWs. B 4acTHOCTH, MOYKET CJIyIUThCsI
TaK, YTO HAKOILIEHHbIE OIIUOKM OKPYTJIEHUsI IPUBOJAT K TOMY, YTO HU OJHA U3
1udp MOJIyYeHHOro pesy/brara He Oyjer 3Haunmoii [1].

C Jpyroii CTOPOHBI, HHTEPBAJIBHBIN TIOJIX0J] TO3BOJISET TOJIYYUTh FapAHTUPOBAH-
HOe IIPUOJIMKEHHOe MHOYKECTBO PelIeHnil paccmarpuBaeMoii npobiemsr [1]. B cuiny
06a30BBIX CBOWCTB WMHTEPBAJIBHBIX OIEPAIUil PE3yIHLTUPYIONINI WHTEPBAI KarXK 0
KOHKPETHOI apu(MeTHIeCKOil olepaliu Ha, i THTEPBAJIaAMU COJIEPXKHUT BCE BO3ZMOK-
Hble 3HavYeHusl. [[03TOMYy 110 OKOHUYAaHWEM PAOOTHl MHTEPBAJBHOIO METOJA IOJIyIeH-
HBIl MHTEPBAJI BCErJa COJEPXKUT WCTUHHOE pelleHne 3ajadu. ECiu 1Moy YeHHbIi
MHTEPBAJ JOCTATOYHO Y3KUI, TO OH MOMKET PacCMaTPUBATLCI KaK Tpedyemoe pe-
[IEHUE, B IPOTUBHOM CJIy4ae 3TOT MHTEPBAJ MOXKET BKJIIOYATH HECKOJIBKO PelleHui
U JIJIS UX pa3JiesIeHnsl MOYKeT II0TpeboBaThCsl pa3bueHne pe3yJibrara Ha HOIbIHTED-
BaJIbI.

*HoBocubupcKuii rocy1apCTBEHHBIN yHIBEPCUTET, Mpv@ngs.ru.



232 II.B. Manxesuu

TpaauruoHHble HHTEPBAIbHBIE TTOIXOJbI, TO3BOJIsIS TIOJIYINTh TapAHTHPOBAH-
HOE pereHne, OOLIYHO paboTaIOT MeJJIeHHee CBOMX YUCIEHHBIX aHaJIoroB. 11o aToit
[IpUYMHE BCE Yallle CO3JAI0TCs aJITOPUTMBbI, OObEeIUHSIIONINEe UHTEPBAJIbHBIE METO-
bl ¢ apyrumu nogaxogamu. OHoM 3 HanboJsiee yCIenTHbIX TAKUX KOMOUHAIIAN J1J1st
pEIleHnsT CUCTEeM TOJMHOMMAJIBHBIX OUPDAHWYEHUN MHOTHX T€PEMEHHBIX SBJISETCS
00'beIMHEHNEe OJITHOMEPHOTO MHTEPBAJIBLHOTO MeTona HpioToHA ¢ MeTomaMu pacipo-
cTpaHeHUsl orpaHnveHnii [8].

B pannoit pabore paccMaTpPUBAETCS PEATU3AIHS STOTO METO/IA PEIIEeHUs [T0JIU-
HOMHUAJIBHBIX orpanudeHuil B pemareie Sibcalc [9]. Crarbst opranuzoBana ciey-
oM obpaszoM. Bo BTOpoit ritaBe onuchBaroTCs 0Aa30BbIe MOHSTUAS WHTEPBAJILHON
MaTeMATUKHU, JTAETCs MOHITHE WHTEPBAJIBHOTO PACIIMPEHUSI U MPUBOJISITCS OCHOB-
HBIE OIpeieIeHnsT n3 0DJIACTH PACIIPOCTPAHEHUsI OrPAHIUIEHU, HEOOXOUMBIE [JIst
JIAJIHbHEHIIero n3JI0KeHus. B ciieyromeil riaBe n3aaraioTcs: aaropuTMbl U METOJIbI
pelleHs TIOCTABJIEHHON 3a1a9u. JeTBepTasi rlaBa COIEPKUT OIMCAHUE INCIEHHBIX
9KCIIEPUMEHTOB, B HEll IPUBOJIATCS CPABHUTEILHBIE PE3YJIbTaThl PEIIEeHUsI TIOJIHNHO-
MHAJBbHBIX CHCTEM permrareseM Sibcalc u ¢ moMoIpo paccMaTpuBaeMOro MOIX0/Ia.
B 3aksrouenne mogBOAATCS UTOTH MPOJIETAHHON PABOTHI M OMUCHIBAIOTCST HAIIPAB-
JIEHUSI TAJbHEHX padboT.

1. OcHoBHBbIE onpee/ieHUsI 1 MOHSITUS

PaccMoTpruM MHO2KECTBO BEIECTBEHHBIX YUCETI PACIINPEHHOE JIBYMSI CHMBOJIAMEI
HOJIOKUTEIBHOM U oTpunaTeabHoi Geckonednoctn R = R U {—oo, +00}. Takxe
paccMOTpUM KOHEYHOe TOJIMHOXKecTBO F' MHOXKecTBa R™, comepxkammee oo u 0.
Ha npakrtuke mMHOXeCTBO F' COOTBETCTBYET BEIECTBEHHBIM JHCJIAM B MAITUHHOM
[IPE/ICTABJICHIH.

Onpepnenenne 1. Nurepsanom [[,u], rae [, u € F Ha3bIBaeTCss MHOXKECTBO Bellle-
crBeHHBIX uncest {r € R |1 <r < u}.

MmuozkecTBo nHTEpBaJIOB 0003HaYaeTcst cuMBojioM I (R). JleBblit 1 npaBblil KOH-
et uHTepBasa I € I(R) obosnavarorest Kak | u u: I = [I,u]. CumBossr €, U, N, C u
T.II. TIOHUMAIOTCS B OOBIYHOM TEOPETUKO-MHOXKECTBEHHOM cMbicjie. OTHOIIeHre 110-
panka Ha muoxecrse I(R) onpezensercs ciaeLyiomum o6pa3om: [1 He IIPEeBOCXOIUT
IQ, eCcJIn Il Q IQ.

B nmanbmeitiiem BermecTBeHHBIE YUCTA OYIYT 0003HATATHCA CTPOIHBIME JIATHH-
ckumu GykBamu (2, y, 2), uHTepBasbl — npornucabivu (X, Y, 7).

Onpenenenue 2. Ilycrs maoxkectBo S C R. 3ampikanne S — 3TO HAUMEHbINIHIA
unrepsai I € I(R), cogepxkamuit S : S C I. 3ambikanne 00beJUHEHUS JBYX UHTEP-
BasioB I u Iy obosnadaercsa kaxk I = [1 VI, : I U Iy C I. Hanmenbmmit mHTEpBAT,
COJlepXKAIUil BEIECTBEHHOE IUCIIO T, 0003HaIMM Kak {x}.

Onpenenenne 3. Ilycrs I1, I € I(R). Torga onepanun CJa0XKeHUs, BHIYUTAHNS,
YMHOYKEHUS U JIEJTEHUS 38IaI0TCS CIIETyIONIM 00pa3oM:

L+L={z+yl|zel, ye L},
11—12:{93—Z/|$€Ih y612}7
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LixIy={xxyl|zel,ye b},
L/L={z|3z€eX, yeY: y#0, z==za/y}.

3aMeTuM, YTO Pe3yJIbTATOM JEJeHHUs WHTEPBAJIOB MOXKET ObITh O0bLeIUHEHUe
JBYX UHTEPBaJIOB:

(1 {z|z<1y={z]|z<0tU{z|1<al).

Onpepnenenne 4. Iycrs Iy,...,1,, Ly,..., Ly € I(R). Torga obobiensoe nepe-
cevenue

(LU...UL)&(L1U...ULy,)=([1NL)V...V{UI, N Ly).
Pesynbrar Takoit omepamnuu MO2KeT OBITH TOYHEE, YEM ONEPAIINN BUIA
(LV...VI,)N(L1V...VL,,).

Hanpumep, ecmu [ = [—5,—1],1; = [—o0,—3],I3 = [3,+00], To I[&(I[; U I5) =
[-5,—3], B To Bpems kak I N (I1VIy) =[5, —1], n. k. [1VI; = [—00, +0].

Onpenenenne 5. Oyuxiua F : I(R)" — I(R) — 910 MHTEpBAJILHOE PACIIUPEHIE
byakmuu f : R™ — R, eciin U TOJIBKO €CJin

VIh...,InGI(R)ITl€I17...,’I’n€_[n:> f(Tl,...,Tn)EF(Il,...,In).

HTepBaJbHOEe OTHOIIEHN : — — 3TO MHTEpBaJIbLH 11~
Nurepsansuoe ornomenue C : I(R)™ true, false 3TO e€pPBAJILHOE PaC
penue orHomeHus ¢ : R" — {true, false}, ecau u Tosbko ecan

VIi,...,Ip, e I(R) : {Iry € I,...,3ry, € Inc(r,...,rn)} = C(I1,..., Ip).
Hanpumep, unrepBaibHas QyHKIES @, onpeJeneHHas Kak
0,8 @ [c,d] = [a+ ¢,b+d]

€CTh WHTEPBAJILHOE PACIIHPeHre (DYHKIINN CJI0XKEHUs BEIECTBEHHDBIX YNCET.

EcrecrBenHoe nHTEpBAJIbHOE PACIIMPEHIE BellleCTBeHHON GpyHKIuu [ 0603Hada-
ercs f , OTHOIIIEHUs ¢ obo3HavdaeTcsd ¢. JlaHHOe MHTEPBAJILHOE PACIIUPEHUE COXPa-
HSIEeT OrPAHUYEHUS B TOM BHUJI€, B KOTOPOM HX 33JIa€T IOJIb30BATEb.

JpyruM WHTEPBAJBHBIM PACITUPEHUEM SIBJISIETCS JTACTPUOYTUBHOE MHTEPBAJIb-
HOE pacCIIupeHre, KOTOpoe MPUBOJIUT OrpaHuYeHus K Jpyroit ¢dopme 3ammcu. Oc-
HOBHBIM IIPEMMYIIIECTBOM TOT'0 PACIIUPEHUS ABJISIETCS TO, YTO OHO O3BOJISIET YCTa~
HABJINBATH COBMECTHOCTH 10 Gpycam (CM. M. 2), UCHOJIb3ysl MHTEPBAJIBHBIA METOI
Herorona jyist byHKIMi 0MHOI TIepeMeHHOIA.

Onpenenenue 6. Orpanmdenue ¢ HAXOAUTCH B IUCTPUOYTUBHON (hopMe, ecu OHO
MIPEJICTABIEHO B BUJIE CyMMBbI

mi1+...+mg =0,

rje KaxKJoe cjaraeMoe m; = eyt ...z, ¢ € Q, e; € N.
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Onpenenenue 7. Pacupeesiennoe nHTEPBaIbHOE paciIupenne (pyHKImu f — 310
€CTeCTBEHHOE MHTEPBaJIbHOE pacllupeHne ee aucTpubyTusBHOM (popmbl. OHO 060-
3HAYAETCA KakK f.

Emme onmo nuTepBaNbHOE PACIIMPEHNE OCHOBAHO HA PAa3JIOKeHNN QyHKIWH f B
pan Teitnopa. /lanHoe MHTEpBAJIbHOE PACIHIMPEHNE MMEET MHOI'O BayKHBIX CBOMCTB
U MCCJIEJOBAHO MHOTHMU aBTOpaMu [§8]. D10 pacimmpeHne npejoaraeT Hajludaue y
GbYHKIME HEIPEPHIBHBIX YaCTHBIX IIPOM3BO/IHBIX HA HEKOTOPOM HHTEpBAJIe.

Onpenesienue 8. Ilycts orpanndenne ¢ umeer Buj f(z) = 0, f umeer Hempe-
phIBHBIEe YacTHble npoussoauble. I = (Iy,...,I,) — 6pyc u m; = mid(I;) — ueHTpHI
COOTBETCTBYIOIUX MHTEPBAJIOB. IHTEpBaibHOE pacmmpenne Teitopa orpannaenns
c Ha Opyce I 3a7aeTcs KaK WHTEPBAJIBHOE OIPDAHUYEHUE BUIA

" R
f(mlaamn) +Zﬂ(llaa-[n)(xl _ml) = 0.
i—1 Oz

OHUM U3 MPEUMYIIECTB TOJUHOMUAIBHBIX CUCTEM OTPAHUYEHUI SIBJISIETCS WX
mpocroe aBromMaruydeckoe uddepeHImpoBanie. DTO 3HAYUT, UYTO HPH YCEUEHUN
KaXKJIOTO M3 U3MEPEHUHl UCXOIHOTO Opyca MOXKHO BOCIOJIHL30BATLCS ITPOCTBIM U 3(-
(eKTUBHBIM HHTEPBAJbHBIM MeTOI0M HbIOTOHA.

B anropurme, paccMarpuBaeMoM B JaHHOM paboTe, MCIIOIb3yeTCsi KOMOMHAIUS
WHTEPBAJBHBIX METOJOB U METOJIOB YJIOBJIETBOPEHUA OIPDAHUYEHUN, OCHOBHBIM II0-
HATHEM KOTODBIX sIBJISETCS MOHATHE cOBMecTHOCTH. Hampumep, mpu Cy>KeHnn KaxK-
JIOTO OTJIEJIBHOIO M3MEPEHUs HCIIOJIb3yeTcsi ofgHoMepHbIii MeTon Heiorona ¢ mpu-
MEHEHUEM YCJIOBUS COBMECTHOCTH IO OpycaM, KOTOPOe sBJIeTCS IPHUOJINKEHHEM
ycqiosusi copmecTHOCTH 110 jiyram [10]. Hecrporo rosopst, orpanudenue ¢(z1, . . ., Ty)
COBMECTHO IO JyraM, ecju He oiHa u3 [); objacreil ompeiesieHus IepeMeHHBIX
T1,...,T, HE MOXKET OBITH OOJIBIIE CyKEeHA, UCIOJIb3Ys IPOEKINN OTPDAHUICHUS C.
Huxe OyyT manbl HeOOXOIMMBIE OIIPeIe/IeHNs], UCIOJIb3yeMble B METOIAX PACIPO-
CTpPaHeHUd OIPAHUYCHUN.

Onpenesnenne 9. [IpoeKknus orpaHIYeHNs ¢ — 3TO IIapa OTPAHIYECHUS ¢ U HHIEKCA
i:{c, i), i=1,...,n.

Onpenenenne 10. Tlpoeknus orpanudenus (¢, ) COBMECTHA [0 JyraM B 00J1aCTH
Dy x...xD,, eciiu ¥ TOJBKO €CJIN

D;=D;N{r;|3r1 € Dy, ..., Iri1 € Di_1, Iriy1 € Diya, -. oy
Irp, € Dy oclry,...,mn)}
Onpenenenue 11. Orpanmdenne ¢ COBMECTHO 110 JyraMm B objactu D X ... X Dy,
ecIu Kaxk/asl ero IPOEKIMs COBMECTHa B 9Toil obaacrtu. Cucrema orpaHmdeHuit

coBMecTHa B objactu Dy X . .. X D,,, eciin KaxK10€ OrpaHmIeHne COBMECTHO B TAHHOM
001aCTH.
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ITo mekoTopoit HavwaabHON ObsacTy Dy X ... X D, aqropuT™M COBMECTHOCTHU TIO
JIyTaM BBIYUC/ISIET HAMOOJBIIYIO 000/ IaCTh HAYAJILHON 00JIaCTH, HA KOTOPOH BCe
OTpaHUYeHHsT COBMECTHBI. Takast 1oj100/1acTh BCerjia CyNIECTBYeT U €MHCTBEHHA.
Aurroput™ coBMECTHOCTH TIO JyraM 3(h(MEKTUBEH JiJisl PEIIeHUsT JUCKPETHBIX KOM-
OMHATOPHBIX 3a7a4d. TeM He MeHee, YCJIOBHE COBMECTHOCTH IO JIyraM He MOXKET
OBITH BBIYUCJIEHO B OOINEM CJIyvae Ha BEIIECTBEHHBIX 0OJIACTSX C MOJUHOMUAABHbI-
MM OTpaHUYeHUsMH. [8]

VciioBre COBMECTHOCTD 10 OpycaM sIBJIS€TCsl HEKOTOPO allpOKCHMAIel COB-
MECTHOCTH 10 jyraM. [l Hava/a BBeJeM MOHSATHE NHTEPBAJIBHON IPOEKINH OrPa-
HUYICHMUS.

Onpenesienne 12. Hazosem nHTepBaibHON npoekipedi orpanndenust (C, i) napy
uHTepBasbHOro orpanndenus C u ungekca i (1 =1,...,n).

Onpenenenue 13. MurepBanabHas MPOEKINsa OrPAHUYIEHNST COBMECTHA IO Opycam
Ha Gpyce I = (I1,...,I,), eciim u TOIBbKO ecsn

C(Ih...,li_l, [l,l+],li+1,...7fn) & C(Il,...,li_l, [uf,u],li_H,...,In),

rue | = left(1;),u = right(l;). VarepBanbHoe orpaHndeHre COBMECTHO 1O Gpycam
Ha Opyce I, ecam KaxKJag U3 €ro MHTEPBAJLHBIX MPOEKIHM COBMECTHO 10 Gpycam
na I. Cucrema MHTEpBAJLHBLIX OIPaHUYEHUIT COBMeCTHa, 110 OpycaM Ha Gpyce I, eciiu
KaxkJI0€ MHTEpBaIbHOE OIPAHMYEHNE COBMECTHO 1o Opycam Ha, 1.

Ounpenenenne 14. Ilycrs (C,i) wuHTepBajbHAs NPOEKIUS OrPAHUYEHUS U
(I,...,I,) — Gpyc, TOrma OmepaTop Cy>KeHuUsI

Red((C,i), (I, ..., Iy)) = (I, ... . Li=1, I, Liq, ... 1), I C I

€CTh HanboIbITIee TIOIMHOKECTBO, TAKOE ITO HHTEPBATLHAS IIPOEKITISA OTPAHIIeHIs
(C, i) coBmectna no Gpycam Ha 6pyce (I1,...,Li—1, I, Tiy1,..., 1)

2. Omnmcanme moaxoa

B ,ZLaHHOﬁ pa60Te pacCMaTpUBaeTCdA 3a/ a"9a HAXO02KIECHNA BCEX M30JIUMPOBaAHHBIX
peH_IeHI/Iﬁ CHUCTEMBbI IIOJIMHOMUAJIbHBIX OFpaHI/IquI/Iﬁ

pl(‘rla"'axn):()a R pn(xla"'axn)zo

B unTepBabHoM 6pyce I = (19, ... I%). D1a 3amaua MokKeT GBITH PACCMOTDEHA B
ceytoreii popme: Haiitu Bee Opychl [1, . . ., [, YIOBIETBOPSIIOIIME CUCTEME BUIA

P(I)>0, ..., P,(I)>0,

e P; — uaTepBa/ibHbIE PACITUPEHUST TIOJTUHOMOB P;, © = 1,..., M.

BosibmmHaCcTBO MHTEPBAIBHBIX METOMOB MPEICTABIAIOT COOO# aJrOPUTMBI TJIO-
6aJIbHOIO MTONCKA, COCTOSINEr0 U3 ABYX OCHOBHBIX YACTEl: yCedeHns UCXOTHOTO OPy-
ca 1 pa3bueHue ero Ha JiBa HOJOpYyca JJIsd JAJIbHEHIIEro UX yCedeHusd.
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Ilporienypa Solve

Bzod: S — cucreMa NOJMHOMHUAJILHBIX OIPAHUYEHUI (MHTEPBAJILHBIX paCIIApe-
uuii), [y — HAUAJIBHBIA GpyC.

Bwixod: Habop Bcex OpyCcoOB yIOBIETBOPSIONINX CUCTEME.

Hauvano: 1. I =Prune(S, Iy) ! cysumv unmepsan
2. if (I — menycroii) then
3. {if (I — nocrarouHo mai) BepHYTb [}
4. else
(I, Iy) =Branch(I) ! paséumo 6pyc na dea nodbpyca
BepHyTH Solve(S, I1)USolve(S, I1).

Koneu,.

IIpengioxxenne 1. ITycms C unmepsanvroe pacwupenue ozparusenus ¢, (Cyi) —
unmepsasvras npoexyus oepanusenus, (I, ..., I,) opyc u

<I1, .. .,Iifl,l, Ii+1, ce ,In> = Fied(((j7 i>, <Il, N ,In>)

Toz0a
{7"1 eh,....,mtmel, & c(rl,...,rn)}:>n el

Hoxka3zarenscrBo. Ilpemnonoxum, ry € Iy,...,r, € I, u r; ¢ I. Torma au6o
r; <1, mabo r; > u, rue I = [l,u]. Ecau r; < I, T0

C(Il, . 7Ii—17 {’I“i}, Ii+17 e 7In)
IO OIIPpEIC/IEHNIO NHTEPBaJIbHOI'O PaCIIUPEHUA 1
C(Ila SRR Ii—la [uivuLI’H—la s aIn)

1o npenosoKenuto. Takum obpazom, C' yI0BIETBOPSIET YCIOBAIO COBMECTHOCTH 110

6pycam Ha 6pyce (I1,...,L;—1,IV{r;},Lit1,...,I,), 9TO IPOTHBOPEIUT TOMY, UTO
I zamaer naubosbmuii uarepsas us I;, takoit aro (C,i) yIOBJIETBOPSIET YCIOBUIO
coBmecTHOCTH 110 Gpycam Ha 6pyce (I1,...,IL;—1,1,L;ivqy,...,I,). Cayuait r; > u
JIOKA3bIBACTCA AHAJIOTHIHO. O

Temepp mepexonuM K CJIEAYIONEMY IMary — ONUCAHUIO AJTOPUTMA yCEUeHUS.
JlaHHBIN AJITOPUTM COCTOUT M3 IIPUMEHEHUs OIEPATOPA CYKEHUsI HA KaXKYIO IIPO-
€KIUIO OrpAaHMYEHUs 0 TeX II0P, II0Ka ycedyeHre BO3MOKHO.

Ilponienypa yceuenusi Prune
Bzod: S — cucreMa MOJUMHOMHUAJILHBIX OIPAHUYEHUI (MHTEPBAJILHBIX paCIInpe-
uwuii), [y — HAYAJIBHBIA GpYyC.
Buvixod: Haunbosnbmmit 6pyc I C Iy : S(I).
Hawvano: 1. Repeat
2. I,=1
3. Box_prune({(¢,i) | c€ S, i=1,...,n},1I)
4. Until (I = I,).
Koneu.
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Procedure Box prune

Bxod: P — MHOXKeCTBO MHTEPBAJIBHBIX IPOEKIMiI orpaHudeHuii, I — BXOJHOI
o6pyc.

Buwixod: I — ycedennslii 6pyc.

Hawvano: 1. Repeat
2. I, =1
3. I =({Red(p,I)|pe P}
4. Until (I =1p)

Komneu,.

st peanm3ariu omepaTopa Cy>KeHUsi BOCIIOJIB3YEMCS CJIEIYIONNM YTBEPXKIe-
HHUEM.

IIpennoxkenue 2. Kaoicdwil noav gynxyuu f na unwmepsanse I aesrcum maroice
6 unmepsane N(F,F' T).

Baece N(F,F'.I) = IV [{mid([)} - W} Wnrepsanbaas QyHKIWMs

o/IHOI 1lepemenHoil F' mosydaercss n3 ¢pyHkiuu f, f U UHTEPBAJIbHON IIPOEKIUU
orpanndenus (C, 1) ciaemyiomum 00pa3oM: Bee IepeMentbie X ; HHTEPBAILHON (DyH-
KIIUU f, 3a HCKJIOYeHneM X;, 3aMEeHSIOTCS COOTBETCTBYIONIMMU MHTepBasiamu I
cyxkaemoro 6okca I = (I4,...,I,). Ananoruuno, dbyukuus F’ nosyuaercst u3 ecre-
CTBEHHOI'0 WHTEPBAJIBHOIO PACITUPEHUS TPOU3BOIHOM dyHKIUA f.

Taxum obpazom, omeparTop cyzkeHus Opyca Ijis eCTECTBEHHOIO MHTEPBAJIHLHOTO
paciupennsi MOYXKHO 33/1aTh B BHUJE

Red((C,i),I) = N(F,F', I,).

JI1st Ka2KJ10ro M3 ONMUCAHHBIX BBIIIE MHTEPBAIBHBIX PACIIMPEHU (CM. onpesierie-
Hue 5) MOXKHO OIIPEJIE/INTD CBOii oneparop cyKenus. VI3BeCTHO, 4TO HHTEPBAJIbHBIH
meron, HbroToHA 711 €CTECTBEHHOTNO MHTEPBAJIBLHOTO PACIIUPEHUsT XOPOIIO 3aPEKO-
MEeHI0BaJI ce0sl Ha IMUPOKUX WHTEPBAJIAX. B TO 2Ke BpeMsi, HHTEPBAJIbHOE PACIIIpPe-
uue Teitopa xopoIro paboTaeT Ha y3KUX WHTepBasiax. /ljid peasusanuu omneparopa
CyKEHHUsI JIJIsi PaCIIPeJIeJIEHHOIO MHTEPBAJIbHOIO PACIHIUPEHUS] MOXKHO BOCIIOJIB30-
BaThC OCOOEHHOCTSIMU 9TOT0 MHTEPBAJILHOTO paciimpenusi. Tak yKe Kak U IPHU HC-
[TOJIb30BAHUN €CTECTBEHHOTO MHTEPBAJIHLHOIO PACIIUPEHUsI, PACCMOTPUM (DYHKITIIO

F(X)=f(I1,....Ti-1, X, Ii1, ..., I).

Jlasiee HEOOXOAMMO OTBHICKATH HysaH 9To¥ (dyHKImu. OCHOBHAS WJIEsl, MCIIOJIb-
3yeMasi 371eCh, COCTOMT B ONPAHUYEHWUN JIAHHOW MHTEPBAJBbHON hyHKkuu F 1Byms
BeIlleCTBEeHHBbIMY (DYHKIIUSIMU OJIHOM BEIEeCTBEHHOIl IlepeMeHHoi f; u f,, ompeie-
JIEHHBIMU CJIEJIYIOIIUM 00Pa30M:

filz) =left (F({z})),  fr(x) = right (F({z})).
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3aMeTuM Terepb, 9TO yCedeHue {-r0 N3MEPEHUsT MOYKHO TIPOBOJIUTD ITPU TIOMOTITH
[TOMCKA CAMOTO JIEBOT'O HYJIsI HHTEPBAJILHOrO pacuiupenus F; dyHknuu f; u camoro
[IpaBOTO HYJIs HHTEPBAJBHOIO paciupenns Fj. dyHkmum f.

OCHOBHBIM ITPEUMYIIIECTBOM PACIPEIEIEHHOIO HHTEPBAJIBHOIO PACIIIMPEHNS B~
Jgercd 10, 9ro (yukuuu f; u f,. MoryT ObiTh Jerko Haiimennl. Pyuknua F(X)
UMeeT BUJ

F(X)=hLhX™ +...+I,X",
Torma dyukust f; onpemensieTcs CaeaymuM 00pa3oM:
fi=low(li,z,n) + ...+ low(lp, z,np),

e
left(I)z™, x> 0 miu n — deTHOE,

low(I,z,n) = {

OyHKIWA [, OUpeeeHa Kak

right(I)z"™, wuHaue.

fu(z) =high(l1,xz,n1) + ...+ high(I,, z,n,),

e
right(I)z™, « > 0 wiu n — gerHoe,

high(7 =
igh(7,z,m) { left(I)x™,  unaue.

Jajiee, aHAJOrUYHO ONEPATOPY CYKEHUs IJIs €CTECTBEHHOIO HHTEPBAJIHLHOIO
pacIupeHnsi, MOYXKHO IPUMEHSATh NHTePBaJIbHBIN MeTo HpioToHa Ha JaHHBIX DYHK-
USX JJIS [IOUCKA UX HYJIEl.

3. YucsaeHHBbIE YKCOEPUMEHTHI

Jlist perieHust OJMHOMUAJILHBIX cucTeM 6bL1 peasmu3oBan Meron PR-Solver (Po-
lynomial Relations) ¢ ncmosb3oBanneM OMMCAHHOTO B JAHHON paboTe moaxoa. IToT
MeTOJI CpaBHUBaJICs ¢ pernareseM Sibcalce [9], B KOTOpOM pu peneHnn JaHHBIX 3a-
JIad MCITOJIb30BAJICS METOJ] MHTEPBAJIBLHOTO PACIPOCTPaHEHUs OrPaHUYEHUN u Ou-
cekiusi. CpaBHEHHUE MPOBOIMIOCH HA KOMIbioTepe ¢ mporeccopom Celeron 4-2000
¢ 640 M6 oneparusHOit namsaTu u oneparnunonuoit cucremoit WindowsXP. B Tabsm-
1le IPEJICTABIEHBI PE3yJIbTaThl TECTUPOBAHUS METO/IA HA HECKOJbKHUX ITOJIHHOMMU-
aJIbHBIX crucTeMax. lIpuBelieHO BpeMsl pellleHusi Kakjoil cucrembl. IlorpentHocts
BEIYKC/ICHNMIT 3a1aBasachk pasHoil 1078, Bpenmena yKasaHEl B MIJLIHCEKYHIAX.

Anauzupyst TpuBeIeHHbIE PE3YILTATHI, MOXKHO CKA3aTh, UTO BPEMEHA B IEJIOM
COTOCTAaBUMBI, X0Ts Sibcalc mmeeT HEOOJIBIIOE TPEUMYIIIECTBO. DTO MOYKHO O0bSIC-
HuTh TeM, 9ro B PR-Solver peanm3oBanbl erie He BCe METOJIBI, TO3BOJISIONINE CY-
IIECTBEHHO YIydIaTh 3O@PEKTUBHOCTh aJropuTMa. TakKe OTMETHM, UYTO METOJIbI

Tun PR-Solver Sibcalc
{y=2, y=—z} 0.0 0.0
{y =22, y=1} 0.02 0.0
{y=22 y=—22+1} 0.04 0.015
{22 +y? =4, y=0} 0.02 0.01
{22 +y? =4, 22 — 4z +y? =0} 0.03 0.02
{y =22, 22 +y%2 =4} 0.06 0.045
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10 TEXHIYECKUM IIPUIMHAM He CPABHUBAJINCH HA 33/1a9aX C OOJIBIIAM YUCJIOM IIepe-
MEHHBIX ¥ OI'DAHNYEHUl, B KOTOPBIX PACCMATPUBAEMBII II01X0/T UMeeT HANOOIbITHT
BBIATDBIIIL.

3akJrouyeHue

B pabore npomeMoHCTpUpOBaHa BO3MOYKHOCTH IIPUMEHEHUs] METOMa JeJIEHUS U
ycedeHus HapsIIy ¢ KJIACCHIECKUM MeTooM HbIoTOHA JIJTsl peneHust TOJTMHOMUAJTb-
vbIX cucreM. C ero moMoOIbi0 MOXKHO PelIaTh KaK MMOJUHOMUAJIbHBIE YPaBHEHUsI
OZTHOM IIepeMEeHHOH, TaK W CHCTEMBbI MOJIMHOMUAJIBHBIX yPaBHECHUN.

Ha mammom sramne pazpaboTku peagn30BaHO TOJIBKO €CTECTBEHHOE HHTEPBAIBHOE
pacmupenne U BeJeTcss paboTa HaJ PacIpeIesIeHHBIM NHTEPBAJILHBIM PACIIMPEHN-
eM. CJreyroImmM 3TaoM JIjis yBeJindeHus 3(pheKTUBHOCTU CUCTEMBI OYyJIeT BBEJIEHO
nHTEepBaJibHOE pacmupenue Teitopa. OTaeIbHBIM HanpaBjeHreM OyayIux paboT
OyZeT KOMILIEKCHOE CPAaBHEHWE PEAM30BAHHOIO MOIXO0A C JAPYTUMU CYIIECTBYIO-
MU ITaKeTaMH PEeIIeHUs] CICTEM ITOJNHOMUAAJIBHBIX YPaBHEHUIA.
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Ancambanu cucrem nuddepeHnnaabHbIX YPaBHEHMIA
C MHTE€PBAJbHBIMUI JTAHHBIMU

A H. Porajes*

Annortanmsa. Ilocrpoenne ABYCTOPOHHHX M MHTEPBAJILHBIX OIEHOK MHOXKECTB DEIIeHH
nuddepeHIaIbHBIX YPABHEHUH € HETOYHO 3aJaHHBIMU (MHTEPBAJBHBIMHU) JAHHBIMU
CHJIBHO YCJIOXKHSIETCSI S9KCIIOHEHINAIBHBIM POCTOM 3TUX PAHUIl. DTOT POCT, HA3LIBAEMBII
“wrapping effect”, Tpebyer paspaboTKu METOMOB OIEHKHU, KOTOPBIE Obl YCTPAHSIIN €0 BJIUsI-
HEe. B cTarpe paccMaTpHBaIOTCS CBOHCTBA pelleHnii ancambuieil cucreM nuddepeHnuab-
HBIX YPABHEHUIH, SIBJISIIOIIIXCS MHOKECTBAME BCEX BO3MOXKHBIX CUCTEM, COOTBETCTBYIOIIIX
M3MEHEHHSAM JIAHHBIX 33/1a49 B [IPeJIeIax COEPXKAIlUX UX MHTePBaJIoB. [IpHHIMNNAIbHBIM
MOMEHTOM SIBJISIETCs, B 9aCTHOCTH, COXPAHEHUE XapaKTEepUCTUK (a30BOr0 IOpPTpPETa aH-
caMOJIsl TP BO3MYIICHUN 3aKOHA JBUKEHU:A. MeTompl, OCHOBAHHbIE HA AIMIPOKCHMAINN
oleparTopa CIBHUTra BIOJb TPAEKTOPUHU, CTPOAT FapaHTHPOBAHHbBIE I'PAHMUIIBI MHOXKECTB De-
[IEHU, ACUMIITOTHYECKU TOYHbIE OTHOCUTEJIBHO KaXK10# KoopauHaTel. [IpuBojsrces npu-
MepBbI BBIUHUCJIEHHBIX I'DAHUI] MHOXKECTB PEIIeHU I IPAKTUIeCKUX 3a,1a.

BBenenune

B crarbe paccmarpuBaercsd 3aja4da HAXOXKIEHUS FapaHTAPOBAHHBIX I'DAHUIL U
HCCJIEJIOBAHUS CBOMCTB MHOXKECTB PEIIeHUIl JITHAMUYECKUX CHCTEM C WHTEPBaJIb-
HBIMU (HETOYHO 3a/IaHHBIMU) JAHHBIMA

% =flty), y(t") =y eY" (1)
Bnecy YO oboznauaer unrepsas B R™ wam npaMOyro/bHbI mapasuiesenues. [o-
J0OHBIE 33J1aYU CBS3aHBI C IPUHITUIIHAJIBHON HETOYHOCTHIO OIIPEJIESIEHUS TAaHHBIX
JIJISI MHOTHX KJIACCOB 3a/1a4, OIMChIBAEMbBIX CHCTeMaMi OOBIKHOBEHHBIX JndpepeH-
nuaabHbIX ypaBHeHnuii. CJI0XKHOCTH, KOTOPhIe BO3HUKAIOT [IPU PEAIIM3aIIN PA3JIAY-
HBIX METOJIOB PEIIeHusl 3aJad ITOr0 KJIACCa XOPOIIO m3BeCTHBI. JIns OGoJbImH-
CTBa METOJIOB HAOJIIONAETCS SKCIIOHEHIMAJIbHBIA POCT TPAHWI] PEIleHnil, HA3BaH-
meIi (29, 26, 28, 33, 34, 20, 21| “wrapping effect” (3cpdexr or “ob6BeprHIBaHMS”
MHOKECTBa TOYHBIX PelIeHHil B 000JIOUKY, YIAKOBKY). XOTsI BBIOOD 3TOIO TepMU-
Ha 03HAYAET IOMBITKY MTOSICHUTH IPUIMHBI 9TOTIO SIBJIEHUSI, OYEBUIHO, YTO HOJIHBIN
HMCUYEPIIBIBAIONINI aHAJIN3 TAKUX [IPUYUH OTCYTCTBYET. | 'apaHTUPOBaHHBIE METO/IHI,
OCHOBaHHBIE HA ANMIPOKCUMAIIAN OIEPATOPA CIABUTA BJOJIb TPAEKTOPUU U CHMBOJIb-
HBIX POPMYJIaX ITUX MPUOJIMIKEHHBIX Permennii [8—18| mosBosoT IpeooIeTs Bin-
sune 3ddeKTa IKCIOHEHIINAILHOTO PocTa rpaHull. Kcan mnpaBas 9acTh CHUCTEMBI
b depeHInaIbHbIX YPABHEHUN YIOBJIETBOPSIET YCIOBUIO IuddepeHInpyeMocTu
[0 HAYaJbHBIM JIAHHBIM, TO 9TO YCJOBHE MOXKHO HCIIOJIB30BATDH JIJIs HAXOXKJIEHUSI
U UCCJIeJOBaHUS CBONCTB IIy4YKa PEINeHNH ¢ HAYAJIHHBIMA YCIOBUSIMU, OJIU3KAMA K
HEBO3MYIIIEHHBIM.

*UucturyT BeraucauTeabroro mogenuposanus CO PAH, Kpacuosipck, ran@krsk.info.
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1. Hecratucruueckme ancamo6Jiu cucteM
auddepeHInaIbHBIX CUCTEM OOBIKHOBEHHBIX
auddepeHInaabHbIX YPAaBHEHUI C MHTEPBAJIbHBIMU
JAaHHBIMU M MHO>»KE€CTBA BO3MYIIIEeHU

Paccmorpum mpu ¢t = t° B obmactu 2 C R”, 3apucameit ot 0 ancambin T'ubbcea
cucremsl (1). Tlox ancambiem I'nG6ca [2] Oymer HOHUMATHCH MHOMXKECTBO HIECHTHY-
HBIX cucreM Buja (1) ¢ OIMHAKOBBIME IPABBIME YACTAME, OTJIMYAIOIIUMUCS JAPYT
JIMIIb HAYAJBHBIME 3HaYeHuAMHU. AncamOuro cucremsl (1) GyzieT cOOTBETCTBOBATH
B 00J1acTH X TIpH KaxkJI0M t aHcaM0OJib m3o0pazkaromux Todek. Kaxkaas u3 n3obpa-
xatomux Touek y° € Yy, ABUragch 1Mo TpaekTopuaMm cuctembl (1) coracHo mpe-
obpasosanmuio y(t) = Sy°, momecrures coorsercTBeHHO B Touky y(t) € ¥;. Takum
obGpasom, omneparop casura S(t,tp) nepesomut obsacts X, B obmacts L C R”
3a Bpems t — to. Tpaekropun ancambis cucrem (1) paBHOMEPHO pacupejeieHbl B
ancam0Jie, BO3MOYKHO TI0 JIPYTOMY BEPOSITHOCTHOMY 3aKOHY, ITO OY/IeT MEHSTH I10-
CTAaHOBKY 3a/Iavl U CBONCTBA pelIeHuil 3Toil cucrembl. B masibHeiieM B mpeenax
9TOi CTATHU TaKas IIOCTAHOBKA He OyJIeT PAaCCMaTPUBATHCS.

[Ipemosoxum, 9T0 y HAC €CTH 3aBUCAMOCTb, 3a/IAI0MIAsT TIOTHOCTD TTONAAHUS
TPaeKTOPHUil B HEKOTOPYIO 00/1aCTh (Hha30BOr0 MPOCTPAHCTBA Ly,, OOO3HAYUM ITY
mwioraocts D(t,y). pukenne ancam6iis uzobpazkaronux Todek y° € 3y, nmepeme-
MIAIONIUXCS BJIOJIb WHTEIPAIBHBIX KPUBBIX cucTeMbl (1) coryiacHo mpeobpa3zoBaHuio
Yy = St ¥, GyeM TpaKTOBaTh KaK TeueHne HeKOTOPOil HeIpephIBHOI cpepl B R™ ¢
wioTHocThI0 D(t, y) B TOUKe Yy B MOMEHT BpeMeHH ¢. Tak Kak u3MeHeHHe IIOTHOCTH
D(t,y) B KaxkgoM asiemMenTe (Ha30BOro HpocTpaHcTBa R™ 00yCIOBIEHO Da3MIneM
10 BEJIMYMHE IIOTOKOB, M300ParKaloInX JIBHKEHHE TOYEK 4Yepe3 €ro I'PaHUILy, TO
dyukuusa D(t,y) yI0BIETBOPSET yPABHEHUIO HEPAZPLIBHOCTH

8Dty 8Fty

5 D(ty) =0 @

i=1

7 Ha3bIBaeTCs OOOOIIEHHBIM ypaBHEHHEM JIMyBUJIISI OTHOCHTEIBHO IJIOTHOCTH
D(t,y) n3obpaxatomux Touek cucreMbl (1). Ypasuenue (2) coBnagaer c mudde-
PEHIMAJBHBIM yDABHEHUEM II0CJIeHEro MHOXKUTes SIkobu cucrembr (1).

Kaxknpiit 13 JByCTOPOHHUX METOJIOB MMEET CBOU CBOICTBA, BBIJEIIAIONIIE €TI0
Ccpeiu JIPYyruX MEeTOJIOB, OJIHAKO IMIPUHITUIIHAIBHBIIT MOMEHT JIJIsi HUX — 9TO CBONCTBO
BEPXHUX U HUKHUX TPAHMUIL ABJISITHCS PEIIEHUAME MAyKOPUPYIOMKX ypaBHeHuii [19,
25, 37, 3|.

WnrepBajbHble METOMBI BBIIOJHSIOTCS IONIANOBO TAK, YTOOBI O0ECIEUTUTDH HA
KaXKJIOM Iare 1Mo BPEMEHM BKJIIOUEHUE BCEX TOUYHBIX PEINEeHUi B MOJIyJIeHHBIE WH-
TepBajbHbIE BEKTOPDI, Ha OCHOBE CBOWCTB MOHOTOHHOCTH OTHOCHTEJIHHO BKJIIOYE-
HUsI MHTEPBAJIbHBIX omnepanuii. Hambosiee pacimpocTpaHeHbl METOIbI, TIOCTPOCHHBIE
Ha OCHOBe pazjoxkeHwnit mo ¢opmysae Teitmopa. [Ipuaunramu 3TOTO SABISETCS BO3-
MOXKHOCTH €JINHBIM 0OpPA30M OIEHUBATH BEJUYIUHY I[VIOOAJIBHOM OIMMOKKA METO/IOB
psoB Teitsiopa, HaXOUTh UX 00JACTU 3HAYEHUMN, U COCTABJIATD JJIs HUX IIPOCTHIE
MIPOTPAMMBI, BBIYHUC/ISIIONINE 3HAYCHUST TPOU3BOIHBIX BBICOKUX TOPSIIKOB OT Ipa-
BoOll wacTu MeromamMu aBromMaTudeckoro mauddepentmposanus. O6G30pbI CYIIECTBY-
FOIIUX HHTEPBAIIBLHBIX METOJIOB JIaHbl B paborax [30, 24, 35] (P. Myp, Tx. KopJmuce,
A. Hoiimaiiep).
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BoJIbIIMHCTBO METO/IOB, TaK MJIM MHAYE OCHOBAHHBIX HA PA3JIOXKEHUM PENICHUI
o dopmyite Teittopa, COCTOAT U3 ABYX ITAIOB UCIIOJIHEHUSI, KOTOPBIE MOXKHO yCJIOB-
HO Ha3BaThb 3TAllaMU MPEJINKTOP-KOPPEKTOP.

ITepsbiii sTain (IPeUKTOp) 3aKII0YACTCA B OIPEJIEICHIN allPUOPHOIO BKJIIOYe-
HUS Y; U BeJUUMHLI mara h; TaKux, 41005l pemenue 3amaun (1) y(t) cymecrBoBao
Ha uHTEpBae [t;, ;1] IpH MOOLIX HAYAILHLIX YCJIOBHAX Y, € Y; M IPH 3TUX
YCJIOBHUAX BBIIOJIHSIOCH BKIIOYEHIE

U (y(t,tj,y(tj))> cy;

y(t;)€Y;

s Beex ¢ € [t,T541].

Bropoii sran (KOpPEKTOD)COCTOMT B YTOYHEHHM IIOJYICHHOIO HHTEPBAJA
(YMeHBIIIEHUY €ro MHUPHUHBIL), UCHOIb3Y Y (1).

OnnceiBaeMast IpyTa NHTEPBAIBHBIX METOJIOB, OCHOBAHHBIX HA MCIOJIb30BAHNN
psanos Teiinopa, naxomur Brimodenue Vi € [t;,t;41]

k—1
y(tto. Yo) CY (1) =Y;+ Y Y (t—1;) +Yj,.
=1

Dror noaxon, 6el1 Havar B padorax Mypa [29] u siBisieTcst OCHOBHBIM JI0 Ha-
CTOSIIIEro BpeMeHU. Bhljin BHECEHBI CYIIIECTBEHHBIE MOIM(MDUKAINN B NHTEPBAJIbHBIE
METOJIbI, UCIOJIb3YIOIIe PAa3JIOKEeHNs B Dbl Teiljiopa, HO OHM HE 3aTpParuBaJId
[IPUHIANAAIBHBIX MOMEHTOB.

BonbInyio u3BecTHOCTD Cpeji MHTEPBAIBHBIX MeTo0B perterns QLY mpubpe-
s MeTonbl Maremaruka P. JIorepa [27]. DTo o6bsicHsieTcst, pasyMeeTcs, B IEPBYIO
odYepeib TeM, UTO BBIIIOJIHEHA IIPOrPaMMHAsl Pean3alldsl STOr0 METO/a, C IIOMO-
b0 KOTOPOH IPOCYNTAHBI WHTEPBAJIbHBIE OIEHKH JIJisi PEIeHNiI HEKOTOPBIX CH-
crem OJLY. Meron Jlonepa mpezacrapiisier MoaudUKAINIO HHTEPBAJIHLHOTO METOA
psnos Teitnopa. OcHOBHOE cojiep:KaHUe M3MEHEHHT COCTOUT B TOM, YTO Ha KarKJIOM
mare U3MeHEeHHe OPUEHTAIMN HHTEPBAIbHOIO BEKTOPa (IIPSMOYTOIBHOIO MapaJlie-
JICTIATIE/IA) OTHOCUTEIBHO KOOPAMHATHBIX OCEi MCIIOJIHACTCS Iy TEeM JIOMHOKEHUS Ha
CITEIUAJIBHO TIOJOOPAHHYIO MATPUILY BPAIEHUS.

MeTompl, OCHOBaHHBIE Ha HHTEPBAJIBHBIX (hopMax passioxkenunii mo dpopmyie Teii-
JIOPA, UCIIOJIB3YIOT CJEIYIONLYI0 TEXHOJIOIMIECKYIO MEMOYKY I0KA3ATEbCTBA BKIIIO-
qenust pemrennit. [IpousBoguTcest 3ammch UCXOaHOTO MM @PEPEHITHATHLHOTO yPaBHe-
HUsI C TOMOIIBIO oneparopa llukapa—/Iunjesreda, pu OnpeeeHHbIX YCIOBHUAX
Ha KO3 DUIUEHTHI TOCTABJICHHON 3aJ[a9i CIIPABE/JIUBBI TEOPEMbI O CXKUMAIOIIEM
oroGpaxkeHun [29].

JIByCTOpOHHUE M WHTEPBAJbHBIE METO/BI TPOU3BOIAT BKJIOUYEHNE TOIHBIX De-
meHuii, TocKoJIbKYy B onteparope [lukapa—Jlunaeneda npasbie 9acTu MpeICTABISIOT
MHOTO3HAYHbIEe (MHTEPBaIbHBIE) (DYHKIMN

CobCTBEHHO BKJIFOUEHUE TOYHOI'O PEIeHUs! 33J]a9l B IIOJIyYaeMbIil HHTEPBAJIb-
HBII BEKTODP OOOCHOBBIBAETCSI TE€M, UTO I'PAHUIILI ITOIO BEKTOPA SIBISIOTCH (haKTH-
9eCKU PENeHUSIMU YPaBHEHUN CPaBHEHUs. DTO CJIEAYET U3 BKIIIOUCHUS

yO(t) +/t (y"'(s))ds € | F(t)(s)ds.

0 10
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WNurepBasibabie MeTONBI pernterns TuddepeHIaIbHbIX yPABHEHUI W JIBYCTO-
POHHIE METOJIbI OCHOBAHBI HA MaXKOPUPOBAHUU HCXOJIHBIX YPABHEHUIT C ITOMOIIBIO
ypaBHEHU{ CpaBHEHUS 1 TPUMEHEHIH TeOPeM O UM HEPEeHIINAIbHBIX HEPABEHCTBAX.
Teopembl 0 auddepeHIpaIbHbIX HepaBeHCTBax [37] ucciiemoBaHbl JOCTATOYHO 10
JPOOHO M MIPUMEHSIOTCs B 337adax ycroitanoctu. OHAKO HAM TOTPEOYIOTCS CIie-
nuaJbHbIe (GopMbI A dEepEHITHATBHBIX HEPABEHCTB.

Teopema. Ilycmwv u(t), u(t), u(t) — nenpepwviervie na unmepsane [a,b] u Jugh-
eperyupyemoie na omxpvimom unmepeane (a,b) sexmopnvie Pynryuu, GyHEYUL
f(t,u) nenpepwiena u ydosaemeopsem ycaosuro Junwuya

[t u) = F&0)l| = sup | fit, w) = filt,0)| < Ljju—wvl, L >0, t¢&lab].

Ecau umerom mecmo HepaseHcmea.

u(a) < ula) < u(a);

du du

— f(t,u,u) < E—f(t,u) <

E J - (tﬂaa)a

e
|
—
&

M020a GUNOAHACTNCH 6KAONENHUE
u(t) < u(t) < a(t)
das ecex t € [a,bl.

Kaxk ciresicrere us 3Toil TeopeMbl (bOPMYIUPYETCs CIE LY 0NN BasKHBIIA Pe3yJIb-
rar. He mapymas obuiaocru, nojaraeMm, 910 B (3) BBIIOJHEHbI PABEHCTBA, U KAXK-
apiii wien (3) pasen nyso Ha unrepsase (a,b]. Torga rpanudnble dyHKIUA STUX
HEPABEHCTB ABJIAIOTCH PENICHUSAMH CUCTeM AU OEPEeHINAIbHBIX yPABHEHUI

dn _
dt

Ft,a,u), du _ f(tu,u,t), (4)

dt

OTHOCHUTEJIBHO 271 HE3aBHUCUMBIX IIeDEMEHHBIX. Kcam BekTOpHas (YHKIUA
f(t,u1, ..., uy,) ABISIETCS MOHOTOHHO HeyOBIBaKOIIEH QYHKIMEH OTHOCUTEIBHO KOM-
HOHEHT Uq, TJe & € S;, S; €8 = {1,2,...,n}, u & # i, © MOHOTOHHO HEBO3pAC-
Taforeil HyHKIMEH OTHOCATEIBHO KOMIIOHEHT ug, 3 € \\S;, § # i, TO CcupaBeinBoO
PaBEHCTBO

?i(taﬂ’g) = fi(t’ﬂoéaﬂﬁvui)v i,(t,ﬂ,g) = fi(tvga;ﬂﬁvui)‘

X2

Onpenesienne 1. Bynem nassisars auddepenimaibuyio cucreMy cpasienus (3),
BrJovatonieit cucremy OJLY (4), ecoin kaxknas dbyHKIMs, 3aa1011as1 TPAHUILY MHO-
JKeCTBA PEIeHN, SIBJISIeTCs PEIeHneM CHCTeMbl (/M OJHOIO M3 YDaBHEHH, BXO-
namux B cucremy) (4). Ilepexon or ucxonuoit cucremsl (1) kK cucreme (4) siBisi-
eTCsi BO3MYIIEHUEM CTPYKTYpPhI duddepeHnna bHbIX YPaBHEHUN, OIPEIenM ero
KaK CTPYKTypHoe BosMyInerne. COOTBETCTBEHHO, Pa3MEPHOCTD IPOCTPAHCTBa 27,
B KOTOPOM OIPeJIeIeH BEKTOD pelienuii cucreMbl (4) Oyler Ha3bIBaThCS PA3MEPHO-
CTHIO BKJIIOUCHMUS.
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TakoMm 006pa30M, UCHOJB30BAHUE [IPU TIOCTPOCHUH JIBYCTOPOHHUX U MHTEPBAJIDL-
HBIX oleHOK pemenuii cucrem OY audepeHinalbHbIX HEPABEHCTB, [IPUBOIUT
K KAUeCTBEHHBIM HM3MEeHeHUs! (BO3MYIIEHUIO CTPYKTYDHI) CHCTEMBI OOBIKHOBEHHBIX
b depeHInaIbHbIX yPABHEHMIA.

lnaBHas 0COBEHHOCTD KAACCUYECKUX TIOHATHH YCTOWIMBOCTH COCTOUT B TOM, UTO
OHM OTHOCSATCSI K KOHKPETHOI CHUCTeMe U MOBEJICHUIO €€ TPAEKTOPUN B OKPECTHOCTH
TOYKN paBHOBecusl (NIPUTsKEHUsI WK OTTaidkuBaHust). COBEPIEHHO APYTrOro MoJ-
X0/1a TpeOyeT aHAJIN3 [OBEJIEHUSI CeMENCTBa TPAeKTOPHil, BKIIIOYas 0COObIe TOUKH,
CerapaTpUChl U IIPe/eJIbHbIE ITUKJIbI, B3AUMHOE PACIOJIOYKEHNE KOTOPBIX OIIpPeIesIs-
€T CTPYKTYPY CeMefCTBa, 3TOT aHAIN3 BO3HUKAET IIPU PACCMOTPEHUH BCEX CHUCTEM,
“6au3kux”’ K crangapTHON cucreme (1).

CornacHo onpejenennio, BBeJeHHOr0 IIOHTpsitMHBIM U AHApOHOBBIM [1], cu-
crema (1) Ha3BIBAETCSI CTPYKTYPHO YCTOWYIMBOI (rpy06oit), €Ciam TOMOJOTHIeCKHit
XapakTep TPAeKTOPUH BCexX OJMM3KMX K Hell CUCTeM TaKoil Ke, KaK Yy CHCTEMBbI
(1). Oupezenennble MATEMATHIECKIE TPYJHOCTA CBI3AHbI ¢ YTOYHEHUEM MOHATHUIL
“Onm3kast cucrema’, a TAKXKE ¢ KOHKPETH3aIneil CMbIC/Ia, KOTOPBIN OApa3yMeBaeT-
Cs1, KOTJIa TOBOPSIT O TOM, YTO TPAEKTOPHs SKBUBAJECHTHA, WJIA TOMOJOTHIECKH O~
J06Ha ipyroit TpaekTopun. Ho ocHOBHAsT mjiest ocTaeTcst sICHOM, JIOCTATOYHO MAaJIble
M3MEHEHUsI CTPYKTYPHO YCTOWUMBON CUCTEMBI JOJIXKHBI IPUBOIUTH K COOTBETCTBEH-
HO MaJIbIM HU3MEHEHUsSM B JUHAMUKE ee MoBejleHusi. MOXKHO BBIIEIUTH 1Ba BHUIA
OTIMCAHUST MHOXKECTBA CUCTEM: aHcaM0OJyn cucreM JuddepeHnnaibHbIX ypaBHEHN,
UMeEIOIIUE OJ(HY CTPYKTYPY CUCTeMbI (BUJ IIPABON 4aCTH CUCTEMbI) U OTJIXIAIOIIUECS
JINNTH 3HAYEHUSIMU TTIAPAMETPOB, U BO3MYIIEHHBIE CUCTEMBI, JIJIsi KOTOPBIX BapbUPY-
FOTCS BCE XaPaKTEPUCTUKU CUCTEMBI — [IPABbIE YaCTH, €IMHCTBEHHBIM OI'DAHAYEHUEM
SIBJISIETCsT OJIM30CTH 3HAYEHUIT MPABBIX YaCTel MJIM HAYAJBHBIX JAHHBIX B HEKOTO-
poii Merpuke. JIjisi BO3MYIIEHHBIX CHCTEM HUMEET MECTO 3HAYUTETHLHOE U3MEHEHUE
KaK BUJIOB BO3MYIIEHHBIX CHCTEM, TaK W U3MEHEHUsI JUHAMUKY pernennit. Xaorumae-
CKUe JBUKEHUsI He BCTPEUAJIUCH Y JBYMEPHBIX CHCTEM, W MOSBUJIMCH IIPU IEPEXO0JIe
TpexMepHbIM. FEJIMHCTBEHHO BO3MOXKHBIMU yCTAHOBUBIIIMMUCS JIBUKEHUSIMUA B JIBY-
MEPHBIX CUCTEMAX SIBJISIFOTCsI yCTOMYMBBIE COCTOSIHISI PABHOBECHSI U TIEPUOIMIECKIE
meukerns. OTHAKO IPU MEPUOAMIECKAX CUJIOBBIX WJIHM TAPAMETPUIECKAX BO3MYIIE-
HUSX Ha OCIIUJLISITOP UM POTATOD BO3HUKAIOT XAOTHIECKUE JTBUYKEHUS.

TpaekTopnu Xa0THIECKUX JUHAMIIECKIX CHCTEM TI0 OTIPE/IETICHIIO SKCIIOHEHTIH-
AJIbHO HEYCTOMYMBBI U KpaifHe TyBCTBUTEIbHBI 10 OTHOIIEHUIO K OMIMOKAM OKDPYT-
JIEHUSI.

Hasbrefinme ucciaeoBanus [6] MoATBEPANIN STOT Pe3yJIbTaT 60JIee CTPOro, CBsi-
3aB 9KCIOHEHIATBHYIO PACXOJUMOCTh TpaeKTopuil ¢ suTponueii Kosmoroposa u
XapaKTEePUCTHIECKUME TIoKazaTeasymu JIsmyHnoa. Borancienne sTux xapakTepu-
CTHK CTAJI0 CTAHJIAPTHBIM METOJOM IIPOBEPKH HA CTOXACTUIHOCTD.

Hannane xaoTudeckoro arrpakropa B (a30BOM IPOCTPAHCTBE CHCTEMbBI OOBIK-
HOBEHHBIX b depeHnIna bHbIX YPABHEHUN CJIyKUT MPUIWHON CJIOKHOTO TOBeIe-
HUsI TPAEKTOPHUI CUCTEMBI B €r0 OKPECTHOCTH.
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2. CumBoJbHBIE METOABI U (POPMYJIbl NPUOINKEHHBIX
peltenuii

lapanTrpoBaHHbIE METOIBI, OCHOBAHHBIE Ha AIIIPOKCUMAIIAN OIEPATOPa CIBU-
ra BHoJib TpaekTopuu cucreM OJLY, MOryT OBITH OXapaKTepPU30BAHBI CJIEILYIOIIIM
obpazom. it Bcex Mog00HBIX METOIOB ODIIUM SIBJISIETCS BBEJIEHUE OIPEIeTeHHBIX
(YHKIMOHAJIBHBIX CBsI3ell MexXy obsiacTssmMu Bcex pernenuii cucrembl OJLY B Ha-
JaJIbHBII MOMeHT BpeMenu t0 u npu t > t B Ipenesiax KOHEYHOTO HHTEPBAJI Bpe-
menu. Ha cBoiicTBa rapaHTHPOBAHHBIX METOIOB BJIUSIET XapaKTep OrpaHUIEHMUIA,
HaJjlaraeMbIX Ha IIapaMeTpbl, HAIPUMEDP, HAYaJIbHbIE JJaHHbIE CUCTEMbI M XapaKTep
M3MEHEHHUsI BO BpDEMEHHU 00JIaCTU BCEX PeIleHMiA.

lapanTupoBaHHbIe METOMBI OIIEHKN MHOYKECTB PEIIeHN ¢ HHTEPBAILHLIMI TaH-
HBIMI OCHOBaHBI HA CHUMBOJILHOM IIPEICTABICHUN (POPMYJT MPUOINKEHHBIX peIle-
HUl. DTH METOIbI IO3BOJISIIOT CTPOUTH I'PDAHUIIBI MHOYKECTB PEIIeHMi, TOYHO OT-
CJIE’KUBAIOIIIE [TOBEJIEHNEe MHOXKECTBA BCEX TOYHBIX PEIIEHUI, & TaK»Ke yCTPAHUTh
BJIMSIHEE TaK HasbiBaeMoOro “wrapping”’ 3ddexra, IPUCYIIEro MpakKTUIECKU BCEM
JBYCTOPOHHMM U WHTEPBaJIbHBIM MeToaM. OCHOBHBIE STaIlbl UCIIOJHEHUS TaPAHTH-
POBAHHBIX METOMOB IOCTPOEHHSI IPAHMULI 9TO:

1) upencraBienue npubIMXKEHHBIX DEIIEHUHl KaK CUMBOJIbHBIX (opMysl (aHaHU-
TUYECKUX BBIPAXKEHWUIH), 3aBUCSIIAX OT BEKTOPOB HAYAJBHBIX JAHHBIX, TAKKE
SABJISIONIAXCH CUMBOJIBHBIMU II€PEMEHHBIMH,

2) HOKOMIOHEHTHOE OLEHUBAHUE MHOXKECTB 3HAYEHUIT 3TuX (HhOPMYIIL;
3) maxoxKjeHue 06J1aCcTu BCeX BO3MOXKHBIX 3HAUEHUIt 110 910i (opmyie;

4) rapaHTUPOBAHHOE OIEHMBAHUE [VIOOAJLHOM OMMOKN BCEX 3HAYEHU mpubJiu-
KEHHBIX PEIIeHUI.

Ounpenestenne 2. CumBosbHas (GopMyiia (aHATUTUYIECKOE BBIPAYKEHNE) — 3aIHCh
VUMEH TIeEPeMEeHHBIX U COBOKYITHOCTH JIEHCTBUIl, KOTOPBIE HYXKHO IIPOJIEJIaTh B OIIpe-
JIEJIEHHOM IIOPsiJIKe HaJl 3HAYECHUSIMU STUX [TE€PEMEHHBIX, YTOOBI IOy YUTh 3HAUECHIE
GyHKIIAN.

B cuity sT0r0 cMBOJIBHBL MeTOX (AHAJIMTUYECKHUI METOJ) — 3alKMCh METOZA
peobpa3oBaHUsl CUMBOJIbHOI nHboOpManmu (CHMBOJIBHBIX (DOPMYJI) Ha sI3bIKE Ma-
TEMaTUIECKOIO aHAJIN3A.

B nasnbmeiiem mpu 3amucu CUMBOJIBHBIX (DOPMYJT, AIMMTPOKCUMUPYIOIIAX Olle€pa-
TOP CJ[BUTA BJIOJIb TPAEKTOPUH, JIOILYCKAETCS BKIIIOYEHNE B HIX YHCJIOBBIX KOHCTAHT,
C OTJIO?KEHHBIM BBIIIOJHEHIEM apU(pPMeTHIECKUX JIeHCTBUI HAJ| HUMU.

B sTOM cMMBOSBHBIN METOJ OTIMIAETCS OT YUCJEHHOT'O aJITOPUTMA, OCHOBAHHO-
r'0 Ha UCIIOJHEHUH KOHEYHOI TI0CJIeI0BATEIbHOCTH JEHCTBI HAJT KOHEIHBIM MHOYKE-
cTBOM vuces. YToOBI CTPOUTH CHMBOJIbHBIE (DOPMYJIBI, AIMTPOKCUMHUPYIOIINE OTlepa-
TOp caBura B1oJib Tpaekropun O/Y u 03BOJISIONIHE TOIYYaTh JOCTATOTHO TOTHBIE
BKJIOUEHUS] MHOYKECTB DellleHnil (HAIpuMep, MHTepBaJbHble DACIIUPEHNs), He0BX0-
JIIMO TIOJIYIUTH (DOPMYILY, XOPOIIIO IIPUOJINZKAIONIYIO0 TOYHOE PellleHIe U BBIIIOTHITD
aJITOpUTM TIpeobpazoBanus 310t dhopmyasl. CTporoe onpesesieHne rapaHTUPOBaH-
HBIX METOJIOB perienns JuddepeHnualbHbIX YPAaBHEHUN ¢ HHTEPBAIbLHBIME JIAHHbBI-
MU ¥ aHaIm3 comepxkutes [14].
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B kadectBe cumBosibHON hopMystsl F; MeTOMA CABUTA BIOJIb TPAEKTOPUN MOXKHO
BBIOPATH (DOPMYJIbI, YUCJIOBbIE OPUI'MHAJIBI KOTOPBIX COOTBETCTBYIOT IIPUOJIMKEH-
HBIM METOJ[aM PeIIeHUsl CHUCTeM OOBIKHOBEHHBIX IupdepeHnabHbIX YpaBHEHUI
(HanpuMep, JUHEHHBIM OJHONIATOBBIM M MHOIOIIAIOBBIM METOJAaM, KOJIJIOKAIMOH-
HbIM MeTofaM). [IpuHIUInaIbHOE OT/IMYME 3aK/I0YaeTCsd B CIOCO0e peasu3alun
9TUX METOOB, TO €CTb IIOJIyYeHUH YUCIOBBIX OPUTHMHAJIOB CHMBOIBHBIX (hopmyt F;.
CumBoJIbHBIE (POPMYIIBI TPUOJIMIKEHHBIX PEIIeHnI MOT'YT CTPOUTHCS ¢ UCIOJIb30Ba-
HUEM Pa3HOCTHBIX METO/IOB (OJHONIATOBBIX UM MHOTOIIATOBBIX ), KOJIOKAIMOHHBIX
METOJIOB WJIM WHBIX CXEM, BBIYHCJISIIONINX [PUOJIMKEHHBbIE perneHusi. B mporecce
KOHCTPYHUPOBAaHUS CUMBOJIBHOI (DOPMYJIbI TPEOyeTCss CTPOUTH IKOHOMUYIHBIE CHM-
BOJIbHBIE (DOPMYJIBI, T. €. TAKHE TOCIEI0BATEIHHOCTHA HMEH [TEPEMEHHBIX U IeACTBUIA,
9T00bI XpaHeHue (popMysI B MAMSITH MAITUHBI 1 00pabOTKa MPOBOIUIACH 38 MIHU-
MaJIbHOE BPeMsI U C Pa3yMHBIMU 3aTpaTaMu HaMaTu. KpoMe TOro, MeToIbl JI0JIZKHBI
obecrieqnBaTh OJIM30CTh MHOXKECTBA 3HAYEHMIA, IOJIyYeHHBIX 10 CUMBOJIBLHOM (DOp-
MyJle ¥ MHOYKECTBa 3HAYEHHUI TOYHBIX PEIeHU. Y Ka3aHHbIe CBOHCTBA O3HAYAIOT,
9TO CaMO ITOCTPOeHne (DOPMYJI U UX UCIIOJTHEHHE CYIECTBEHHO M3MEHSIOTC 110 CPaB-
HEHUIO C YUCJEHHBIMU AJTOPUTMAME, U3yIAEMbIMH B PA3/IeJie IICIEHHOTO PEIeHnsT
cucrem OJLY.

MHuorue cBOHCTBa YHCICHHBIX METOJOB, HEM3MEHHO MPHUCYINNE MTPAKTUIECCKHU
BceM YucJieHHbIM MeTomaM pertenust O1Y, Takue Kak ycTONYINBOCTD, ACHMIITOTIIE-
CKasl YCTOMYIUBOCTD U NHBIE TIOHATHUS JINOO0 11ePedOPMYIUPYIOTCs, TUO0 BKIIOYAIOTCS
B JIDyT'Hie XapaKTEePUCTUKU rapaHTUPOBAHHBIX METOJIOB.

3. I'paduku mHo2kecTB pemnieHuii cucrem OY
C MHTEPBAJIBHBIMU JIAHHBIMU

B sTOM myHKTE IIpecTaBIeHbl I'PAHUIIBI MHOYKECTB PEIIeHU HECKOJIBKUX CHCTEM
b depeHnuaIbHbIX YPaBHEHUN, IOCTPOEHBI IpaUKN ITUX TPAHUIL U IIPOBEIEHO
CpaBHEHUE C HK3EMILISPAMUA TOYHBIX PEIeHU, MPUHAJICIKAIIIMI COBOKYITHOCTH
BCEX TOYHBIX DEIIEHUH, COOTBETCTBYIONUX M3MEHEHUIO JIAHHBIX MCXOTHON 3a/1a9u.
CpaBHeHMe TPOBOJIUTCST HA OCHOBE TeX TECTOBBIX IPUMEPOB, MJIsi KOTOPBIX JIM00 BO3-
MOXKHO HaiiTu (pOPMYJIbI TOYHBIX PEIleHuil, OO W3BECTHBI JIBYCTOPOHHUE OIEHKHU.
Kak npasuio, cucrembr OJ1Y 6bL1H 110100paHbl TaK, 9TOOBI IIPU TAKOHM ITOCTAHOBKE
3a/1a9 BOZHUKAJIN OIIPEJIEIEHHBIE CJIOXKHOCTU C HAXOXKJIEHUEM JIBYCTOPOHHUX W WH-
TepBaJbHBIX ONEHOK. TeM He MeHee, HAlIEHHBIE C TIOMOIIBIO OMUCAHHBIX B CTATHE
METO/JIOB, YHCJIOBbIE 3HAYEHUS] TAPAHTUPOBAHHBIX IPAHUI PEIEHUT YCIENTHO pelia-
0T 9TU MPOOJIEMBI M SIBJISIFOTCSI BKJIFOUEHHSIMU MHOXKECTB PEIIEeHUii, JOCTATOYHO
O/IM3KMMU K 9THM MHOXKecTBaM. Jljisi Xoporieil uIroCcTpanu TOYHOCTH [IOJTy IeH-
HBIX BBIYUCJEHHBIX TPAHUI] MHOXKECTB PENIEHUN TPUBOAATCH IPAMDUKHI, HA KOTOPHIX
n300parKeHbl TOYHBbIE pertenus cxomuoit cucrembl O/Y ¢ HAYAIBHBIMU JAHHBIMU,
BBIODAHHBIMI BHYTPHU MHTEPBaJa HAYATBHBIX JAHHBIX. DTHU PEIeHns] HA3BAHBI K-
3eMILIIPAMI MHOYKECTBA TOYHBIX PEIIEHNUI, IIOCKOJIbKY, BOOOIIE TOBOPSI, 9TO MHOYKE-
CTBO 3aII0JITHEHO KOHTHUHYYMOM 3K3eMILIsIpOB. KpoMe TOro, 3K3eMILIsipbl, Hadajlb-
HBIE JJAHHBIE KOTOPBIX B3sTHl C FPAHMYHBIX TOYEK WHTEPBAJIA HAYAJBHBIX JAHHBIX
(BepiuH napaJsutesienuiena B R™), He MOI'YT CYUTATHCS IPAHMIHBIME JIMHUSIMUA MHO-
JKEeCTBa PENICHUIl, 4epe3 HEeKOTOPBII MHTEPBaJ BPEMEHU IK3EMILIAPBI PEIIeHUuil He
Oy/IyT MaskKOpUPOBATh YKA3aHHOE MHOXKECTBO.
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Bce nosryuennbsie pe3ysbTaThl MPUBEIEHBI B 1. 3. B craThe MCHOIB30BaIICh BCE
BO3MOXKHOCTH JIJIsl CDABHEHUsI TAPAHTHPOBAHHBIX TPAHNIL MHOYKECTB PEIeHnil U NH-
TepBAJbHBIX NJIN JIBYyCTOPOHHUX OLIEHOK, cojiep:kaimuxcs B [22, 23, 32, 34, 35]. K co-
JKAJIEHUIO, B TEKCTHI OOJIBIIIMHCTBA OILyOJIMKOBAHHBIX PAbOT BKJIFOYEHA, JIWIIb BEJIM-
quna ommOKu perernii cucrem O/1Y, mocunTaHHBIX ¢ HAYAIBHBIMA NHTEPBAJILHBI-
MU JIAHHBIME HyJ1eBoi mupuibl. DaKTHIeCKU aHAIN3 U CDABHEHUE YUCJICHHBIX Pe-
3yJIBTATOB MOXKHO IIPOBECTH, TIOJIB3YSICh TOJBKO JBYMSI IIPOTPAMMAMU PEINEeHHsT Ch-
crem OJIY ¢ uHTEpBAJIBbHBIME JaHHBIMY, [27, 23]. Bosblee npakTuveckoe 3HaUEHIE
nmeer nporpamMma AWA [27], oTKpbITast Jyist JOCTYIA ¥ MCIOJIb30BAHUS, PE3YIbTa-
ThI MOJIy9eHHbIe aBTOpaMu u paszpadborankamu cucrembl COSY, mpeacraBiensr He
crosib mmpoko. [To Beeit Bumumoctu, cucrema COSY Beeryia siBJIsiIach MpOrpaMM-
HOI peanu3alimeil HHTEPBAJIbHBIX METOIOB PsA0B Teitiopa m OprueHTHpOBaIaACh Ha,
sagaun HebecHoi mexannku. Cucrema AWA n 6bL1a MCIOIB30BaHA JJIsT HOIIBITOK
OIIEHMBAHWUS MHOXKECTB PeIlleHUil CHCTeM, OIMCAHHBIX B JIAHHOW cTarhe. Pacdersl
nposoausuch st kommnbiorepa Intel(R) Celeron(R) CPU 1.8 T, 256 MG6.

3.1. CpaBHeHHe rapaHTHPOBAHHBIX I'DAHUI] MHOXXECTB PeIleHui
C pe3yJibTaTaMu, IOJIyYeHHbIMU IBYCTOPOHHUMHU METOJaMM CTATbH [3]

[TocTpoum rapanTUpoBaHHBIE TPAHUIILI MHOXKECTB perinenunii cucrembr Q1Y

dy1 dy2 2
I 72 t
dt Y2, dt Y1 + (5)
C HaYaJIbHBIMU JaHHBIMI
U1 (O) € []— -, 1+ E]a y2(0) € [_57 5]7 (6)

rjie € — 33JI[aHHOE YUCJI0. DTU I'PAHUIIBI, [IOJIYUYEHHBbIE B 3TOI CTAThe Ha OCHOBE all-
MPOKCUMAIIAU OTIEPATOPA CJIBUTA BJIOJIb TPACKTOPUN, MO2KHO CPABHUTD C TPAHUIIAMEI
TOYHOrO PEIIeHNUs], IIPUBEJICHHBIME B [3].

Jlerko 3ameTuTh, YTO B TabJ. 1 BKIIIOYEHBI JAHHBIE, [TOJIYIEHHBIE [IPU ITUPUHE
HaYaJIbHOTO HHTEPBAJIA [IBYCTOPOHHEN OIEHKN, PABHON BEJIMINHE OIIMOKN OKPYTJIe-
Hust. [TockoIbKY B cTarbe (3] He oroBapmBasIach TOUHOCTD, ¢ KOTOPOI TPOBOJIIIINCH
pacUeThl, MOYKHO IIPUHATH MAIIHMHHYIO OIMHOKY BeJMYIMHON mopsika ~ 1078,107°.
IIpu 3navenun aprymenTa ¢t = (.2 mupuHa JIByCTOPOHHEN OIEHKN CTAHOBUTCS BEJIU-
uamHOl mopsaaka 107°, a mpu ¢t = 0.5 MUpHHA IBYCTOPOHHEH ONEHKH HMeeT MOPSI0K
10~*. Takum o6pazom na uaTepsae ot 0 10 0.5 TOIHOCTH ONEHKH yXyamuiach B 104
pa3. Takoe noBenenne AByCTOPOHHUX OIEHOK OObSICHSAETCS BIUSHUEM TaK HA3BIBA-
emoro wrapping saddexra [29, 26, 28, 23, 35]. Ecsun 6b1 HaX0XK/IeHEE TBYCTOPOHHIX
OIIEHOK OBILJIO IIPOIOJIZKEHO it OOJIBIINX 3HAYEHUIT apryMeHTa, TO JIBYCTOPOHHUE
TPAHUITGI OBl OTKJIOHUJINCH OJHA OT JIPYTOil HA CJUIIKOM OOJIBIIYI0 BEJIMIUHY, BJIM-
saune wrapping a¢pderTa cTajio 661 KATaCTPODUIECKIM.

B Tabu1. 2 rapaHTHpOBAHHBIE TPAHUIIBI TIOCUNTAHBI Ha mHTepBase t € [0, 2]. Ha-
JaJbHEII HHTEPBAJ BbIOHpaJics pasHbIM 2 - 1073, TIpu 5TOM HOBe/eHIe HHTEPBAJIA
TIOJTyIaeMbIX TPDAHUIL B TOYHOCTU COOTBETCTBYET POCTY T'PAHUI] MHOYKECTBA TOUHBIX
pemrenuit. HaliieHHBIE ¢ TOMONIBIO CUCTEM AHAJIUTUYECKUX BBIYUCICHUN SK3EMILIs-
DBl TOYHBIX PEIIEeHnil CBUIETEIBCTBYIOT 00 3TOM. Bpemsi pacaeros cocrasmio 2.81 c.

[IponsBoaM/IMCH IONBITKY HATH NHTEPBAJILHBIE OIIEHKN PEIIEHNs CUCTEMA yPaB-
Henwuit (5) Takxke ¢ nomommbio mporpamMmmbl AWA [27]. Onrako paBora mporpaMmbl
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Ta6aumna 1. /IBycTopoHHWE TPAHUIBI TOYHOTO PEIIEHUS CHCTEMBI
(5), mosmy4uennsre B [3]

tn Y, Yn Z, Zn

0 1 1 0 0

0.1 1.005175 1.005175 0.105342 0.105342
0.2 1.021466 1.021479 0.226865 0.286886
0.3 1.050213 1.050240 0.3548852 0.354928
0.4 1.093018 1.093057 0.504463 0.504528
0.5 1.151795 1.151861 0.675130 0.675249

Tabsmua 2. TapanTupoBaHHBIE IPAHUIBI MHOXKECTBA PEIIeHnit cucremsr (5),
[IOJIyY€HHBbIE HA OCHOBE AIMIPOKCUMAIINN OIEPATOPA CIBHUra BIIOJIb TPACKTOPUN

t Y: Y2
0 0.999, 1.001] [~0.001, 0.001]
0.1 [1.00400978, 1.006230297] [0.104081181, 0.106503486]
0.2 [1.02010864, 1.022584437) [0.2212785040.224176786]
0.3 [1.04862563,1.05142768] [0.35302938, 0.35647435]
0.4 [1.09115534,1.09433262] [0.50224070, 0.50632519]
0.5 | [1.14961440,1.153236682] [0.67249330, 0.67633951]
1.0 [1.78397272,1.791563517] [2.058842205, 2.07138601]
2.0 [10.26966353, 10.316006031] [27.22678736,27.57170364]

OblTa IIpepBaHa, TaK KaK BEJWYMHA IIara CTaja M3-32 KaTacTPOMHUIECKOTO POCTa
MIAPUHBI TTOJIy9aeMbIX HHTEPBaJIOB. Bpems paboTsl coctaBmio 53.17 c.

3.2. Ilpumep rapaHTUPOBAHHOIO OIEHMBAHUS MHOXKECTB PelIeHUil
HesmHelHoi cucrembr O/1Y (u3 cnpaBounuka Kawmke [5])

Bymem omennBaTh MHOXKECTBO perneHuit meanneiron cucremul OV,

diyn 2
o Y1Y2 + Y1 + Y2,

d
L2y, (1)

dys2 9
0 = Y192 — Y1 — Y2, dt

dt
npuseieHHoe B [5] cucrema (9.25). HTErpaabHBIMA KPUBBIMEA 3TOH CHCTEMBI SIBJIsI-
IOTCsL IIepecedeHus II0BEPXHOCTE

yitys iyl =c,  yslny— 1) =c (8)
Hutst sroit cucremsr OJ1Y MbI paccMarpuBaeM 3aatdy € HAYAILHBIMU JTAHHBIMH,
sajianabIMu Kak uatepsasst ¥ € [1,1.5], y9 € [2,2.4], v§ € [0.5,1], na unrepnase
t €10,2].

Kapruna mnoBeneHus 9K3eMIIIPOB HHTETDAJIHBIX KPHUBBIX, HAYMHAIOMINIXCA B
IPaHMYHBIX TOYKAaX MHTEPBAJIOB HaJasIbHBIX JAHHBIX, IIOMEIIEHBl B CPDAaBHEHUHU Ha
rpaduke: puc. 1 1 pacnosioXKeHbl Ha HUX cjeBa. /1y cpaBHeHnd ¢ HUMI Ha 3TOM Ke
rpaduKe IIOCTPOEHB! rapaHTUPOBAHHBIE I'DAHUIIBI MHOXKECTB DEIIeHUl paccMaTpu-
BaeMOU 3aJa4M, pa3MeIleHHble cIpaBa. VI3 cpaBHEHUS 4YUC/IEHHBIX 3HAYEHU rpa-
HUIT MHOXKECTB DEIIeHUH W 9K3eMIIJIAPOB TOYHBIX PEIleHHI, a TaKyKe UX I'padUKOB
MOYKHO 3aKJIIOYUTH O TOYHOCTH BKJIIOUEHHA MHOXKECTB PEIICHUIT 1JIs 9TOM CUCTEeMBbI
O/1Y. Bpemsi pacueroB cocrapmio 2.9 c.
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Puc. 1. Ilpoekinu 9K3eMIISTPOB TOYHBIX PEIIEHUI U TaPAHTUPOBAHHBIX I'DAHUI] MHOXKE-
cTBa perteHuii cucreMsl (7) Ha IJIOCKOCTD t — y1: —0— rapaHTHPOBAHHAS BEPXHssl IPAHNUIA,;
—O— TapaHTUPOBAHHAS HVKHSASA TPAHUIA

Beuta nponssesieHa MONBITKA HaifiTH HHTEpBaJdbHble I'paHuIBl cucTreMa OJLY
(7) ¢ momompio mporpammbel AWA [27]. Beibopka 4ucioBbix 3HadeHuit [27| cBu-
JIETEIbCTBYET O TOM, YTO IIPOrpaMMa IpepBajia IIPOIECC BBIYUCJECHUN 0pu § =
0.1110688557, Tak Kak mrar ctaJ pasen (:

t = 1.110688557E-001

[-4.02857339E+008,4.02857344996879E+008] 8.06E+008  8.1E+008
[-4.02857339289200E+008, 4.02857344942050E+008] 8.06E+008 8.1E+008
[-2.50854422226110E+001, 2.69234195274611E+001] 5.21E+001 5.2E+001
h = 0.000000000E+000

3.3. IloBenmeHme MHO>KeCTBa peHIEHUH JIOKAJIBHO HEYCTOWYINBOM
JUHAMUYECKOIl CUCTEMBI, IIPUBEIEHHON B cTaTbe [35]

HunaMmmdeckass cucreMa,

d d

% — 9.9y, — 7.6ys + 7.6, % =12.6y; — 9.9y, + 9.9 +43/7.6  (9)
uMeeT J(Be YCTOMYMBBIE HENOJBIDKHbIE TOUYKH Y1 = 1.5, yo = 1 £ 297/152 u
HEYyCTONYMBYIO HENOABMKHYIO TOUKY y; = 0, yo = 1. Cucrema (9) xoHcepsa-

TUBHA, T.€. Ha PEIIEHUIX ITOW CUCTEMBI COXPAHSIETCS MOCTOSHHBIM 3HAUECHHUE C =
1/2(y? — 2.25)% + (9.9y; — 7.6y2 + 7.6)2. Bce TpaekTopum 3TOi CHCTEMBI ABJIs-
IOTCSI TIEPUOINIECKUMU, U OCTAIOTCS OTPAHMYEHHBIMU HA BCEM HHTEpBAJE OIpe-
nenerns. Onpegenurens skobuana stoit cucrempr det F (y) = 3y? — 2.25. Ecim
lyr < 1/ 2\/3 ~ 0.866, TO COOCTBEHHBIE 3HAYEHUST TKOOMAHA BEIECTBEHHLIE YNC-
sra, kpatHoctu 1. Torma pereHust 9T0il CUCTEMBI JIOKAJIBHO HEYCTONYIUBBL B IOJIOCE,

orpeieJiseMoil HepaBeHCTBOM |y1| < 73, KaxKJasg OpOUTa CHCTEMBI, HepeceKaro-
mast MpsIMyIo 42 = 1 IPOXOIUT Yepes JIBe HeyCTOMUMBLIX TOYKHU, OTIMYAIONIAecs Ha,
TIEPHO/I.

Aprop crarbu [35] npeIoKNII CPABHATH KaK BEJYT ceOsl PA3JINIHbIE IPOIPAMM-
HbIE CHCTEMbI [IPU OIIPEJIC/IEHUY UHTEPBAJIbHBIX OLEHOK i cucreMbl (9). Beibpas
smavenns y1(0) = 2716 u y, = 1, Neumaier nmpuBoauT Cieyiomue pe3yIbTaTH,
nostyuentble cucremoit AWA [27]: cuctema mpepBasia cBoK pafoTy U3-3a IUCIOBOTO
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nepenosinenust upu ¢t = 33.9101420298123, BeimosianB 1566 maros mo BpeMeHN Yepe3
2.6 c. TlocsieHeit 10y 9eHHON MHTEPBAJIBHOM OIEHKOM, yKa3aHHON B [35], stBsIsteTcst
WHTEPBAJILHBIN BEKTOP

y1(t) = [—196.199244777380, 196.2262981935131],
y2(t) = [6039.01251175114, 6041.0421329249].

Hasee cieyer aBapuiiHoe IIpepbIBAHNAE IIPOIPAMMBI B CHJIY II€PEIIOJTHEHUSA.

y1 () = [—196.199244777380, 196.2262981935131],
y(t) = [6039.01251175114, 6041.0421329249].

PesynbraTel pacderos, HOJyUeHHBIE B 9TOI CTaTbe BBINVIAAAT TaK. [IOCKOIBKY
6OJIBIIIOI MHTEPEC MPEICTABISIOT 3aa9i, B KOTOPBIX JAHHbIE M3HAYAJIBHO 33/a-
Hbl KaK UHTEePBaJIbHbIE BEJIMYUHBI, TO PacyeThbl, BBIIIOJHEHHbIC OIMMCAHHBIM B 3TOH
CTaThe I'apaHTUPOBAHHBIM METOJIOM ITPOBOIWJINCH IIPU HAYAJIBHBIX JAHHBIX

yl(t) € [7271672716]3 y2(t) € [17 1]

MuTepBabHbIl BEKTOP BKJIIOUEHUST PEIIEHUS C MPUEMJIEMON TOYHOCTHIO OBLIT
BeruucyieH nipu ¢ = 30.04 u paBen

yi(t) = [-3.125-1072, 3.125- 1072,
y2(t) = [0.93750183902, 1.0325037562].

T'paHuIpl MHOKECTB pelteHnit cucreM [35], IPOBEIEHBI BILIOTH 0 TOUKH ¢ = 37.2,
II0CJIe/IHEE TIOJIyYeHHOEe 3HAYeHNe PaBHO

y1(t) = [~128.1276601342, 128.1090127387],
yo(t) = [—32768.223821563, —16384.6015723511, 6041.0421329249].

Bpewmst pacaeros cocrasuiio 4.3 c.

Usmernns mauvambhble gamnbe y1(0) = [9.99 - 10717,1.01 - 10715] u yo = [1,1],
[I0JIy A€M TapaHTHPOBAHHBIE IPAHUIIBI JJIsI CYIIECTBEHHO OOJIBIIIEr0 HHTEPBAJIA BPe-
MEHH, BBIYHCJIEHHST IIPOJIOJIKAJINCE BILUIOTH J10 t = 0. ['paduku, nzobpazkennnle Ha
puc. 2, nosyuenst g t € [0,323]. Bpemsa pacdyeros cocrasuio 38 c.

Jlerko 3amMeTUTbh, 9TO TPAEKTOPUU PEIIEHUil COBEPINAIT CUIbHBIE KOJeOaHUsI
BJIOJIb OCEil Y1, Y2, HO ITO HE MPUBOJMSIT K OIPOMHOMY DOCTY UX 3HAYEHUH U MpPEPbI-
BaHUIO PabOTHI IPOTrPAMMBbI. B Crily 9TOr0 pe3ysbraT sBJISeTCs JOCTATOYHO IIPHEM-
JIEMBIM U COXPAHSIETCSI XOPOINas BO3MOYKHOCTH JOOUTHCS BBICOKONH TOYHOCTHU I'pa-
HUI JJIs 3aja4 MOJ00HOro Kjacca. lak, HApUMEp, MOJIyIeHHbIE TDAHUIILI [PU
t = 36.055 paBHBI CJIEIYIONIIM BeJIITINHAM

Y3005 6.014648438,7.043945313],

-
[—0.401733398, 0.714660645],
[—5.312988281, 6.482421875],
[0.092086792, 0.326522827].

360
3606

S
€
S
3606 c
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Puc. 2. Ilpoekrun rapaHTHUPOBAHHBIX I'PAHUI] MHOYKECTBA TOYHBIX PEITECHUN
cucrems! (9) Ha wockocTu t — y1, t — y2 B uaTepBate 0 < t < 40

3.4. IIpumep rapaHTUPOBAHHOIO OlleHUBaHUSA >kKecTkux cucrem O/1Y
C HETOYHO 33JaHHBIMHN HAYAJIbHBIMHU JAHHBIMU

Jljist IpOBEPKU pe3yJIbTATOB BBIOPaHA CHCTEMa YPaBHEHUM, ONUCHIBAIONIAS XU-
MUYECKYI0 PEaKIUI0 C YY4acTHEM BOCBMHU PEAreHTOB. DTa CUCTEMa ObLia IIPejio-
kena ledepom [36] quist obbsicHernst pocta u audbepeHIan pacTUTETbHON
TKAHU TIPU BBICOKUX YPOBHAX CBETOBOIO OOJIYUEHHSI HE3ABHCHMO OT (POTOCHHTE3A.
ToTTBaaL A IPEIIOKUT UCIOIH30BATH €€ B KadecTBe TecToBoro npumepa. Coorser-
CTBYIOIIME YPABHEHUS] UMEIOT BUJIL:

d
% — —1.71y; + 0.43y; + 8.32y3 + 0.0007,
dyg
—= =1.71y; — 8.75
dt Y1 Y2,
d
% = —10.03y3 + 0.43y4 + 0.035ys,
d
% = 8.32y5 4 1.71ys — 1.12y,,
g t (10)
% = —1.745y5 + 0.43ys + 0.45y,
dys B
= ~280y5ys + 0.69ya + 1.T1ys — 0435 + 0.60y7,
dyr
—- =280 —1.81
dt YelYs Y7,
dys _ _
dt Yy
¢ vHTepBaJbHbIMK HavdaabHbiMu gaHHbMI y1(0) = [1 — §,1 + ¢], y2(0) = y3(0) =

12(0) = y5(0) = y6(0) = y7(0) = [=6,6], ys(0) = [0.0057 — 6,0.0057 + 6], tou =
321.8122.
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Puc. 3. CpasHenune mpoekIiinii Ha IJIOCKOCTH t — Y4 TAPAHTUPOBAHHBIX I'PAHUI] MHOYKECTBA
TOUHBIX perteHuii cucrembl (10) u 9K3eMIIAPOB NPUO/IMIKEHHBIX DEIIeHnil B MHTEpBaJe
0<t<20

Puc. 4. CpaBHeHue mpoeKnuu Ha MIOCKOCTD ¢ — Y4 TAPAHTUPOBAHHBIX I'DAHUI] MHOYKECTBA
TOUHBIX perneHuii cucreMmbl (10) U 9K3eMIIAPOB NPUOIIMKEHHBIX DEIIeHnil B MHTEpBaJIe
0<t<321.8122
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IIpnbnnkenne penitenus 3agauu I'ypca
MHTEePBaJIbHbIMI MHOro4djeHamu Teiisiopa

E.I. ®umunnenko, B.C. Sro3un*

Annoranusi. Ilpejyaraercss MeTOIMKa HaXOXKIeHUsI Koa(dUIUEeHTOB psnoB Teittopa
JITSl PEIIeHUsl yPABHEHNsI B 9aCTHBIX MTPOU3BOAHBIX C HAYAJILHBIMY JTAHHBIMY, TPUMEHEH-
Hasl JIJIsl HAXOXKJIEHWsI MHTEPBAJBHOIO PellleHust 3ajadu [ypca.

AHajornuHasi METOIMKA HaXOXKIeHUsI K03 duimeHToB psios Teitopa paspaboraHa
JIUIS PENIeHNs CUCTEMBI OOBIKHOBEHHBIX nuddepennnanbabix ypasaenuit (O1Y) [3].

HaxouM MHOTOYJIEH 10 M CTEIEHU U OLIEHMBAEM OCTATOUYHBIA 4ieH (n + 1)-nopszaxa.
Wcnonb3yst mHTEpBAJbHBIE METOABI TOJIydaeM TapaHTUPOBAHHBIC, allOCTEPUOPHBIC OICH-
KU TIOTPEITHOCTH, BKJIIOYast MOTPENTHOCTH BBHIYUCICHUS TPUOIUKEHHOTO PEIICHHS 38,181
I'ypca.

B craTtbe mpemaraercs mMeTon MpUOIMKEHUS PeIleHus 33aa9u [ 'ypca MHOIO-
yieHaMmu Tefisiopa ¢ HHTEPBAJIBHOM OIEHKOI OCTATOYHOIO YJIEHA.
B ob6mem Buge 3aga4a [ypea umeer sug [1, 2]:

Ugy = f(x,y, u,ux,uy), (1)
u(zo,y) = p1(y),  yo <y < yo+ he, @
u(z,y0) = pa2(x), xo <z < x9+ hy,

npuaeM ¢1(yo) = p2(zo).

ITpeanosiaraercs, 9ro npasasd 9acThb (1) MMeeT panuoHaIbHBINA BUJL U HEIIPEPbIB-
HbIE JaCTHBIE TIPOU3BOAHBIE JIIOOOTO TOPAIKa, TaKyKe Ipeanonaraercs aaddepen-
upyeMocTb MYyHKIWIE ¢1(y) U @a(r) ZOCTATOYHOE YUCIO pas.

Pemenne 3amaun (1), (2) Haxomum ¢ nomommpio psina Teitiopa

u(z,y) = Z Z(U)ij(f —20) (Y — y0)’ + Rn+1, (3)

i=0 j=0
rjae OCTATOYHBIA YJIeH
n+1
Ryy1 = Z (w(zo + Tz, y0 + T2Z/))i’n+1,i($ —x0)"(y —y0)" T, (4)
i=0

rme o < 11 <o+ hi, yo < 12 < Yo + ho,

1 O Hu(z,
(w)ij = Lo )

- Z']' 8$18y3 T=Tg '
Y=Yo

()

Hast Haxoxienusi koaddurmentos psiga Teitsopa (3) BbIBEJEHBI CIeyroIIne
pekyppenthbie dopmysbl. [ycrs w(z,y) u uq(x,y) UMEIOT YacTHBIE IPOU3BOHbIE
0600 MOPSIJIKA, TOTJA UMEIOT MECTO

*CaparoBckuii rocyapcTBeHublil yauBepcurer uM. H.I'. Yepubimesckoro.
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(ug)ij = (0 + ) (w)it1y,  (uy)iy = (G + 1) (w)ij1,
(Uzy)ij = (0 + 1)+ D) (Wit1,41,

(uaa)ij = (i + 1)+ 2)(w)irg,  (uyy)ij = (G + 1) +2)(w)i 42, (6)
(uEur)iy = (u)iy £ (u1)ij, (uur)y = Z Z(U)kl(ul)i—k,j—l-
k=0 1=0

[Ipumenenne BhIBeIeHHBIX (OPMYJT U30ABIISIET OT HEOOXOIUMOCTH IIOCIEI0BA~
resbHOrO nuddepennuposanus npasoii yactu (1) (aHajgorunyHas MeTOJMKA HAXOK-
JeHust KoadpurmenToB psiaoB Teitmopa 19 OOBIKHOBEHHBIX I MEPEHITNATBHBIX
ypasHeHuil npusesena B [3]).

Ecn naM m3BecTHa JBYCTOPOHH:sI OlleHKa perennst (u & uq)i; = (u)ij £ (u1)i;
sagaun (1), (2) wa obnacru [xo,zo + hi] X [yo,yo + 2] (v < u(z,y) < T wm
u(z,y) € [u,u] =: [u]), To ucnosnb3ys pexyppentHble HOpMyIbl (6) MOKHO TOJLY-
YUTh JBYCTOPOHHIOK OIEHKY OCTATOYHOrO djeHa (5).

B ciydae, Korja HaM Hen3BeCTHA J[BYCTOPOHHSISI OIEHKa pertenns (u £ uq);; =
(w)ij £ (u1)s; 3amaunm (1), (2) B paccMarpuBaeMoii 06/1aCTH, HUXKe HPHBOIUTCS Ba-
PUAHT HAXOXKJECHUs YKA3aHHON JBYCTOPOHHEH ONEHKH.

JJ1st 9T0r0 aHAJIOMMYHO Kak U B [2] cBoxuM 3azady (1),(2) K cucreMe HHTErPAIb-
HBIX ypaBHEHUIl, 0003HAYUB

V= Uy, W = Uy,

Yy
v(z,y) =Ty = py(z) + | flz,y,u,0,w)dy,
Yo

w(z,y) =Tww:=¢1(y) + [ fl,y,u,0,w)d, (7)

Zo

y
u(z,y) = Tyu = pa(x) —I—/ w dy.
y

(Y]

IIycTs
z:= (v,w,u), Tz:=Tw,Tyw,Tyu) = 2z=Tz. (8)

[Mpeanosnoxum, uro dbyuxiwmsa f(z,y, v, w, u) 0O NEPEMEHHBIM U, U, W yIOBJIETBO-
psieT ycaosuto Jlummura

|f($,y,U7U7U)) 7f(‘r7y7u071)07w0)| < L{|U*U0’ + |IU7/U0| + |U)*’w0}}, (9)

riae L > 0 — mekoTopasi KOHCTaHTA.
Beenmem paccrostame, npeggioxkennoe B pabore (4]

p(z,20) = $o<;ICIéag;c}§+hl {e—a(z—zo)—ﬁ(y—yo) [|u —ug| + |v — vo| + |w — w0|] } , (10)
yo<y<yo+hs
e o, 8 > 0.

C nomornpio paccrosiaus (9) mokasbiBaeM, 4To oneparop 1’ ecrb onepaTop CxKa-
THsI, TIPA COOTBETCTBYIOIIEM BbIOOpE <, 3 > 0, T.e.

p(Tz,Tz) < qp(z,20), tHe 0<g<1.
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Crenosarennho, oneparop T ¢ paccrosianeM (9) obecrednBaeT CKaToe 0TOOpa-
JKeHre Ha 3aaHHOil 00J1acTu.

ITpuBeieHHAsT HUXKe TeOpeMa CIIOCOOCTBYET yCTAHOBJIEHUIO IBYCTOPOHHEH OIleH-
Ky perenus (u £ uq);; = (w);; £ (w1)i; 3amaan (1), (2).

Teopema. IIycmv unmepsarvrots sexmop [2°] := ([v°], [w°], [u’]) marod, wmo
[21) = %) € [£9) (1)

Tozda 3adaya (1), (2) na obaacmu [xg, o+ h1] X [yo, Yo + ha] umeem edurncmeermoe
pewenue u(z,y) € [z'] C [2°].

JokaszarenbcTBo. Brime 6b110 ycranoBjieHo, 9T0o omeparop 1 ecTb omeparop
cxatns u cornacuo (10) orobpaszkaer zamkHyTyio 06macthb [2°] := [20,2°] B ceba.
CormacHo cyieIcTBIIO TeopeMbl Banaxa 0 HENOABHKHON TOUKe, onepaTop 1’ uMeer
eJIMHCTBEHHYIO HENOJBIDKHYIO Touky 2% = (v*,w*,u*) B [z!] == ([v'], [w'], [u!]).
Orcrona citesiyer yTBepKIeHNe TEOPEMBI. O

Veranosnennyto onenky [u'] := [ul, u'] MOKHO HCTIO/IB30BATE J17TsT OTEHKH OCTa-

TouHOro Wwiena (4), ucnosb3ys pekypperTabie (hopmysib (6).

IIpennaraeMerit MeTOL, IO3BOJISET HAXOMUTD IPUOJIMKEHNs pemteHnst (u£uy);j =
(w)ij £ (u1)i; 3amaun (1), (2) B aHATUTHYIECKOM BUZE, & UMEHHO, B BUIe MHOTOUTIE-
na Teitsiopa ¢ WHTEPBAJIBLHON OIEHKONW OCTATOYHOTO *ieHa. IIpu BbUmCIeHUN Ha
Pascal-XSC, mosiyuaeM rapaHTUPOBAHHBIE JBYCTOPOHHUE MPUOJIUKEHUS TOIHOTO
peIleHrsl ¢ y9eTOM OTPENTHOCTH OKPYTJICHUH.

3ameuanuda

TpeGoBaHue PaIOHATIBHOCTH NPABON YacTh ypapHeHusi (1) He OrpaHUIMBaET
obmmuocTu. B ocHOBHOM OOJIBIIION KJIACC YPAaBHEHMH IyTeM 3aMeHbI HePEeMEHHBIX
MOYKHO CBECTH K PAIMOHAHLHOMY BUJLY.

B dopmynax (6) ze paccmorpen ciydail omepanuu gesienus. Eciau y DyHK-
[IUU PAIMOHAJILHOTO BHJIa BCTPEYALTCS OTIEPAIIUs JIEJIEHNUsI, TO €6 MOXKHO M30eKaTh
OIISITh TIYTEM 3aMEHbI IIEPEMEHHBIX.

ObparmaeM BHEMaHHE Ha TO, YTO HE 00S3aTEIHLHO 3HATH TOYHO KOHCTAHTY Jlnm-
mmna — L B (8). Egurcreennoe TpeGosanue, 9Tobbl L # 00.
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MogenupoBaHue CUCTEM aBTOMATUYIECKOrO
yIIpaBJIeHUs C MHTEePBaJbHOI HeollpeIe/IeHHOCTHIO
rmapamMeTpoB (HOBbI€ BEPCUU W BO3MOXKHOCTHU
koMmIutekca nporpamm “ACHUAC”)

H.A. Xnebamun, [1.C. ITarex*

1. Teoperuveckmne ocHOBbI KoMILIeKca nporpamm “ACUAC”
(aHAM3 ¥ CMHTE3 MHTEPBAJIBHBIX ABTOMATHUYIECKAX CUCTEM )

Kax mpasuio, npoektupoBmmk AC nMeeT J1e710 ¢ MATeMATHIECKIME MO/IeJIsi-
mu (MM) B Buzie cucrem quddepernmnanbabix ypasaernit (JIY) niam cTpyKTypHBIX
cxeM ¢ nepegarounbivu Gyakmusayu (I1D), npuuem kosbdurmentsr 1Y u 1P saB-
JIAIOTCsl BEKTOP-PYHKIMSMU HEKOTOPBIX I1apaMerpoB (00bekTa u peryiaropa). Tak
KaK kKodpdurmentor MM gBasgroTcs GyHKIUIME OT TapaMeTpoB, To Takme MM
Ha3bIBAIOT napamempuyeckum. 1Ipu 3ToM OOBIYHO He neJiaeTcs JOIOTHUTEIbHBIX
HOSICHEHWH — B KAKUX 0BJIACTSX U3MEHSIOTC (DU3MIECKHUe TTapaMeTphl (KAKUM MHO-
JKecTBaM onu npunajyiexar). B kommiekce nporpavm (KIT) “ACHUAC” pacemarpu-
BAIOTCsT aBTOMATHIECKHAE CUCTEMBI C MHTEPBAJIHHON HEOIIPEIEIEHHOCTHIO TAPaMeT-
pos (ACHHII), y KOTOpbIX HAYaJIbHbIE YCJIOBUS U BO3MYIIEHUS CIUTAIOTCH TOUIHO
U3BECTHBIMY, & 3HaYeHUsI napamempos (KoabdUIMeHTOB MaTeMaTuIeCcKoil MOJIe N
AC) moryT OBITB JIIOOBIME B IIPEJIEJIaX 33/IaHHBIX UHMEPEAAOG.

Yacteio AC siBrisiercst 00beKT. OOBEKTH MOTYT OBITH JBYX BUJIOB: YACTO-MHTEP-
BaJIbHbIE U (DYHKIIMOHAIBLHO-UHTEPBAJIBHBIE. JUCMO-UHMEPEAALHbIM HABBIBACTCS
00BEKT, B OMHUCAHNE KOTOPOTO KOI(PDUIMEHTHI, 3HAUEHUST KOTOPBIX MOTYT H3Me-
HATHCH HE3aBUCHMO JPYI' OT JIPyra B IIPeJiejiaX HEKOTOPBIX MHTEPBAJIOB, BXOIAT
OJINH Pa3 U B IEPBOU cTereHn. DYHKYUOHAADHO-UNMEPBAADHBLM HABBIBACTCH 00b-
eKT, KO3 DUIUEHTHI KOTOPOTO SIBJIAIOTCH (DYHKITUSIMU OT HEKOTOPBIX WHTEPBAJIHHO
HEOIIPEIEJIEHHBIX BEJIMINH.

OcHoBa nHTEPBAJIBHOM (HOPMBI yUeTa HEOIIPE/IeJIEHHOCTEe! — NHTepBaIbHAsT Ma-
remarnka [1]. B reopun AC nHTEpBaNbHASI MATEMATHKA IPUMEHSIETCS IPUMEPHO €
1980 r. [2]. OxHOl M3 OCHOBHBIX 3a/1aY MHTEPBAJILHOTO AHAJIN3A SIBJISETCS 3a/aua
00 oIleHKe MHTepBaJja 001acTy 3HadeHnit pyHKImu. Keaum paccMoTpers HEKOTOPYIO
unTepBasbHo3Haunyio dyukuuo (M3P) f(w, [v4]) (v; — napamerp, uamensomuiics
B MHTEpBaJe [V4]), y KOTOpPOit w — He3aBUCHMAsT TIEDEMEHHAST, TPUHIMAOIIAST BEIIle-
CTBEHHbBIE 3HAYEHUsI, TO IIPU BO3MOXKHBIX 3HAUEHUSIX IAPAMETPOB B 3aBHCUMOCTH OT
w MbI OyJileM uMeTh rpadUK U3MEHEHUsI MHTepBaJia 3Hadenuii 31oit pyukiuu. Ciie-
noBarenbro, U3®P mpepcraBuMa JByMsl TPAHUIHBIMU (DYHKIUSMEA — MAaYKOPAHTOM
u MmuHOpanToit. Eciin me3aBucnMas mepeMeHHas ABJISETCH KOMILUIEKCHOW BeJIMYH-
HOI1 (B 9aCTHOCTH, YUCTO MHUMOH jw), TO 3HAYeHUS PYHKIUHU OYILyT KOMILIEKCHBIM

*DJIeKTPOCTAIBCKHN TTosuTexHnIecKuilt mHCTUTYT (dbumnan MOCKOBCKOrO rocyIapCTBEHHOTO
HHCTHTYTa cTaju U ciiaBoB). E-mail: khleb@kodos.ru.
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naTepBasioM. OHE MOTYT OBITH IPEJICTABJIEHBI B BUJIE MPSIMOYTOJIBHBIX WJIA KPYTO-
BBIX KOMILJIEKCHBIX HHTEPBAJIOB. 38/1a14a COCTOUT B TOM, IYTOOBI IIPEIJIOXKATH AHAJIU-
THUYECKHE MOAXOJbI U 3 (PEKTUBHBIE KOMIIBIOTEPHBIE AJITOPUTMBbI JJIsl [TOCTPOEHUST
maxkopauT u munopanT. B KII “ACUAC” npumensiercs KoMOUHAIUST TPEX TPYIIT
METOJIOB: METOJIOB MAaTeMATHYECKOro aHajm3a (3a7a4a O HAUOOJIbIIEM U HAUMEHb-
nieM 3HavYeHur (DYHKIUM), METOAOB UHTEPBAJILHOIO AHAJIM3a, U METOZA YIJIOBBIX
a71eMeHTOB. PaKTUIECKN, 9TO OPUTHHAJBHBIN aJrOPUTM DEIeHrs] B CHMBOJHHOM
BHJE 33J[a9M O HAMOOJIbIIIEM U HAUMEHbIIEeM 3HAYEHUU (DYHKIIH.

2. Bepcuu kommiekca nporpamMm “ACUAC”

Kommieke nporpamm “ACUAC” nagasn paszpabarsiBarbest B 1980 1. B Capartos-
CKOM TOJINTEXHUYECKOM HHCTUTyTe Ha Kadeape “ABromarnka u TejieMexaHuka’
[IEPBBIM aBTOPOM JAHHOIO J0KJala (Tabiauia).

Hasznauenune kommexca nporpaMmm ACMAC — aHain3 ycToRYUBOCTH U Ka4ecTBa
ABTOMATHYECKHUX CHCTEM, & TAKXK€ CHHTE3 PEryJsiTOPOB aBTOMATUYECKUX CUCTEM C
UHTEPBAJBHON HEOIIPEIEJIEHHOCTHIO TapaMeTpos (puc. 1).

Kaxk y nac B crpane, Tak u 3a pybezKOM TEOPUs ABTOMATHIECKOIO YIIPABJICHUS
CTajla apeHoll WHTEHCUBHBIX UCCJIEJOBAHWII CHCTEM C WHTEPBAJBHBIMU HEOIpEJIe-
JIEHHOCTSIMHU B mapamerpax. /lesgTebHOCTD U MATEMATHUKOB U “yIIpaBJeHIEeB’ pas-
BHUBAJIaCh Ha (POHE OYPHOI'O PA3BUTHUS BHIYUCIUTEIBHON TEXHUKY, I3bIKOB ITPOTPaM-
MUPOBaHUSI U KPYIIHBIX IIPOrPAMMHBIX CECTeM BooOIe. [losiBiisinch MHOTOYHCIEH-
HbIE TTAKeThl “MHTEePBAJILHON apndMeTHKI U pasHoobpasHoe “mHTepBAIbLHOE” TTIPO-
rpaMMHOe obecriedenne. B NaHHOM JIOKJIa/ie YIIOMSHYTBI HOBble paspaboTku (u3-
BECTHBIE aBTOpaM JOKJIaJa) U OCHOBHOE BHUMAHUE AKIEHTUPOBAHO Ha IIAKeTax,
OTHOCHIIUXCSl K WHTEPBAJIBHO 33JAHHBIM CHCTEMAMABTOMATHYIECKOTO YIIPABJICHUSI.
Pasymeercsi, nipejcrabisiemasi nH(pOpMAaIdsi He MPETEHIyeT Ha HUCYEPIIBIBAIOILYIO
[TOJTHOTY.

O tHUM 13 TEPBBIX TAKET MPOrPAMM JIJIs PEIIEHUsT 331a9 PacueTa NHTEPBATbHBIX
AC 6bu1 pazpaboran M. A. Iankuueiv. Hanbosiee n3BecTHble TAKETHI JJTsI UJICHTH-
duxanun cucrem paspadoranst FO. A. Mepkypoesbim (Pura, 1982 — must cratukn
AC), A.TI. Bomuaussi, I. P. Coruposbiv u ap. (INA, Mocksa, 1989 — crarudeckue
mozenn), A. @. Boukossim u Hryen Boer 3yurom (INTIDE, Mocksa, 1992 — ms
CTATHYECKUX O0HEKTOB, IHHEHHBIX TUHAMUIECKUX O0bEKTOB, HEJIMHEHHBIX JINHAMU-
4JecKux 00beKTOB B BHje Mogeiau [ammepinreitna u monenn Bunepa). IIporpamma
INTIDE, B wactaOCTH, 6bLIa HAUCAHA HA sI3bIKe TporpammupoBanust Cu Jjis mep-
COHAJIBHBIX KOMITBIOTEPOB, PAb0TAET IO YIIPABJIEHUEM OIIEPAIIMOHHOM cucTeMbl MS
DOS, umeer nBe Bepcun (Ha PyCCKOM U QHTJIMHACKOM SA3BIKAX ), MOIIEPKABACTCS Ch-
CTEMOI MEHIO-OKOH, TpadUKA U MOIACKA30K.

s cunmesa pezyaamopos MHTEPBAILHO 3aJaHHbIX AC U3BECTHBI MTAKETHI IPO-
rpamyM, cosganubix V. B. dyraposoii, E. M. Cmarunoit (INT, Tomck, 1988 — s
pacuera I[1- u IIV-perysiaropos, B TOM 4YHCIIE JJisl MHOTOCBS3HBIX cucreM ), A. H. Mo-
uceebiM, C.B. Anekceesbiv (INTERVAL, Amxkepo-Cymxenck, 1997 — muga cun-
Te3a MOJAJIBHOIO PEryJIsiTOPa, PEIIeHUs 33Ja9i aCHMIITOTHYECKOrO CJIEXKEHHs 3a
KOMAH/IHBIM CUI'HAJIOM U MOJICJIUPOBAHUS TPYOKU NBUKECHUS).

Hna  anaausa ACUHIIT paspaGoranbl KOMILIEKCHI POIPAMMHBIX CPEJICTB
@. M. AxmerkanosbiM (Yda, 1996 — 10 MHTEpPBAJBHBIM MOJIMHOMAM U TI0 “TpPy6-
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Bepcun KII “ACHAC”

Kou-Bo
nporpamm/
Bepcus/rox Mecro Tun 9BM TIporparmvroe Maxkc. Paspaborunkn
pa3paboTKu obecnieyeHne
pa3MepH.
3aa4
Bed. npozpammucm:
r. CapaTos, noir. Xuebaaua H.A.
CapaTroBckuii ITpoepammucmo.:
Al(gglgigg)c [OJINTEXHUYECKU EC 9BM FORglégg-IV/ 12/12 CTyAeHTbl Kadeapbl
uncruryt (CIIN), “ABTOMaTHUKA U
kadeapa ATM TeJIeMeXaHuKa
(ATM) CIIA
Bed. npoepammucm:
acn. Jlazapes A.B.
r. DJIEeKTPOCTAb, ITpoepammucmor:
ACHAC Au-cT. buaunan IBM PC/AT-| FORTRAN-V/ 17 + CTyAeHTBbI Kadeapbl
1990719590 MUCuC 286. ..486, MS DOS xreclam/3 | “ABromarusanus
uC), entium indows 9x nau 10 TEXHOJIOTUYEeCKUX
90 MUCuC Penti I Wind
kadenpa ATIIIT IIPOIIECCOB U IIPOU3-
Bozxcrs” (ATIIIT)
90 MUCuC
ACUACEN AHTJIOSI3BIYHA Sl BEPCUSI KOMILIEKCA ITPOI'PAMM ACUACpc
Bed. npoepammucm:
nomu. Xuebaaun H.A
A%Igilcggg;s BEPCUZ OJ1d YHEBHOTI'O ITPOLIECCA 12/3 IIpoepammucmos:
Te ke, uTo n s
ACHACpc
Bed. npoepammucmor:
cr. JAM-97
Baxuros O.A.,
cr. JIAM-99
r. DJIEeKTpOCTAab, . MATLAB/ IIareix 1.C.
IIQABCSJI/IACM SIIN MUCuC, Pentium I Windows 95, 6 / me ITpoepammucmor:
1o H-B- kadeapa ATIITT 1 phiie 98, 2000 OTpaHiHeH Buyxos, TI'oses,
CMenbIoB,
MuxaitnoBa,
CenuBepcTos,
Kysosaxo
34 Bed. npoepammucm:
r. DJIeKTpoCcTab, . Delphi/ cr. BAM-97
ACUACD | 5y Mpcuc, Pentium IT 1y o gg, | Xreclamn /| pp Ty g
2002 —mo H.B. ¥ BBIITE 2, 5, He
kadenpa ATIIIT 2000 ITpoepammucmor:
OrpaHuveH
Bragumuposa, ITareix

kamM” gacToTHBIX Xapaktepuctuk), H. A. Ilequroposeim (Pocros-na-/lony, 1999 —
pobacTHasi abCOJIFOTHAS YCTONYNBOCTD J1jis HEJTMHEHHbIX UMILyIbcHbIX AC ¢ uHTEp-
BaJILHOI HEOITPE/IEJIEHHOCTHIO, MHTEPAKTUBHbII BHIOOD APAMETPOB YIIPABJISTIONIETO
yCTPOCTBA).

[ToMuMO 3TOrO CTOUT YIOMSIHYTH KOMNAEKCHL UHMEPEAALHO-MAMEMAMUYCCKUT
npoepammm, coznannbie A. I1. Borunuusiv, I'. P. Corupossim u ap. (SOLI, Mocksa,
1989 — mosBoJsisieT pemarh 33849 JIUHEHHOIO IIPOrPAMMHUPOBAHUS C WHTEPBAJIHLHO
3a/1aHHOI Ties1eBoit dyHkuueit), A. B. Babuuessivm, O. B. Kagpiposoit, T. I1. Kamesa-
posoit, A. JI. Cemenosbim (UniCalk, Hosocubupck, 1991 — sjisi perienust Ipou3BoJib-
HBIX cHCTeM ajreOpamdeckux u  ajrebpo-auddepeHnnaabHbIX — COOTHOIIe-
HUil), a TakxKe oTuesbHble u3BecTHble HporpamMbl B.M. Hecreposa (Cankr-Ile-
tepOypr) u C.II. aporo (Hosocubupek).
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CtpykTypHad cxenia KIT ACHAC

Shichsochetan
ABam CHETEZ % il
\ . ZPETERES |

V meolle : 4 KauecTeo

A4 HATRTHHE ECKOE KOHCTPYH-
POBAHKE PECYIATOPOB

MogamHoe
VP ABNEHHE

W CTORYHBOCTE

Jomycia Ha koadidu-
LHEHTE PETYIATORA

YacTOTHEIE METOSET :

VIpABNAEMOCTE

[ToCTpOEHHE HHTEPBANE-
HOTO TIOMMHOMA

Puc. 1. Crpykrypnas cxema KII ACUAC

Ilepeitmem Temeps K 6oJtee TOAPOOHOMY OTTUCAHIIO HAIIIETO KOMILTEKCA ITPOTPAMM

“ACHAC".

Ha xecrrom mucke “doprpanoBckasi’ Bepcusi Komiuiekca nporpamm “ACUAC”
XPAHUTCsI B OJIHOMMEHHOH marnke (puc. 2).

Buyrpu Hee HaxomaTcs coepytomye nanku (puc. 3).
Kaxnmas uz manok Asias 98, BasProg, Xtrap98, ACUAC exe, ACUAC apxu-

Bbl, ACUAC _rekcrs! 3anmMaeT 0koso 1,4 M6 u, TakuM 06pa3oM, MOKET XPAHUTHCS
Ha jguckere. HaszBaHus malok JaioT MPEJCTaBIECHAE O TOM, YTO B HUX HAXOIUTCH.
st mosicuenust ipuitoyken dair read _me.txt. B manke BasProg maxosarcs ocHos-
HbIE TIPOTPAMMbI, OTBEJAIONMKE 38 “MHTEePBAJbHbIC” BLIYUC/ICHHUSI, B YACTHOCTH — B

nanke XOLL.

[Iporpammer komitekca mporpamm “ACUAC” xpaHsaTCsS B BHJE UCHOTHSIEMbBIX
daitos (pacmmupenne .exe) W JONYCKAIOT BBOJ, JAHHBIX JUOO C 9KpaHa, JUOO U3
daiina. Kaxxnas nporpammva cHabkeHa KOHTPOJIbHBIM mpuMepoM. Vms ¢aiiia KoH-
TPOJIBHOI'O IPUMEpPa COBIAJAET ¢ MMEHEeM IIPOrpaMMbl U WMeeT pacuiupenue dat.
TTocsie okonuanust pabOTHI MPOTPAMMA BBHIBOJIUT PE3YIbTATHI B (hailyl CO CBOMM MMe-
HeM U paciupenneM rzl. Onucanust mporpaMM U KOHTPOJIBHBIX TPUMEPOB XPAHATCS
B daitiax ¢ mMeHaMu, UMEITUMU pacimupenue chi.
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CeoficTea: Acuac T X
Q6w He I
D AcHac
Tun: Manka c palinardd

Mank.a: DASYSTEMS
Pastep: 5,85 MB [6 139 604 Gairr], 6 971 392 dalm saHATo

Copepitr: P aiinos: 303; nanok: 33

Mra M5-005:  ACHALC

Cosaan: 3 speppana 2001 . 20:34:11
ATRUETE I Tonxo wrenne ™ Crpemsi
r ApRHEHEIF M CucTerHei

[T Menonbs08aTE NPOCHMOTR 3 CKHSOE

Puc. 2. O6mme cpoiictBa manku “ACHUAC”

SAowac - [m% wupdKNL.] MEE

J File Edit Vew Go Favorites Help

[ - -2y Y B0 X g H-
| Ad

Address 7] DASYSTEMS\ACMAC -l
G {Asias 98 BasProg Ktrap92 ACHAC_exe ACWAC_apsmebl
Acuac

BrifepuTe aneMeHT ANA NpocMoTpa i

Ero OnHCaHus. ACHAC Tekctbl_3 read_me. tat

Puc. 3. Crpykrypa nanku “ACUAC”
BWMEEPHTE YCTPOACTBO BBOAA MAAHHWIE

0 - 3JKPAH.
1 - PaAN
BBEAHTE: D

BBEAHTE PA3ZMEF MATPHUM A _1
PAIHEP HATPHIW A 1
B1BE11HTE HHEHHE TPAHHUW INEMEHTOB MATPHUMW A N0 CTPOKAM

BgEllHTE BEPZHHE TPAHHUM INEMEHTOB MATPHUW A N0 CTPOKAM
HHEHAA TPAHHIA HHTEPBAMA BONBUE BEPXHER !

Puc. 4. BaumTa OT HEIIPaBUJIbHO BBOAMMBIX I'DaAHUIL UHTEPBaJIOB
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IIporpaMmbl cHaOKEHBI PA3TMIHBIMUA BUIAME 3a1uT. [IpuMep paboThl 3aIuThI
OT HENmpaBUJIBHO BBOJAMMBIX HaHHBIX (mporpamma XMOKO1) nokasan Ha puc. 4.

B yuebnoit Bepcun komiuiekca mporpamm “ACUAC” pasmepbl peniaeMbix 3a-
a9 OrPAHUYEHDbI TPEThUM IOPSAIKOM, YUCJIO YIIPABICHUI HE MOXKET ObITH OOJIbIIe
nByX (uckinodenueM sipistercs nporpamma XIMAUSI, pasmep peraeMbix 3ajad B
KOTODOI DaBEeH IISITH).

Hosbmmu  Bepcusimu KIT ACUAC  gasasrorcst Delphi-sepcus ACUACp un
MATLAB-Bepcust ACUAC),.

3. Hosbie Bo3amoxkHOCTH KOMILIeKca nmporpamm “ACHUAC”

Pemaembre komruiekcom “ACHUAC” 3ama4yn oTHOCATCS K POOACTHOMY yIIpaBJjie-
HUO aBTOMAaTUYECKUMU CUCTEMaMU ¢ HHTEPBAJBHON HEOIIPEIeJIEHHOCTHIO [TapaMeT-
pos (ACHHII).

3ajaua cunme3da COCTOUT B MPOBEPKE YCJOBUI CYIECTBOBAHUS PETYJISITOPA C
[OCTOSTHHBIMU (HO, BO3MOYKHO, HEOIIPEIETIEHHBIMHE, JIEXKAIIMHI B HEKOTOPBIX JIOIYC-
Kax) koaddunueHTaMu 110 06JIACTH [APAMETPHIECKOil HEOIIPe/IeJIeHHOCT 00'beKTa
U 2KeJIAeMOH [eJIM YIPABJIEHUS U B BLIUUCACHUM KOI(DMUIMEHTOB peryasaropa (ec-
Jit 910 BO3MOXKHO). Llesibio yupasienus cauTaercs IIpUIaHue 3aMKHYTON cucTeMe
YCTONYIMBOCTH, & MPOIeccaM, B Heil MPOTEKAIONINM, HEKOTOPBIX Ka9eCTBEHHBIX MO~
KazaTeJeil, OlpeIesIeHHbIX B BHjie (DYHKIIMOHAJIOB WM ONPAHUYEHUN DPA3JIMIHOTO
BHUJIA.

Cunres peryisropos fyst ACUHII npoBosuTcst HHTEPBAJILHBIM BAPUAHTOM Me-
TOZIa MOJIATIBHOTO yripasJenust [3]. Vcmomb3yercs: cnocod BKITFOUEHNs] HHTEPBAJILHO-
ro XapaKTepUCTUIEeCKOro mojmHoMa 3aMkHyTol cucrembl (IXII3C) B KesmaeMbrit
UXII3C. JocronHCcTBAa M HEJOCTATKU ITOrO CIIOCODA IOC/IE JIECATUIETHETO OIBITA
IpUMeHeHUs ObLIM U3/10KeHbl B [4]. DTor c11ocob peannsoBan B BUJE IIPOIPAMMbI
XSMRCBI1. s paborsr 3roit mporpammbl Heobxomum 2xkeaembrit IXII3C. Ero
CHUHTE3 T10 XKeJJaeMOil 00JIACTH PACIOJIOXKEeHNsT KOPHEH B BUJIE TPAIelnun, Paciosio-
JKEHHOM B JIEBOIl KOMILJIEKCHON IIOJIYILJIOCKOCTH IPOBOJIUTCs Iporpammoiit XSIPT1.
CooTBercTByOIIas TeOPUsl U AJITOPUTM ONyOINKOBaHbBI B [5].

ITox anasusom ACUHII norumaercs mojydenue OleHOK OCHOBHBIX cBoiicTB AC
MIPU HEOTPEJIEIEHHOCTH TTapaMeTpOB 00bEeKTa W KO3 DUIMeHToB perynasaropa. Pe-
I[IEHUE 3a/Ia"1 AHAJII3a OOBITHO IIPECIe/LyeT eI YJIy IIeHIs CBORCTB CUCTEMBI, ITO
[peJoiaraeT u3ydenre o0beKTa JJisi YCTaHOBJIEHUs KOPPEKTHOCTH TPeOOBaHUN K
ero (pyHKIINOHUPOBAHUIO.

Opaum u3 sranos anagnza ACUHII asisiercs onpejesierne ee ynpaBaseMOCTH.
Caenyromum starnom anamsa ACUHII ssisiercst ompejiesieHne ee yCTONYUBOCTH.
Ecim momens ACUHII 3asana B Bujie nepeaTodHOil (YHKIUU, TO YCTONIMBOCTH
OIEHMBAETCsI 110 (DYHKITMOHAILHO-UHTEPBAJIBHOMY TIOJIMHOMY ee 3HaMeHaTe 1. Beu
monens ACUHII 3amana nmuddepeHmaabHbIMI yPABHEHUAME, TO UCIOIL3YIOTCS
KPUTEPUH yCTONYIMBOCTH (DYHKIIMOHAIHHO-UHTEPBAIBHBIX MATPHII,

Kagecrso ACUHII MOXKHO OIeHMBATH 110 KOPHEBBIM, YaCTOTHBIM U BPEMEHHBIM
xapakrepuctukam. KIT “ACNMAC” no3Bosisier CTpOUTh OJIHO- U MHOT'OCBSI3HbIE 00J1a-
cru jokam3anuu myneir u nojocoB ACUHII, pazmuamse sugas YX. Opnako Hau-
6oJiee MPUBJIEKATEIHLHON SIBJISETCS TaKas ero BO3MOXKHOCTD, KAK MOCTPOEHUE TPY-
00K TpaekTopuit BO BpeMeHHO# obsactu. s mocTpoenusi TpyOOK HUCIIOTB3YETCSI
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MaKOPAHTHO-MUHOPAHTHAS ANIPOKCUMAINS PA3JIUIHON CTEIIeHN TOYHOCTH BCETO
MHOXKECTBa peleHnit nuddepeHIalbHOro ypaBHeHUsI WM IIePEMEHHBIX COCTOsI-
HUSI.

Cucrema MATLAB — oauH u3 camMbIX MOIMIHBIX U 3(DQMEKTUBHBIX WHCTPYMEH-
TOB I CO3/IaHUS PA3HOOOPA3HBIX IIPOIPAMMHBIX KOMILIEKCOB, IIPeIHA3HAYEHHBIX
JIJISL PeIlleHUs] HAayJIHO-TEXHUYIECKUX 3ajad. bjarogapsi TeKCToBOMYy (GOpMaTy m-
dailIoB 110JIb30BATENb MOXKET BBECTH B CUCTEMY JIIOOYIO HOBYIO KOMAHJLY, OIIEPATOD
win GYHKIWIO U 3aTEM MOJIb30BATHCS MMU TAKZKE IIPOCTO, KAK U BCTPOEHHBIMU OTIe-
paropamu win GyHKIUAMEA. Biiaromgapst IMEHHO 9TOM 0CODEHHOCTH, & TaK¥Ke BCTPO-
ennbiM B cucremy MATLAB cpencrBaM aHaIuTUYECKUX BBIYUCJIEHUN U 3JIEMEHTaM
NHTEPBaJIbHBIX BI)I“II/IC.J'IGHI/II‘/JI7 CTaJIO BOBMOXKHBIM II€PpEBECTU HallUCaHHbIE Ha A3bI-
ke @oprpan mporpammbl Komiiekca mnporpamm “ACUAC” B cucremy MATLAB,
co3/maB M-Mailyibl ¢ TEKCTAMU aHAJIOTHIHBIX ITPOIPAMM.

Paccmorpum, st mpuMepa, Kak 3TO ObLIO PEAJM30BAHO IS IPOTPAMMBI II0-
CTPOEHUsI YTOYHEHHON O0JIACTH JIOKAJM3AIMH KOPHEH WHTEPBAaJIbHOI'O IOJUHOMA
(Xvicin).

IIporpamma “ITocTpoenne MHOTOYTOIBHOM 00IACTH JTOKAIU3AIUN KOPHEH yCTO-
YHUBOI'0 MHTEPBAJIBHOIO IoJIMHOMa nMeeT uMs Xvicin. IIporpamMmma dbyHKITHOHUDYeET
B cucreme MATLAB Bepcuu 5.2 u BbIIIIe.

IIporpamma manucana Ha BcrpoeHHoM B MATLAB m-s3bike.

* [Iporpammoii peraercst 3a/a4da 110-

a1 4 ms CTPOEHUSI MHOTOYTOJIbHOM 0BJIacTH JIO-

KAJIM3AIUH YCTONIMBOrO MHTEPBAJIHHO-
ro IIOJIMHOMA.

OTa 3ajava  HABJISETCH  IACTHBIM
- caydaeM 3aJ@du 006 OTHOCHTEIHHOMN
“ YCTORYMBOCTU. ABTOMaTHYECKAS] CUCTE-
s ReS  Ma CUMTAETCS OTHOCHTEIHHO YCTOHUH-
BOI, €CJIM BCe KOPDHU €€ XapaKTePUCTH-
7 YecKHe ITOJIMHOMBI JIOKAJIN30BaHbI B 3a-
- JIAHHOM 0bJsiacTi A KOMILJIEKCHOM ILI0C-
" . KOCTH.

& 7, 1j1st TOrO 4TOOBI IIOCTPOUTH O0JIACTH
-+ -+ » JIOKQJIN3aIINU KOPHEI Hy2KHO HOCTPOUTH
BCE €r0 yTIJIOBbIE IIOJIMHOMBI, HAHTH KO-
HU, a 3aTeM “BOKPYI’ 3THUX KOPHeU Io-
CTPOUTDH 00JIACTb.

Puc. 5. MmuoroyronbHast 067acThb JIOKa-
JIM3aIiU KOPHEW WHTEPBAJIbLHOTO TTOJIMHOMA,

Takast 0671aCTH CTPOUTCS B JAHHOI IIPOrPAMME TI0 CJIEIYIOMEMY AJTOPUTMY:

1. TIpoBepka NPaBUIBHOCTH BBEJEHHBIX JAHHBIX (HUXKHME I'DAHUIBI MEHbIIIE
BEPXHUX).

DopmupoBaaue Ko3hOUIUEHTOB TOJUHOMOB XapUTOHOBA.
IIpoBepka ycTONYINBOCTHU MOJMHOMOB [0 KPUTEPHUIO ycToauBocTu ['ypBura.

Ecnu nosmuaoMm ycToitauB, TO epexos K 1. 5, nHade COODIIeHre O HEyCTOWIn-
BOCTH TIOJIMHOMA U KOHEIT pabOThI TPOrPAMMBIL.

5. ®opmupoBanme KO3ODUITNEHTOB YITIOBLIX MOJITHOMOB.
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6. Borauciienne KopHeil yIJIOBBIX [TOJIMHOMOB U OIIPEJIeJIEHNE U3 UX [TapaMeTPOB
00JIaCTH PACIIOIOKEHUsT KOPHEH.

7. BoiBoz rpaduka 0b6JaCTH PacIoIoyKeHNsT KOPHEH U BBIBOJ IapaMeTpoB 0bJ1a-
CTH.

Biok-cxema mporpaMMsl IipejicTaBieHa Ha puc. 6.
BxonubiMu mmapamMeTpaMu sIBJSIIOTCS:

e CTelleHb MHTEPBaJIbLHOI'O IIOJIMHOMA — 1,

e HIUZKHUE T'PaHUIbI KO3(MMUIMEHTOB NHTEPBAIBLHOIO mojuHoMa — Gn,
e BBOJI OCYIIECTBJISETCA CO CTapIeil CTelleH !,

e BepXHHUE I'PAHUIBI KOIDMUITMEHTOB HHTEPBAJILHOTO HoJuHOMa — G,

e BBOJ OCYITIECTBJISIETCS CO CTapIIeil CTEICHU.

Beop HCxofHEDR: JaHHHEZ
-CTENEHE MONHHOMA
-HT xosdd.

-BT wosdi

Koshduuuente
HNOILOKHTENEHE T

Humune rpaguyel
MEHLIIE BEpEHHUE!

D opMHpoBaHHE YTIOBHE
OONHHOMOE

Pacder napaMeTpor obnacTa
PACICIoEEHEA KopHel

Breon cocbmeraa ¥ Bomon coobmpre o
© HEBEPHOM 3aJaHHH Busog rpadura obmactr N
. HeyoTokguBocTH HIL
TRaHuI TMOEATHalHH KopHER
3

Bueog napaMeTpoB obnacTH
pacToNoEeHEA KopHel

IposepuTE
IIPH KOHEPETHEY
sHageHEAx HII7

Bripon rpaduxa mpH KOHKPETHEX
SHadeHHAZ NapaMeTpos

Konern

Puc. 6. Biok-cxema nporpaMmmer Xvicin
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JlaHHBIE BBOAATCA B OTBET HA COOTBETCTBYIOIIUE 3AIIPOCHI IPOIPAMMBI.

Yucisio n — nesnoe, 3Hadenuns: kKoadpduimerTos Gn, Gu 3alKMCHIBAIOTCS B KBaJl-
pPaTHBIX CKOOKaX M Yepes3 mpobe.

BoIxogubiMu JaHHBIME ABJISIIOTCS ITapaMeTPhbl 00JIACTH PACIIOIOKEHUsT KOPHEIi:

fi — yrou cexkropa Qu,
tet — cremendb ycroitunBocTu Tera,
ksi — paccTosiHuE JI0 MAaKCHMAJIbHO YIAJIEHHOTO KOpHs Ksi,

Ym — makcuMmasibHas MHUMasi JacTh KOpHefI YTJIOBBIX ITIOJIMHOMOB.

Hpyrumu vHoBbiMu BozmoxkaOCTIMU KIT “ACUAC” gBastroTcst: aHaM3 INCKPET-
HBIX ABTOMATUYECKHUX CHUCTEM, KO3(h(UINEHTHbIE METOJbl AHAJIU3a W CHHTE3a
ACHHII, 4yacTroTHBIE METOJLI HCCIENOBAHUS (DYHKIUOHATHHO-UHTEPBAJIBHBIX

ACUHII.
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MHTEPBAJIBHASI MATEMATUKA U PACIIPOCTPAHEHUE OI'PAHUYEHUN
MKBM-2004 PABOYUE COBENIAHUA C. 267-270

KpuTtepnit HeorpaHUYIeHHOCTH JIOITYCTUMOTO
MHO>KECTBa pelieHunii

N.A. [Mapas*

Awnunoranusi. [lomydyen kpurepuili HEOrpaHUIEHHOCTH JJIsT JTOMYCTHMOTO MHOXKECTBA pPe-
MIEHNY NHTEPBAJIbHON CUCTEMBI JTUHENHBIX aaredpandecKux ypaBHEHUM.

JloroBopumcst UCIONIb30BATh 0OO3HAUEHUs], IIPeUIOKeHHbIE B [1], n Kiaccuue-
CKyI0 MHTEPBaJbHYIO apudmeTuky (cM., Hamp., [2]).

st mHTEpBAJILHON CHCTEMBI JIMHEHHBIX ajredpandecKux ypapueHuit Ax = b,
re A € IR™*™ — unTepBajbHag MATpHIE pasMepHOCTH m X n, b € IR™ — un-
TepBaJIbHBIN BEKTOD JUIMHBL M, & € R™ — BellecTBeHHbIH BEKTOD JJIMHBL 1) dony-
CINUMDM MHONHCECTIEOM, PEUWEHUT MU TIPOCTO JONYCMUMBIM MHONHCECTNEOM OyIeM
HA3BIBATDH, B COOTBETCTBUHM C [3], MHOKECTBO

=={z| (VA € A)(Tb € b)(Ax =b)}. (1)

Omnpesenenne (1) mozkHo neperucars B Buje = = {z | (VA € A) (Az C b)} mm,
nosib3ysich coiicreom {Ax | A € A} = Az, B BUze ymoGHOTO JUIst TIPOBEPKU U UC-
CIIEZIOBAHUS KPUMEPUA NPUHAOAEHCHOCTNU BEKTOPA T JONYCIMUMOMY MHOICECTNGY
pewerul:

reZ <<= AzChb (2)

Jlerko nokasarsb [4, 5|, 4T0 = — BBIIYKJIO€ MHOIOIDAHHOE MHOMKECTBO (T.e€. Ie-
pecedeHre KOHEIHOIO YHCJIa MOIynpocTpancTB) B R™. Mbl okazkeM, Kak 110 BUIY
MaTPUIIBI A MOYKHO CYIUTH 00 OrPAHHYEHHOCTH JOIIYCTHUMOIO MHOXKECTBA PENIeHN.

JlokazkeM cHauaJIa JBa BCIOMOraTeIbHBIX yTBepKAeHns. IlepBoe mossosser mo
CHenyaIbHOMY BHJLy MaTPHIIBI CKA3aTh, UTO JIOIyCTUMOE MHOKECTBO HEOTDAHUICHO,
a BTOpoe, HaoOOPOT, IOKA3bIBAET, YTO JJI HEOTPDAHHIECHHOI'O JOIIyCTHMOTO MHOKe-
CTBa MaTpPHIla UMeeT 3TOT CIENUAJbHBIN BUI.

HaroMHIM, 9T0 KOHEYHOE MHOZKECTBO {d; } BEIECTBEHHBIX BEKTOPOB HA3BIBAET-
CsL AUHETHO 3G6UCUMDBLM, ECITH CYIIECTBYET MHOXKECTBO {¢;} BEIIECTBEHHDLIX THCEl,
He BCe U3 KOTOPBIX PABHbI HYJIIO, TAKOe, 4TO ) a;c; = 0. 3aMeTnm, 4To MHOXKECTBO
13 OJHOT'O BEKTOpa JIMHEHHO 33aBHCHUMO TOIJIa W TOJBKO TOTJA, KOI/a 3TOT BEKTOD
HYJICBOM.

YrBepxkaerue 1. I[lycms donycmumoe muoosicecmso = nenycmo. Ecau 6 mam-
puye A ecmov AUHETHO 3a8UCUMDIE BEULECTNEERHDBLE CTNOADUDLL, MO = HE0ZPAHUYEHO.

Hoxka3zaresnbcrBo. B cuity kpurepus (2) npuHa ek HOCTH JIONyCTUMOMY MHOXKe-
CTBY HEILyCTOTa = O3HAYAET, ITO cylnecTByer & € R™ rakoit, uro AZ C b. Pactmcan
npoussesenue AZ no crojbuam A.;, noayanm

*WucturyT BeraucauTenbubix Texnosornit CO PAH.
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> A i; Cb. (3)
j=1

IIyctp J — MHOXKECTBO HOMEDOB JIMHEHHO 3aBUCHMBIX BENIECTBEHHBIX CTOJIOIIOB
A.; marpunpt A. Torma (3) MOXKHO Iepernncars B BUIE

D AE+ Y, AyE;Ch, (4)

jeJ j=1,7¢J

a JINHEHHYIO 3aBUCUMOCTH BEIECTBEHHBIX CTOJIOIOB BBIPA3UTH (DOPMYIIOH

ZAJC] = 07 (5)
JjeJ

raec; € Ru Y Jej| > 0.
JET
Homuoxast (5) Ha MPOU3BOJIBHOE BEleCTBEHHOE ¢, 100aBiss K (4) U MOJIb3ysCh
3aKOHOM JIICTPUOYTUBHOCTH /ISl BENIECTBEHHBIX THCEJI, MOy ITHM

n
VtER ZA;j(i’j+th)+ Z A:ji’j Q b. (6)
jeJ i=1,j¢&J
BBeﬂeM BEKTOp C = (Cl, ceey Cn), JIOIIOJTHUB MHOZKECTBO KOSCl)(bI/IL[I/IeHTOB JINHEN-

HOl 3aBucuMocTH HyJseBbivu st § € J. Torma (6) MoxKHO nepenucaTh B BUJIE

VieR ZAU‘(.%]' -|-th) Cb,
j=1

4TO B MATpU4HOi (pOpMe BBIIVISIUT TakK:
VteR A(Z+tc) C b

Tlo KpuTepuro NPUHAJIEXKHOCTH (2) 9TO O3HAYAET, YTO BMECTE C PelleHneM I B
MHOKECTBO = TTOTIAeT MIpsiMast, TPOXOIAIIAs Yepe3 X U MapaJsiebHasd HEHYJIEBOMY
BEKTOPY ¢. 3HAYUT, = HEOTPAHUIECHO. 0

YrBepxkaenue 2. I[lycmov donycmumoe mmoocecmeo = nenycmo. Ecau ono neoe-
PAHUNEHO, O 8 Mampuye A ecmob AUHETIHO 3A46UCUMDLE BEULLCTNEEHHDLE CTNOAOYDL.

HokazareqbcTBo. Kax ynoOMHHAIOCH BO BBEIEHHH, = — 3TO BBIITYKJIOE MHOIO-
IrpaHHOE MHOXKECTBO. Ecim Z HEOrpaHUYeHO, 3HAYHUT, HEOIPAHUICHO €0 Iepecede-
HUE ¢ KaKUM-HHOYJIb OPTAHTOM. TOrJa B 3TOM OPTAHTE JIEXKUT BBITYKJIOE MHOIO-
IrpaHHOE HEOrpaHWYeHHOE ITOJMHOYXKECTBO =, N3 KOTOPOIO MOXKHO BhIOpaTh KaKoii-
HUOYb Jiyd (T + tc), Tae & — HAJaJo JIyua, ¢ — HeHYJEBOH BEKTOD HAIIPaBJICHUSI,
t € RT — mapamerp, 3a1a10muii TOUYKH JIyda.

Tax Kak jiyd (Z+1c) MeIMKOM JIe?KUT B =, TO 110 KPUTEPHIO IPUHAIIEXKHOCTH (2)

vte Rt A(Z+tec) Cb. (7)
C Jipyroii CTOpOHBI, JIyd (:E + tc) IEeJINKOM JIE2KUT B OJHOM OPTaHTE, IO3TOMY

Vje{l,....,n} zc; >0
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u B (7) MOXKHO PACKDBITH CKOOKH IO TPABUILY JAMCTPUOYTUBHOCTH [2, 6]:
vVt e RT Az + A(te) Cb. (8)

1 TpON3BOIBHBIX MHTEPBAJIBHBIX BEKTOPOB X, Y, Z UMEET MeCTO OYEBHIHOE
CBOWCTBO

zCy .
- <
ctzCy }:>|z|_vv1dy,
rze || — Momysib, wid — muprHa MHTEPBAILHBIX BEKTOPOB. N Co/b3yst 310 CBOHCTBO
B (8) it « = Az, z = A(tc), y = b, nosyunm, 910 JIOJZKHO BBIIOJHATHCS
HEPABEHCTBO
vt € RT |A(tc)| < widb. (9)

JlJ1st BEIeCTBEHHOro ¢ IPUMEHNMO IPABUIIO AUCTPUOyTHBHOCTH [2, 6]. DTO 1103BO-
JsteT nepenucarhb (9) B BUIE

vteRT  |t(Ac)| < widb.

TTonoxkuresnbaoe ¢t MOKHO BBIHECTH 38 3HAK MO/LYJISI M PA3/Ie/IUTh Ha HEro obe JacTu
HepaBeHcTBa. Torma

idb
vt e RF\ {0} |Ac|§mj .

T0 BO3MOXKHO TOJBKO 1pHu |Ac| = 0, ITO 9KBUBAJIEHTHO
Ac=0. (10)

Pasencrso (10) osmataer, 4ro

i A;jCj = 0,
j=1

T. €. JINHEHAsT KOMOMHAIIMsI CTOJIOIOB MHTEPBAJIBHON MaTpullbl A ¢ KoaddurmenTa-
MM, COOTBETCTBYIOIIIMU KOMIIOHEHTaM BEKTOPA ¢, paBHa Hy/10. OcTaercst 3aMeTUTh,
9TO HEeHyJIeBble KOI(DDUIMEHTHI B 9TOH CyMMe MOT'YT CTOSITh TOJIBKO TP BEIECTBEH-
HBIX CTOJIOIAX MATPUIBI. B MPOTUBHOM CJiIydae PaanycC JIMHEHHOW KOMOMHAIIAN

n

rad(Ac) = Y |cj|rad A, (11)
j=1
OyJer oTimdeH oT HyJd, 9To nporusopednt (10). O

CrencrBueM yTBepKIeHUi 1 u 2 siBjIsteTCst

Kpurepuii HeorpanudeHHOCTH. [[ycmb donycmumoe MHOHCECTNBO = HENYCMO.
Ono neozpanuveno mozda u moavko moeda, kozda 6 mampuue A ecmv auHedHO
3A6UCUMDLE BEULECTNEEHHDBLE CTNONOUDL.
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[IpuMeps! NpUMEHEeHNsT KPUTePHsl HEOrPAHUIEHHOCTH
(1151 HETTYCTOrO JOMYCTUMOrO MHOYKECTBA,)

WNurepBanbuas marpuna A MHoxkecTBO =
Her BemecTBeHHBIX KOMIIOHEHT OTPAHUIEHO
Kaxaprit cTosiberr nMeeT HEBEIECTBEHHYIO KOMIIOHEHTY OI'PAHUYEHO
EcTb HyneBble cTOIOIBI HEOT'PAHUIEHO
Ectb mponopiimoHa/ibHbIE BENECTBEHHBIE CTOJIOIBI HEOT'PDAHUIEHO
Yucsio BelecTBeHHBIX CTOJIONOB, OOJIbITE ODIIEro YUCIa CTPOK | HEOTPAHUIEHO

3amMeuaHune 0 BUJie HEOIPDAHUYEHHOrO JIOILyCTUMOI0 MHOXKecTBa. lasaiite
onpobyeM IpeCTaBUTh, KaK BBINISIUT HeorpanundenHoe =. Ilycrs ¢ € R™ — mpo-
W3BOJIbHBIN BEKTOP KO3(MMUIMEHTOB, [JIsi KOTOPOro JUHEHAsT KOMOUHAIMS CTOJI0-
[IOB MHTEpBaJbHON Marpuilbl A pasHa Hym0, T.e. Ac = 0. Obo3naunm depes L
[IPOCTPAHCTBO BCEX TaKuX BeKTOpoB. B cuiry (11) y BeKTOpa ¢ MOrYT OTJIMYATLCSH
OT HYJIsI TOJIBKO KOMIIOHEHTBHI, COOTBETCTBYIOIIIIE BEIECTBEHHBIM CTOJIOIAM MaTpPU-
sl A. 3HAUUT, pasMepHOCTh IpocTpaHcTBa L pasHa (p — ¢), T1e p — 9nCIO BCeX
BEIECTBEHHBIX CTOJIONOB, ¢ — MaKCUMAaJbHOE YHCJIO JINHEHHO HE3aBUCUMBIX BEIIe-
CTBEHHBIX cTOJIONOB MaTpuiibl A. Hanpumep, eciin B Mmarpuiie A Bce BENECTBEHHBIE
CTOJIONBI HYJIEBBIE, TO PA3MEPHOCTDH IPOCTPAHCTBA L paBHA MX YUCILY.

Onmpasich Ha JTOKA3aTeJbCTBO YTBEpXKJAeHUsT 1, MOXKHO CKa3aTbh, YTO = IMpeJ-
cTaBysteT coboil 00beIUHEHNE TIPSIMbBIX, MTAPAJIIETLHBIX TPOU3BOJILHOMY BEKTODY C
u3 L. CieoBaresibHO, JIOIyCTUMOE MHOXKECTBO COCTOUT U3 IIPOCTPAHCTB, IIOJIyIeH-
HBIX MTapaJIeTbHBIMU cABUTAMU L. JIJ1s BBITYKI0TO MHOTOIPAHHOTO MHOXKECTBA, 3TO
O03HAYAET, ITO BCE €r0 TPAHU JIEXKAT B TUIIEPILUIOCKOCTHAX, HAPAJIICIbHBIX L.
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Interval-affine Gaussian method
for systems with constrained coefficients

R.R. Akhmerov*

Abstract. In paper outer problem for interval linear algebraic systems with constrained
coefficients is considered. For the case of linear constraints it is shown that the interval-
affine Gaussian method can be successfully applied. The results of computation experi-
ments using this method are given.

By the systems with constrained coefficients we mean such linear algebraic sys-
tems when there are some constraints for elements of real matrices from main in-
terval matrix. In paper we consider case of linear constraints mainly. For example,
elements of symmetric and skew-symmetric matrices are linearly constrained.

Interval-affine Gaussian method was constructed as alternative for well-known
interval Gaussian method. It based on using interval-affine arithmetic and it gives
a chance to noticeably improve the quality of outer enclosures of joined solution
set. This improvement is consequence of interval-affine arithmetic ability to take
into account dependence between arguments in arithmetical operations. It is shown
this property let us easily adapt interval-affine Gaussian method for solving problem
with constrained coefficients. In linear case the method takes constraints into ac-
count entirely and actually reduces problem to problem with less number of interval
parameters.

The results of computation experiments using this method are given. The exper-
iments show that taking constraints into account let us sharpen the outer enclosures
of joined solution set.

*Altai State University.
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Quantified Set Inversion Algorithm

Pau Herrero, Miguel A. Sainz, Josep Vehi, Luc Jaulin

Introduction

Real physical world problems frequently involve non-linear constraints over real
numbers, uncertain data and badly defined parameters. This kind of problems can
be expressed in terms of numerical Constraints Satisfaction Problems (CSP) [1].

Usually, quantifiers (V, 3) arise in certain situations of uncertainty in the pa-
rameters of CSP. For example, universal quantification, models situations where
some parameters are unknown and the mathematical model has to hold for every
possible choice of these parameters. On the other hand, existential quantification
models situations where some parameters can be chosen by the designer. When
this quantification appears on a CSP, it can be expressed in terms of numerical
Quantified Constraints Satisfaction Problems (QCSP).

The importance of solving QCSP lies on the fact that many physical problems,
for example in control engineering [2-5], electrical engineering [6], mechanical en-
gineering [7, 8], biology [9] and various others [10, 11], can be expressed under this
paradigm.

Up to now, Cylindrical Algebraic Decomposition [12-14], for which a practical
implementation exists [15], has been the most extended method to solve this type
of problems. However, this technique is only well suited for small or middle-size
problems because of its computational complexity. Moreover, it often generates
huge output consisting on highly complicated algebraic expressions which are not
useful for many applications and it does not provide partial information before
computing the total result.

Methods that appear lately [16, 17] try to avoid some of these problems re-
stricting oneself to approximate instead of exact solutions, using solvers based on
numerical methods. However, these algorithms are also restricted to very special
cases (e. g. quantified variables only occur once, only one quantifier, etc.). Recently,
some of these deficiencies have been partially removed by Ratschan [18-20] but, a
lot of work remains to be done before obtaining an efficient and general method. It
is important to remark the important contribution on the mathematical foundations
of the problem recently done by Shary in [21].

This paper describes a new reliable an efficient method, based on Modal Interval
Analysis [22, 23], Set Inversion techniques [24], for the characterization of solution
sets defined by numerical Quantified Constraints Satisfaction Problems (QCSP).

1. Problem Statement

A Quantified Constraint (QC) is an algebraic expression over the reals which
contains quantifiers (3, V), predicate symbols (e.g., =, <, <), function symbols
(e.g., +, —, X, sin, exp), rational constants and variables x = {z1,...,z,} ranging
over reals domains D = {Dy,...,D,}.
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An example of a QC is the following one,
VeeR 2t +pz?+qr+r>0, (1)

where z is a universally (V) quantified variable and p and r are free variable.
As defined in [21], a numerical constraint satisfaction problem, is a triple CSP =
(z,D,C(x)) defined by

(i) a set of numeric variables © = {z1,...,z,},

(ii) a set of domains D = {Dq,...,D,} where D;, a set of numeric values, is the
domain associated with the variable z;.

(iii) a set of constraints C(x) = {C1(x),...,Cn(x)} where a constraint C;(x) is de-
termined by any numeric relation (equation, inequality, inclusion, etc.) link-
ing a set of variables under consideration.

A solution to a numeric constraint satisfaction problem CSP = (x, D,C(x))
is an instantiation of the variables of @ for which both inclusion in the associated
domains and all the constraints of C(x) are satisfied. All the solutions of a constraint
satisfaction problem thus constitute the set

Y ={x € D | C(x) is satisfied}. (2)
Now suppose that the constraints C(x) depend on some parameters py, pa, . .., P
about which we only know that they belong to some intervals Py, Ps, ..., P;. More-

over, these parameters have an associated quantifier @ € {V,3}. Taking into ac-
count the dual character of interval uncertainty, the most general definition of the
set of solutions to such Quantified Constraint Satisfaction problem QCSP should
have the form

E:{meD|Ql(pJuP(n)"'Ql(paupol)c(m)}a (3)

where

e (); are logical quantifiers V or 3 (in this paper, only the case of universal
quantifiers preceding the existential ones will be dealt),
e {p1,pa,...,pi} is the set of parameters of the constraints system considered,

o {P,P,,...,P} is a set of intervals containing the possible values of these
parameters, and

e o, € Y, is a permutation of the numbers 1,... 1.

The sets of the form (3) will be referred to as quantified solutions sets to the
numerical quantified constraints satisfaction problem QCSP = (z, D,C(x)).

2. Methodology

2.1. Set Inversion. One way of solving a CSP is through the characterization of
its solution set by means of the Set Inversion (SI) approach.

Let CSP be a constraint satisfaction problem CSP = (x, D,C(x)). Set inversion
aims at characterizing the set ¥ of all & such that C is satisfied.
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Remark. All constraints are considered under the form C(x) := f(x) = y, where
f a continuous function from R™ to R™.

Given a box X (cartesian product of intervals), an algorithm which does set
inversion is based on a branch-and-bound technique and the 3 followings set of
rules.

Rule 1: V(z, X)C(x) & X C 3.

This logic formula, used to prove that a box X is contained in the solution set,
is equivalent to the following interval computation and interval inclusions

Out(f(X)) €Y,

where f(X) are the ranges of the function components over the interval vector X
and Out(f(X)) are outer approximations of f(X)

Rule 2: V(z, X)-C(z) & X CX.

X2 This logic formula, used to prove
that a box X does not belongs to the
solution set, is easily proved by means of
the following interval computation and
interval inclusions

2] _
Out(f(X)) CY.

Finally, if Rule 1 and 2 are not ac-
X complished the position of the box X is
undefined

Figure 1. Solution set: 1 — solution,
2 — non-solution, 3 — undefined Rule 3: Otherwise, X is undefined.

Figure 1 shows a two dimensional example of the three possible situations cor-
responding to the 3 rules.
Then the algorithm which does set inversion is as follows

Algorithm SI (In: C, X, ¢, Out: Inn(X), Out(X))

1. if With (X) < € then X is undefined

2. else if Rule 1 is satisfied then X is solution

3. else if Rule 2 is satisfied then X is non solution
4. else Branch(X, X1, X>)

5. SI(C, X,¢)

6. SI(C, X5, ¢)

where

e c: SI stops the branching procedure over X when this precision is reached,
e Inn(X): Inner approximation of the solution set,

e Out(X): Outer approximation of the solution set.
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2.2. Quantified Set Inversion via Modal Interval Analysis. Classical Set
Inversion is well suited characterizing solution sets of the form (2). The problem
arises when the sets are of the form (3). Then, a new algorithm for the character-
ization of quantified solution sets is needed. This algorithm will be referred to as
Quantified Set Inversion (QSI).

Let us consider the case when the constraints are under the form C(x) := f(x)
0, with f a continuous function from R™ to R.

The main difference between the classical Set Inversion Algorithm and the quan-
tified one lies on the used set of rules. For the proposed algorithm the following
rules will be used:

VIIA

Rule 1: V(z, X)V(pu, Pu)3(pe, Pe)C(x) & X C X,

This logic formula, used to prove that a box X belongs to the solution set, can
not be easily proved by means of classical interval computations. For this reason,
Modal Interval Analysis is proposed (MIA). MIA is a powerful mathematical tool
which allows the evaluation of quantified interval formulas by means of interval
computations. Concretely, to evaluate the set of logic formulas, the *-semantic
theorem given by MIA is used to reduce equivalently the logical formula to the
interval inclusion

Out(f*(vaUaPE)) g Za

where X, Py are proper intervals, Pg improper one, Out(f*(X, Py, Pg)) is an
outer approximation of the the *-semantic extension of the continuous function f
and Z = [0,0], Z = [—00,0] or Z = [0, o0] depending on if the constraints are under
the form C(z) := f(x) =0, C(x) := f(x) < 0 or C(x) := f(x) > 0, respectively.

In order to obtain the second rule, used to prove that a box X does not belongs
to the solution set, the following implication is used:

Rule 2: ~(Y(pv, Py)3(pE, Pe)3(z, X) C(x)) = X C X.

This logical formula is, analogously, equivalent to the following interval exclu-
sion:

Inn(f*(X, PU, PE)) 7¢_ Z,

where Py is a proper interval, X, Pg improper ones, Inn(f*(X, Py, Pg)) is an
inner approximation of the the *-semantic extension of the continuous function f.
and Z = [0,0], Z = [—00,0] or Z = [0, o0] depending on if the constraints are under
the form C(z) := f(x) =0, C(z) := f(x) < 0 or C(x) := f(x) > 0, respectively.
Finally, if none of these rules are accomplished, the box X is undefined.

Rule 3: otherwise, X is undefined.

Computing the semantic extension of a continuous function f by means of any
of their interpretable rational extensions provokes an overestimation of the interval
evaluation, due to the multi-occurrences of variable, when the rational computations
is not optimal. An algorithm, based on results of Modal Interval Analysis and
branch-and-bound techniques which allows to efficiently compute an inner and an
outer approximation of f* has been recently built.
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When the constraints are under the form C'(x) := f(x) § 0, with f a continuous
function from R™ to R™ and each variable existentially quantified appears in only a
component function, the problem is reduced to m different problems, one for each
component function.

3. Example
Given the intervals T4, ..., Ty, Y1,...,Yn, to find the inner estimation of the

e bR 30 T V) 3 T3, ¥

(pre P =y, ..., pre P2 =y, },

Su = {p € R* | ¥(t:1, T1)3(y1, Y1) -+ ¥(tn, T2)3(yn, ¥y1)

(pre " =y1, ..., pre P =y,)}.

We have
Yg=%Xp N...0%Xg,, Sv=%Xy,N...N%y,,

where

Sg, o= {p € R* | 3(t;, T))3(y;, Y )pre " = y; },
EUi = {p € R? | v(tivTi/)El(yiv)/z‘/)pleipﬁi = yi}
withi=1,...,n.

3.1. Characterizing X g. The logic formula which fulfils the points belonging to
the solution set X g, is

Y(p1, PV (p2, Py)3(ts, T})3(yi, Y)  pre P —y; =0
which is equivalent to the following inclusion test
OUt(fi*(Ph PQa Ea Y—z)) g [07 0]7

with P} and P, proper intervals and 7; and Y; improper ones.
The logic formula which fulfils the points not belonging to the solution set X g,
is
=(3(p1, P)3p2, P5)3(t:, T7)3(yi, YY) pre " —y; = 0)

which is implied by the following exclusion test
Inn(fi*(Pla P23 Tia }/;)) ,¢_ [07 O}a

with Pi, Py, T; and Y; improper intervals.

Then, g = EEI n---N EEn~

In less than 4 seconds on a Pentium III 1GHz, for n = 2, an ¢ = 0.05 and
the following interval domains: X = (P, P2) = ([-1,4],[-1,1]), Y{ = [1.3,3.3],
Y, =[0.3,2.3], T{ = [2,3] and T4 = [3.5,4], QSI generates the paving represented
in figure 2, where the darker region corresponds to the solution set ¥ g, the grey
region corresponds to the non solution set ¥ and the white region is undefined.
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Figure 2. X g paving Figure 3. Xy paving

3.2. Characterizing Xy. The logic formula which fulfil the points belonging to
the solution set Xy, is

V(p1, P)V(p2, Py)V(ti, T))3(yi Yi)  pre " —y; =0
which is equivalent to the following inclusion test
Out(fi*(PhP??ﬂam)) - [Oa[)]a (4)

where Py, P, and T; are proper intervals and Y; is improper.
The logic formula which fulfil the points not belonging to the solution set Xy,
is
=(V(ti, T))3(yi, Y{)3(pr, P1)3(p2, P3) pre 7" —y; = 0)

which is implied by the following exclusion test
Inn(fi*(Pla P27 Ti7 }/1)) ,¢_ [07 0]

with P;, P, and Y; improper intervals and T; proper.

Then, EU = EUl n--- ﬂEUm.

In less than 3 seconds on a Pentium III 1 GHz, for n = 2, an € = 0.05 and the
same interval domains used for the previous example, QSI generates the paving
represented in figure 3, where the darker region corresponds to the solution set s,
the grey region corresponds to the non solution set Y and the white region is
undefined.

4. Future Work

4.1. Reducing the complexity via Constraint Propagation. In order to
reduce the complexity of the set inversion algorithm due to the branching, a nar-
rowing operator (a contractor) for quantified constraints will be provided. This
contractor, based on constraint propagation techniques and Modal Interval Analy-
sis, allows the contraction of an initial box X to another one X' such that X’ still
contains the solution set 3.

The basic idea consists on decomposing the set of constraints into their primitive
constraints and by means of Modal Interval Arithmetic to compute local approx-
imations of the solution space for a given primitive constraint. These evaluation
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provokes domain reduction over X which are propagated through the whole set of
constraints by a propagation engine.

4.2. Application on parameter identification. An application on parameter
identification and its comparison with the classical interval approach used in [25] is
under study.
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An interval algorithm combining symbolic
rewriting and componentwise Newton method
applied to control a class of queueing systems*

Bartlomiej Jacek Kubical Krzysztof Malinowskit

Introduction

The idea of Componentwise Newton Operator has been presented in [9]. It seems
up to now not much attention has been paid to this concept.

In this paper we present properties of the Componentwise Newton Operator and
show how they can be used in numerical algorithms. It seems they are especially
important when transforming the problem by some symbolic methods, based on
the computation of Groebner bases.

The resulting algorithm will be applied to a problem of optimizing control rules
for a queueing system.

1. Componentwise Newton method

1.1. The definition. According to [9] we define the interval componentwise New-
ton operator as follows.
Assume we try to solve the equation system:

gl(xl,...,xn) = O,

gn(T1,...,2y) =0,

where z1 € X4,... 2, € X,,.

We denote real variables by small letters and intervals by cardinal letters. Real—
valued functions and its interval envelopes are denoted by the same small letters
(this should not lead to any misunderstanding. The symbol mid(X) denotes the
midpoint of the interval X.

The componentwise Newton operator for this equation system with respect to
box X, equation 7 and variable j is defined as:

gi(Xla PN ,Xjfl,mid(Xj),XjLi»l, N ,Xn)

dgi
a(Ej

Nemp (X, 4, j) = mid(X;) — (1)

(X1,...,Xn)

*This work has been supported by the Foundation for Polish Science through its stipends.
TWarsaw University of Technology, e-mail: bkubica@elka.pw.edu.pl
tResearch and Academic Computer Network (NASK), e-mail: K.Malinowski@ia.pw.edu.pl
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1.2. Known properties. In [9] two simple properites of the Ney, operator are
proven:

Proposition 1. All roots of the equation system belonging to the box X (if any)
must lie in X N Nomp(X, 4, §) for any i, j.

Proposition 2. If for an arbitrary i and j we have X N Nemp(X,4,7) = 0 then
there are no roots in the box X.

1.3. New properties. One of the most interesting and very useful properties
of traditional interval Newton operators (wide literatur available, e.g. [10]) is that
they allow to verify not only the existence of a root in a box, but also the uniqueness
of it. We omit the details due to the fact that they are well-known.

Can analogous properties be found for the componentwise method? The answer
is positive, though they hold for special classes of functions only.

Theorem 1. Assume that for a given i the function g;(---) depends only on x;:
9i(w1, ... @) = gi(x;). (2)

Then if the componentwise Newton operator satisfies the condition:
Nemp(X,1,5) C X; 3)

then there is a unique value of x; € X; for which g;(x1,...,x,) = 0. The method
has quadratic rate of convergence.

The proof is obvious because for the considered case the componentwise New-
ton operator is equivalent to the univariate Newton operator of a one—dimensional
function.

The condition (2) is not as restrictive as it may seem; if we seek for zeros of the
gradient of a separable function, it will be satisfied for all equations.

Can it be somehow applied to non—separable problems, such as the one in section
3, though? The answer is positive again (at least for polynomial equations), but we
have to apply some symbolic transformations first.

2. Groebner bases

2.1. Basics. The formal definition of a Groebner basis may be found e. g. in [5] or
many other works and books. We will not describe the sophisticated theory here,
we just say informally that the computation of a Groebner basis of a polynomial
equation system is analogous to transforming the linear equation system to its
triangular form.

The meaning is as follows.

Consider an ordering of the variables, say 1 < x2 < --- < x,,. We can trans-
form the polynomial system to an equivalent one, for which the last equation will
depend only on x1, the previous one — on x1 and x5 etc. (this property is called the
elimination property of Groebner bases with lexical ordering).
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Groebner bases have already been used in connection with interval analysis (see
[3, 4]) and they proved useful. Interval Newton methods were more efficient on
transformed equation systems, due to reduced dependency problem.

For componentwise method the problem is a bit different. We would like to
have univariate equations for each of the variables, not only for one of them. We
can obtain it by computing Groebner bases for different orderings and taking the
univariate equations from each of them.

2.2. Conversions of Groebner bases. Unfortunately, the cost of computing a
Groebner Basis may be exponential. However, the conversion of one Groebner Basis
to another one (e.g. the basis for another ordering of variables) may be done by
quite efficient polynomial algorithms.

There are a few methods for such conversions — the FGLM method [8], the
Groebner Walk method [6] or the LLL method [2] to name a few.

They differ in many details. In our application most interesting will be the
FGLM method. It is restricted to systems with zero-dimensional ideal, but it will
allow us to find the univariate equation (for the “smallest” variable) without com-
puting the whole basis.

This gives us a fast way to obtain univariate equations for each variable.

2.3. Application to an interval method. The resulting system of n univariate
equations won’t be equivalent to the primary problem; it will constitute necesssary
conditions only. It seems however that using such equations in addition to the
original problem may increase the efficiency of the algorithm, because we can quickly
reduce the dimensions of boxes by cheap iterations of univariate Newton method.

3. An example — long-run optimization of the Mendelson’s
queueing system

The considered example is a combination of problems from [7] and [11]. We
try to optimize the long-run behaviour of a priority queueing system. The notion
“long-run” means in this context that we can control not only the arrival rates
A1, ..., AR, but also the service rate p.

The problem is as follows:

R R
\ ma}\x #J:ZVi(/\i)*ZM'Gi(Alv---vAR;H)*C(#)v (4)
Lo AR i=1 i=1
s.t.
0<\N<A; Vi=1,...,R, (5)

R
Z Ai < L. (6)

Meaning of the parameters is as follows:

e Vi(),i=1,...,R, is the aggregate value received by the clients from class i;

a;
i )\2
20 Y

authors generally assume the form V;(\;) = a; - A —
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o G(---) is the delay cost (see below),
e C(u) is the capacity cost (authors assume linear cost C(u) = b - p).

The problem is known to be nonconvex and multiextremal [12].
In case when delay cost has linear structure, we can write it as:

Gi(M,- - Ar) =6 WilA, ..., An).

Mendelson and Whang claim [11] that the expected sojourn times for a non—
preemptive priority queue are given by the following equation:

S A i
Wilh,. .. Ap) = e I - 7

s
where p; = ~L.
Hj
The motivation for the above formula may be found e.g. in [1].
For homogeneus service times for all client classes, i.e. for uyy = ... = ug = p
equation (7) takes the form:

R .
2= +1 (8)

Wi(A1,...,Ar) = — .
( o (=2 ) - (=, )

=

In the optimization problem formulated above a strict inequality Efil Ai < 1
is present. Changing it to a non—strict inequality we risk obtaining infinite values
of the function during the computations.

We can overcome this difficulty e.g. by the following substitution of the vari-
ables:

R
w= Z)‘i + Y € [ey, +00)]
i=1
where €, is a small positive number.

In practice the upper bound on the i guaranteeing that the maximal value of y
is a few times bigger than the sum of maximal values of the arrival rates is enough
in both cases.

The following bounds were used in numerical computations: ¢ € [0.0005, 5.0].

4. Comments

The problem from the previous section is obviously non—separable. All functions
may be described by polynomials, though. The developed method seems to be
suitable then.

The implementation will be done in C++ and will base on C-XSC 2.0 beta3
and CToolbox 2.0 beta3d (see [14]) and the library from [13] extended by the first
author. The symbolic computations use the PoSSoLib package ver. 4.99 [15].

In many cases it may be especially profitable to use the PoSSoLib polynomial
coefficients in computations. The coefficients are then polynomials of “variables”
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a;, A;, §;. Symbolic computations on them may reduce the overestimation due to
occurence of these parameters (usually known only aproximately) in many equa-
tions.

Other details of the implementation and numerical results are planned to be
presented during the Workshop.
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Example of Babuska, Prager and Vitasek
in interval computations

Gregory G. Men’shikov*

Abstract. Taking the well-known example by Babuska, Prager and Vitdsek (“BPV exam-
ple”), we show that the interval computations themselves (even their validating version)
do not guarantee high quality of the computational work yet, and the stability of the
“core” algorithm plays a crucial role. If such an algorithm is not suitable, then the whole
procedure is fallable.

As for “BPV example”, we, first, use it to show troubles emerging in traditional
computations apart from the absence of the guaranteed information about the error. Then,
we apply validated interval computations to the “BPV example”, but the accuracy of
results still remains low.

Trying to procede in the interval manner without taking any care of the validation,
shows that the quality of the results is not improved. On the other hand, we may lose the
information about the accuracy, the latter may prove really interesting in the results.

Finally we make an decisive break by using the intersection of separate enclosures of
the result under computation or a family of such results. At the same time, we can see
how the validation achieved by analytical menas may make the results of calculations more
precise.

1. The point execution of the example

Let us consider the example of recurrent computation

1
In:f/ z"e® dx, n=20,1,... (1)
€ Jo

from the book [1]. Tt is clear that Iy = 1 —e~!. To express I,, from I,,_1 [2], we,
integrating by parts, obtain the following recursive equality:

I,=1—nl, ;. (2)

Computing I, Iz, ...in accordance to the above formula on a real computer (when
the computation are subject to rounding, etc.) produces after n &~ 1015 the result
which is evedently wrong (negative), since the values I,, must be nonnegative. The
analysis of of the phenomenon was fulfilled in the book [2], and its main reason
turns out the subtraction of neighbouring compute values.

2. The interval (validated) execution of the example

Let us rerun the same example, in interval-validating manner at this time. Mak-
ing use of the Second Theorem on compositions [2], we rewrite the right part of the
recursive relation in enclosures, which leads to the inclusion:

*St. Petersburg State University, miksha@pobox.spbu.ru.
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I,€1—n[l,—4], n=20,1,... (3)

In the above, [I,,—1] means an interval enclosure for I,,_; found by computer.

Hence, it is possible to use the right-hand part as [I,,]. Then, taking in account
the majorization [1] (i.e., the auxiliary extention of the enclosure), we obtain the
futher modification of the relation (3):

] =1-n[l1], n=0,1,... (4)

Its execution has been performed an interval assembler described in [2, § 17-18]
while the corresponding code of the algorithm is presented in the Table 212.1 from
the book [3].

The results of several steps of computations are in columns 1, 2, 3 of Table 1.

If n grows, the width of the enclosure increases even in an accelerating manner.
Finally, at n = 9 it may be stated that further computation is senseless since
drastical decreasing of the accuracy: the ratio of the width [I,,] (denoted as w(I,))
to I, has the value near 0.1. Due to this, the value of w([I15]) is large.

Table 1

n [In] w([In]) [In]int modif w([In])int modif

0 6321203 4.77TE—07 6321203 4.77TE—07
6321208 6321208

1 3678789 1.01E—06 3678789 1.01E—06
.36788 .36788

2 2642398 2.56E—06 .2642398 2.56E—06
.2642424 .2642424

9 —.1697655 5.29E—-01 9.090908E—02 9.09E—-03
.3596304 .1

15 —941903 1.91E+06 5.822351E—02 3.62E—03
965 832.4 6.250001E—02

Thus, interval-validated computation allows one to check the accuracy perma-
nently. This property is absent in the usual, traditional computations, but the
interval validated result may have abnormally large width, the enclosure being
thus of low practical value.

3. The interval (non-validated) execution of the example

Table 2 It may appear that the successful interval execution of the

" (7] example does not give an essential narrowing of the width of

the enclosure. This execution can also have a low accuracy.

? '22358? The results of interval execution of the same example are

2 | 2642411 shown in Table 2. As before, the same program is used from

Table 1. To make the results non-validated ones, we remove

a majorization procedure from the computation. Specifically,

we set the constant C' of the majorization equal to zero [2].

Therefore, we obtain degenerated intervals. Naturally, the same effect (in a quality
but without fail in a quantity) is produced by the point execution.

14 | —=797.5973
15 | —11964.96
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4. The interval-validated modification of the example

By interval analogue of the recursive formula (4), we have computed enclosures
and confirmed computational instability of the process.

On the other hand, theoretical reasoning in the book [2] proves the boundness
of {I,,}: the inequality is obtained:

1
n+1

1
<I, 1< ﬁ (5)

1

The corresponding close intervals [?, #] present one more system of enclo-
n

sures. Using them, it is possible to stop cathastrophic raise of the width. Indeed,

the non-empty intersection of the interval enclosures is the interval enclosure too.
Thanks to this fact, we denote

)= (= alne)) 0 [ ] )

instead of (3a).
It seems (in the ideal model of interval computing [3]),

1 1 1 1 1
v <w<{n+2’n+lD T+l nt+2 (+)m+2) "

Hence, we arrive at w(I,) — 0.
Moreover, the relative width is infinitely small too:

w((L) _ w(L]) _ 1
L] S+l S+

0. (8)

Making use of the modified interval algorithmics, let us carry out one more
series of numerical experiments. Their program is formed on the basis of the above-
mentioned one. Also, we run the computations for the same n as in the preceding
section.

The results are contained in the columns 1, 4, 5 of Table 1, and this time the
width does not increase. Moreover, it tends to relatively small values.

Thus, modifying the interval approach enables us not only to inquire into the
accuracy issues, but to control the accuracy as well.

Probably, it is possible to obtain even more precise two-sided inequality for I,,.
The relations of this type are suitable as a basis for further modifications of the
algorithm for finding I,,.

5. The BPV example as the diverging iterative process

Sometimes, it may prove that checking out has confirmed that the point is of
bad quality of the outer algorithm by point or interval execution, either validated
or not.

Let us consider the BPV example as an iterative process, which correlates to
the subjects of the book [1]. Here, a divergence takes place. Note that from the
numerical stability viewpoint the other way is impossible.
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Conclusion

Our text is primarily intended for those who are interested in the scientific com-
putations, specifically, in their accuracy, and who teaches the interval computation
in high schools.
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A reliable curve tracing method
Dominique Michelucci, Dominique Faudot*

Introduction

Curve tracing is a problem encountered in CAD during the calculation of in-
tersection between surfaces or the resolution of systems of equations by homotopy
or in linear programming with the interior method. The curve is defined by n — 1
independent equations of n real variables f(z) = 0 with f = (f1,..., fn) and
x = (x1,...,2,). Here only algebraic equations are considered. The curve is thus
smooth almost everywhere. Tracing is classically done by two methods:

M1: By piecewise linear approximation. For any simplex of R™ there is only
one affine function l; = (x1,...,x,) which takes the same values as the function
fi = (x1,...,2,) at the n 4+ 1 vertices (the hypersurface in R™ which equation
is fi = (z1,...,2,) = 0) the zero level set of which is a hyperplane inside the
simplex. The intersection between the n — 1 hyperplanes l;(x1,...,2,) = ... =
lp—1(z1,...,2,) = 0 defines a line, which approaches the curve inside the simplex
when this line cuts the simplex. Knowing a cut simplex, one gradually follows then
the curve, from one simplex to another.

M2: By prediction and correction. Let a be a known regular point of the curve
and ¢ a vector tangent to the curve in a. The method predicts at first that a point
pr = a+ kt/||t|| is close to the curve and corrects this point by some variant of the
Newton method. In practice, the step of progression k is given empirically. Possible
heuristics are: one gives k a priori. If the Newton’s method converges in few stages
and if the tangent at the new point is not too distant from ¢, then k& was probably
correct; otherwise one starts again with smaller k. We can however jump from a
branch of f(z) = 0 to another one. One secures oneself then by using small values
for k. This article proposes a reliable method to choose the step k.

An alternative of the second method considers the osculatory circle of the curve
at the point a to control the step k; this allows a better prediction but does not
guarantee absolutely against the risk to jump from a branch to another as opposed
to [7, 3].

Example. Let us consider the equation in R? ¢;(x,y)ca(z,y) = 0 where ¢; and
co are two circle equations. For a point a on ¢1, the osculatory circle will be ¢; and
one will deduce from them a step k and a point pr, = a + kt/||t|| independently of
¢o. Tt is thus enough to place cp judiciously (for example p € ¢, ¢y tangent with
the line ap, through points a and p, and ¢; N ca = (), so that the correction step
converges towards a point of co rather than of ¢;.

*LE2I, Informatique, Université de Bourgogne, BP 47870, 21078 Dijon Cedex, FRANCE.
Emails: michelucci@u-bourgogne.fr; faudot@u-bourgogne.fr
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1. Notations and conventions

1.1. Compatible norms, upperbounds. One uses the sup norm for the vectors
|z|| = max(|z1], ..., |zn]), 2" is the transpose of . The norm of the matrices || M|
is sup ||z M|| for ||| = 1 and is here equal to max?_; Y°" | |M; ;| where M; j is the
element of line ¢ column j. In other words, the norm of M is the greatest value
obtained by making in each column the sum of the absolute values. One will need
to compute an upper bound of the norm of a product of two matrices. One can
certainly carry out the product of two matrices but the following upper bound (Uy)
requires only the product of a vector by a matrix

IAB|| < [|aBl|, where a; = |A;| and By; =Byl (1)

i=1

(5 )7 3)[=lomem e (T 5l

An upper bound (Us) of ||AB|| even faster and cruder is

|

[AB]| < [|All- | B (2)

One will need an upper bound of the sum of two matrices. One can carry out the
calculation of the sum but another upper bound is possible || A + Bl < || A|| + || B|l-

The ball(a, R) is the set of points z such that |z —al| < r. Such a ball is
in fact an hypercube of center a and half side . The Jacobian of f(z) = 0 with

x=(x1,...,2y) and f = (f1,..., fm) is the matrix P2 Let o be a multi index, |«
x

k k!

is a notation for ay + ...+ ay, (—) for ——— with k € N, 2 for 27" ... 20",
o arl. .. ap!

ok f ok f

— for ———"——— with k = |a|.

P N T o]

Other authors use a dual convention and write Mz for the product of a vector
x by a matrix M, i.e. this dual convention regards x as a vector column. It thus
uses the dual norm of ours ||M|| = supj = [|Mz| = maxj; 377, [Mj;]. In the
same way, this convention considers a jacobian, which is the transpose of ours.

1.2. Naive Arithmetic of Intervals (IA). Naive TA [6] calculates on intervals
[vo,v1] where vy < vy are two standard floating-point numbers. We are using the
usual rules of TA. The TA has for principal interest to give perfectly reliable results,
contrarily to floating-point arithmetic (FPA). It does not modify the theoretical
effectiveness of the methods: the elementary arithmetic operations on intervals are
carried out in constant time.

But TA over-estimates the width of the intervals and does not permit the com-
parison of two values with overlapping intervals. The TA is today performed by
software and is approximately 4 times slower than the standard FPA. One can
however hope that it will be soon available on all the arithmetic processors.
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IA is used in two very distinct ways:

— the intervals are sharp, at least initially. The intervals are then used only to
control the rounding errors of floating point arithmetic.

— the intervals are broad, even initially. The IA is then a tool for numerical
analysis by intervals. The amplitude of the intervals grows quickly during
calculations. We will use IA according to this second mode in section 6 and
elsewhere according to the first mode. An alternative was also proposed by
[2] using affine TA.

2. The principle of our method
The curve is defined by f(x) =0 with z = (21,...,x,) and

f(@) = (fi(®),..., fa—1(z)) =(0,...,0).
of

The known point is a = (a1, ..., a,), a is a regular point: the rank (n—1) of 8—((1)
x

0
is maximal. The tangent in a is t = (¢1...¢,) in other words ta—f(a) = 0. One
x

supposes moreover that [|t|| = max(|t1]...t,|) = 1. To use the fixed-point theory,
it is first assumed that each point of the curve f(x) = 0 is solution of a system of
n unknown equations and n unknown variables.

Let si(z) = (f(z), fa(2,k)), where f,(z,k) = 0 is an additional equation,
parameterized by the real k, k being such that f,(a,0) = 0 and measures the
progression along the curve. A natural choice for the additional equation f,(z, k) =
0is fu(z, k)= (z—a—kt) - t! =t1(x1 —ay — kt1) + ... + tn(xn — an — kt,) = 0.

In other words, a is seen as the point of intersection between the curve f(x) =0
and the hyperplane passing through a and normal with ¢; this hyperplane will be

translated by a vector kt to traverse the curve, close to a. The jacobian of the

13) 0
system si(z) = 0, independent of k, is s’ = s}, = % = (3—£,t’ .

For a given value of k, the corresponding point of the curve, solution of s;(z) = 0
will be calculated by the quasi Newton iteration (V) = a + kt, 2("t) = QNz("™
where the quasi Newton function QN () is defined by QNy(z) = z —si(2)[s'(a)] !
(note QNx(a) = a+kt). One could thus start from ") = a instead of (") = a+kt.

The larger k the better, for advancing quickly along the curve; but it is also
needed that the convergence of the correction step is guaranteed and fast. According
to the fixed-point theory, the iteration z("*1) = QN(z") starting from the initial
point (1) converges if one can find a neighborhood (actually a ball) B containing
(1) and satisfying the conditions C; and Cy defined below.

C;1. The contractivity condition: QN is contracting in the ball B, i.e. for any
couple of items z, y in B, |QN(x) — QN(y)| < ¢||lx — y|| where ¢ < 1 is the factor
of contraction. One will even impose ¢ < 1/2 to ensure that QN converges quickly:
with each iteration, the distance to the solution is divided by at least 2. Since
|QN (@) — QN )]l = QN (@) — QN (@ + (y —2))|| < |ly — ol max.c5(QN'(2)) one
will impose that
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max(IQN'(=))) = [ @N'(B) < 1/2 3)
(contractivity condition CC).

C,. Stability condition: the image of the ball B by QN QN(B) is such that
QN(B) C B. We will use in fact a condition stronger than Cs, and thus sufficient
to guarantee Co, and which is more easily computable. Let us suppose that r is
known such that the ball B(a,r) satisfies the condition of contractivity C;. Then
a sufficient condition to satisfy Cs is ||QNg(a) — al| < r/2.

Sufficient condition (SC). Indeed by assumption « € B = ball(a, R) = ||z — al|
< R and [|[QN'(B)|| <1/2 and ||@Ng(a) — a|| < R/2. Then

R
2

v |

QN () —all < QN(x)~QNi(a) [+ QN(a) —all < J |w—all +5 < 2t = R

that implies € B. However, the SC is equivalent to k < R/2.
Really, by assumption [|QNk(a) —al < g But QNg(a) = a + kt. Then

R
IQNk(a) — all = |[kt]| = |k] - |it] = |k| < 5

It is thus very simple to find k knowing R. It is enough to take k = R/2. This
choice is probably not optimal but this very simple value is guaranteed. The entire
problem is thus reduced to find R, such that in the ball B(a, R) the CC (3) is

guaranteed. QN'(x) is the jacobian of QN (z): QN = 9QN =Id—s'(z)(s'(a))) !
is independent of k and will be denoted by QN’. Defining 0 = x —a = (01,...,0,)
the jacobian of QNy is

QN'(a+0)=1Id— s (a+ o) (5'(@))71 = s'(a) (s’(a))f1 —s'(a+0)(s'(a))

(a4 o)~ @) (@)

o o  0fun

o, (a+o) — o, (a) ... B (a+0) Dt (a) 0O
df1 df1 Ofn-1 Ofn—1
_ a—m(a—&—a) — 6—@(@) " o, (a+o) — i (a) 0 (s’(a))’lz KL
. - 0
8 a 8 n— a n—
a—i(a—&-a) _ %(a) é’;nl (a+0) — gxnl (@) 0

The CC also ensures that in the ball B(a, R) for given k, the system si(x) = 0 has
at most one solution.

3. The naive method

The naive method calculates QN'(a + o) symbolically either by using the Tay-

lor’s formula, or by developing %(a +o0)— Tﬁ(a) naively. Then it multiplies K
Ly Ly
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by M, then it deduces for each column a polynomial in 7 > ||o|| which is an upper
bound of the sum of the absolute values of the elements in this column. The largest
upper bound is an upper bound of the norm of the matrix QN'(a + o). These n
polynomials p;(r) are null at 0, and increase with r: it is easy by dichotomy to

find r; such that p;(r;) = =: R = min}_(r;). The course of the naive method is

illustrated on the following example.

3.1. Example:

(e} — 23 + 32103 — Bafas — 5,3 +f —1) = (0,0),  (4)
a=(1,1,0); ¢t=(1,0,0).
The auxiliary equation is f3(z,k) = 1 — 1 — k. The jacobian of s is

327 + 322 — 6122 0 1
s'(k)y=| —3z%—323+6x122 212 0 |. (5)
-1 2$3 0

The inverse matrix of

00 1 0 0 -1
s'(a) = 0 2 0] iss@t=]1005 0
-1 .0 0 1 0 0

3.2. Naive method on Example 3.1:

302 + 305 —60102 0 1
QN'(a+0)=—| —30% —30%+60100 205 0 | M
0 203 0

0 0 —30?—30%+60102
= — 0 o9 30% + 30% — 60102 ,
0 g3 0

0 0 |=3|r%+]|=3|r*+|6]r?
HQN’(CH—J)H < 0 r |3|r2+|3|r? + |—6|r? ,
0 r 0

where ||o| = max(|o1], |o2|, |o3]) < 7 and ||QN'(a+ o) < [/(0,2r,24r%)].

In practice, a is not exactly on the curve, and M is not exactly the inverse
of s'(a). If floating intervals are used, calculations yield, very naturally, upper
bounding polynomials. The constant term will not be exactly null, but a small
number such as 107 or 1076, This is not awkward, and allows on the contrary
to take into account and to control very naturally the numerical inaccuracy. The
most important is that the upper bounding polynomials are almost null at 0.

The main disadvantage of the naive method is its cost: its use, implicit or

0!l f;(a)

explicit, of the Taylor development requires the calculation of all the terms ————

x
They are numerous, even when the terms f; are sparse. This method is inspired
by [1].
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4. Solution using Interval Arithmetic

ofi ofi

Let p(c) be one of the n(n — 1) polynomials —f(a +o0)— o
ij axj

K. We want to find an interval around p(o) using [py,p{lo1 + ... + [py .0} o

(a) of the matrix

19)
where p; and pj are lower and upper bounds of a—p (x € ball(a, 7")) We can use
%

K]
other range methods but it is necessary that ||o|| = 0 = p(0) = 0. The intervals

lp; . pi]

naive one or an affine one if the  value is known. The computation of r gives a
value of R, called v(r) because it is depending on r.
Suppose in Example 3.1 that » =1, i.e.

0
85 (z € ball(a,r)) may be evaluated by a classical TA, for instance the

z € B = ball(a, 1) = ([0,2],[0,2], 1, 1]).

Intervals around %(B):
T
0f1 ofi, .
&Ul( r) = 32?3 4+ 323 — 6x17y  and 3:51( a) =0,
82f1 anl
27 () = 61 + 622 = a7 (B) € [-12,12];
9% fi & fi
02129 (x) = —6x1 + 622 = 8$1m2( ) € [—12,12];
9% fi 0 fi
P @) =0= 5 (B) €[0,0)

Thus a—fl( ) € 0+ [—12,12]01 + [—12,12]oy. Similarly for other derivatives. Fi-
231

nally, we obtain

[-12,12)01 + [<12,12]02 0 0
QN'(a+0) = [—12,12]01 + [-12,12]02 [2,2]02 O | M
0 2,205 0
0 0 [-12,1201 + [~12,12]0s
= 0 [1, 1]0’2 [ 12, 12]0'1 + [—12, 12]0'2 s (6)
0 1,103 0
0 0 24r
HQN’(a—i—J)H < 0 r 24r = ||(0,2r,48r)“. (7)
0O r» O

The n computed polynomials in r have degree 1 and their constant term is
ideally null. Taking into account the numerical inaccuracy can make them non
null, but they remain of low magnitude, say 107%. To find the value of r where
such a polynomial is equal to 1/2 is trivial.

By studying the ball (a,r = 1) we find v(1) = 1/96 = 0.0104166. As v(1) is
much smaller than 1, the value of r, one can think that one may find it beneficial
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to reduce the radius r of the studied ball; this will reduce the width of the intervals
& fi
of
% ;0%
make it possible to upper bound v(r).

B) thus will decrease the (upper bound of the) norm of QN' and will
( pp

1
Thus, if one starts again calculation with » = 0.25, one finds v(0.25) = =
1
0.04166. While trying with » = 0.1, one would find v(0.1) = 748 = = 0.104166.
Since this value of v(r) goes out of the studied ball, of radius r = 0.1, this value

is not safe, but however we can deduce that the value of R = r = 0.1 is indeed
correct.
ofi

The bounds of T for each function f; require the evaluation by the IA of
1

1
§n(n—|— 1) functions, that is to say O(n?) functions to evaluate to bound the elements

of K. Note that a derivative cannot have more monomials than the initial function.
When the intervals of the elements of K are calculated, several ways of upper
bounding ||[K M || and thus of calculating R, are possible.

We can calculate products KM. Tt costs O(n®) products between elements
of the matrices K and M, each product costing O(n) floating point operations,
which makes O(n*) floating point operations for the product by M (this estimate
is pessimistic since K is often sparse).

One can speed up this part, if a more pessimistic value v(r) is accepted, by
using U; (6), or even Us (7). This is detailed in the following section. Calculating
v(1) with Uy (6):

[—12,12]0y + [~12,12]02 0 0
|QN'(a+0)| = [—12,12]01 + [~12,12]02  [2,2]09 o M (8)
0 [2,2]0’3
o Jo] -1 l|
< ||(2401 + 2409,205 + 205,0) | 0] 10.5] |0]
[l [0 o]

(0, 2r,487)|| = 48r.

Finally, we get R = 1/96; nothing is lost. The cost is O(n?) functions to
evaluate. The cost to go from equation (8) to (9) is O(n?) operations, the product
with M costs O(n?®) operations.

Choosing r: v(r) is a decreasing function of x € R': v(0) = oo and v(r) is
decreasing with r. We want r such that R = min(r,v(r)) is maximum. In other
words, one wants r such that » = v(r): it is inevitably the sought optimum R.
The simplest is to use the dichotomy. We know 7y such that v(rg) > ro: 79 =0 is
correct. One searches then r; such that v(ry) <ry:

ry:=1; while (v(r1) <r1) do {ro:=r1; r1:=2r1}.

To determine the interval containing R, rather than to start from [0, 1], one
could also start from intervals found in the preceding prediction. Then we use
dichotomy inside [rg,r1] until knowing ro with a sufficient relative precision, for
example rg ") (()") < rgn)/10, we choose R = 7"(()").
evaluations of v(r) is necessary to determine R.

A logarithmic number of
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5. Quadratic systems

5.1. The interest. f is quadratic when the total degree of all the monomials of
fi is at most 2. This case is interesting because:

1. Any algebraic system can be reduced to a quadratic system, with the help
of the addition of a logarithmic number (using repeated squaring) of variables and
equations. For example, a monomial z32o will be replaced by the monomial y; 2
where y; and yo are two auxiliary variables, and by the two quadratic equations
Y1 —33% =0and yo — x122 = 0.

2. In a quadratic system f(z) = 0 all %(x) are constant polynomials, possibly
null, and thus independent of the point a: tljley are calculable once and for all. The
matrix K is calculable once and for all, just as an upper bound of ||K]|. More
precisely

af UITREE ij
Koy = gl o) = g =3 g o= K <A1 )l = )
where r > ||lo|| and
n n 82f azf n an
=Y I | = 2 +2 > L.
et O0x ;0 — 8xj < Oxjxy

l; is the “complexity” of f; and is 0 when f;(z) is first degree. I(f) = max}_(l;) is
the complexity of f. The smallest is [, the largest is R. When [ is null (in the case
of a linear system for example), R is infinite.

5.2. Computation of R. At least three ways of calculating R are possible:

1. If one applies the crudest Us, ||QN'|| < [|K]| - [|M]| with || K| < I(f) xr

1 1 1 _

then ||QN'|| < = < I(f)r|M] < 5 &7 <R= ST and one obtains R
very quickly. The computing time of || M]| is O(n?) and is negligible in front of the
calculation of M itself, which is O(n?), I(f) is a constant, calculated once and for
all, in O(n?)1L.

2. If upper bound (6) is applied, it is necessary to multiply the vector

( l17” ll’f' N ln_17“ 0 )
by M which is equivalent to multiply
(lh b oo Iy 0)

by M. O(n?) floating-point operations are required. The obtained value of R is at
least as good as with upper bound (7) and is often better.

3. Lastly, KM can explicitly be calculated. In the worst case, each term of K
(except the last column, which is null) is a linear combination of all ; and the prod-
uct KM requires O(n?*) floating point operations. In practice, K is often sparse.
This method gives a value of R at least as good as with U; (6), generally much
better. This method is the slowest of the three. These three ways of calculating R
also apply when IA is used. The costs are identical.

Lwhen I(f) is zero, R is infinite.
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5.3. Example:

n=2; f(x) = (22 + 23 + 22 — 3, 23 + 23 + 22 — 20y — 213),
21‘1 2],‘1 —2 20’1 20’1 0

fl(x)=1| 2zy 2x9—2 and 209 209 0
21’3 2$3 20’3 203 0

Then

1Kl = ||(1201] + [202| + [203], [201] + |202| + [203], 0)|| =
|K|| < ||(6r,6r,0)| = 6r where (6,6,0) = (I1,l2,0).

Suppose that a = (1,1,1) then ¢t = (1,—1,0),
2 0 1 025 025 0
sa=1[2 0 -1 ], M= —-025 —-0.25 0.5
2 2 0 05 =05 0
First upper bound:
1 1
r<R = = 0.083333.

=0T oM T 216

Second upper bound:

IQN'|| < 7||(11, 12, 0) M || = ||(6r, 67, 0) M|
1 1
= [IBr,3r,3r) = 3r; 3r < 5 &< R=5— = 0.166667.
Third upper bound:
20‘1 20’1 0 0 0 O
IQN'| < |KM||= [ 202 200 0 | <[ 0 0 0 |||=0r,
20’3 20’3 0 0 0 0

1
0r§§<:}r§R:oo.

Ideally (without rounding errors due to floating point arithmetic), the method
detects that the curve is a straight line, i.e. R is infinite. In practice, with the use
of TA to control the rounding errors, ||[KM|| will be found not null but very small,
for instance [0, 10~%)r which will give finally R = [5-107°,00] and R =5 - 1075.

6. Singular or quasi-singular points

The preceding method no longer applies in the presence of a singular point, or
of a quasi singular point, i.e. when the value found for R causes an underflow of
the floating-point arithmetic. How to solve, or avoid, this kind of problem?

The simplest solution is to consider the piecewise linear approximation (PLA)
of the curve for given parameter pu (i.e p is the length of the sides of simplices
partitioning R™ as the real curve). The algebraic formulation is just a shortcut, a
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convenience to describe, in fact, its piecewise linear approximation. This principle
may be extended from a system of equations to a C.S.G. tree (a binary tree, which
nodes are boolean operations). The PLA (of a CSG tree or of a curve) has many
good properties:

1. The PLA is mathematically well defined.

2. The topology of the PLA is simple: no singular points.
3. PLA is calculable, and even quickly calculable.
4

. The topology of the PLA may differ from that of the algebraic curve, but it
has the topology of an infinitesimal perturbation- and desingularized — of this
one.

5. Geometrically the PLA is close to the algebraic curve: it is close with a
precision of p.

6. The PLA is piecewise linear: one can resort to exact rational arithmetic, to
ensure reliability and consistency of the built boundary representation (for
example lazy rational arithmetic).

7. The PLA is a priori enough for the needs of CAD/CAM.
8. The calculation of the PLA can be made perfectly reliable.

Conceptually, the M1 method is thus sufficient to advance in a reliable way
along the curve. However, if u is chosen small to approach closely the curve, M1
becomes terribly slow, even in areas where the curve is very close to a line. Thus,
the presented method M2 remains interesting: it makes possible to advance quickly
in the calm areas. It is only in presence of a singularity or of quasi singularity,
when R is not significantly larger than u that one resorts to the M1 method.

7. Taking into account rounding errors

Up to now it was supposed that a was exactly on the curve, i.e. f(a) = 0,
M = s'(a)~!. In fact with the numerical inaccuracy inherent to floating —point
arithmetic, a is only very close to the curve, and M is only close to s’(a)~t. More-
over the floating values calculated for f(a), s(a), s’(a) and so on, are approxima-
tions. There are three possible strategies (S1, S2, or S3).

S1: This casual approach is unaware of the problem completely and uses only
the usual floating-point arithmetic, hoping that all will occur well. It is probable
because the contractivity condition imposed for QN is strong. In this strategy, the
terms ideally null either are not calculated (which avoids a possible contradiction
between practice and theory), or are calculated but regarded as null because they
are too small, in short are ignored. In this strategy, the singularities or quasi
singularities on the curve are detected only when R is not sufficiently tall in front
of p.

S2: The paranoiac approach considers that a, t, M, s(a) and s(z), s'(a), s'(x) are
intervals, which contain the exact value. The theory of the reliable preceding curve
tracing is not modified. This approach is simple and systematic; calculation by
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intervals guarantees the results to 100%; certainly the terms ideally null generally
cease being it, and there is no problem when they remain sufficiently small, and
make it possible to control the effect of the rounding errors. If ever they become too
large (for example 0 = r = ||o|| that makes it possible to detect simply a singularity
or quasi singularity on the curve. Disadvantage: to ensure that the interval of a
contains the good value, one needs an additional test, which ensures us that an
interval for a contains one zero (simple) of an algebraic system: there already
exist such tests, which are provided by Krawckwicz—Moore operators or Segupta—
Hansel operators. Another disadvantage is that the TA over-estimates their width
largely, so that the convergent iterative methods converge much more slowly, or
even diverge. It is possible to find functions f such that f(z) converges for any x in
some domain D, but f(D) diverges when it is calculated by intervals (subdividing
D is a solution). It may be the same when calculating QN (z(?). One can think
that this problem will not arise, but a rigorous argument would be preferable.

S3: To counsider that a, M, t are specific values (i.e. non-intervals), and are
approximations of the correct values, and to modify consequently the theory of the
curve tracing: knowing a point a near to the curve, to calculate how much one can
advance in a reliable way along the curve. This approach is certainly most painful,
the least generalizable, the least systematic, but it has the advantage of employing
iteration QN on points and not on intervals, and of avoiding the suspicion. The
following approach is developed:

The point a is not exactly on the curve. M is a matrix not exactly equal to
s'(a)~! is not exactly such that tf’(a) = 0. ||t|| = 1 remains true nevertheless (||¢||
is the max norm). CC (3) is written now ||QN'(a + 0)| < % |QN'(a + 0)| =
Id—s'(a+0)M (where M =~ s'(a)™1) = MM —s'(a+0)M = (s'(a+0)+E)M —
s'(a+0)M (where M~! = s'(a+0)+E) = (s'(a)—s'(x)+ E)M = KM+ EM where
K is the usual matrix and EM = Id — s'(a)M. ||QN'(a+0)|| = ||KM + EM| <
[KM| + [EM|| = |[KM|| + [[Id — 5"(a) M.

However, ||Id — s'(a)M]|| is indeed upper bounded by a floating value up(||/d —
s'(a)M]|) (where “up” is the upper bound) calculating I'd — s’(a) M with naive TA.

1
To guarantee ||QN'(a+0)|| < 1/2, |[KM + EM| < 3 is thus enough: If R is such

1
that ||o]] < R = ||[KM| < 3 then to take account of the rounding errors, it is

enough to take ||o|| < R’ = R — up(||Id — s'(a)M]]). Of course ||Id — s'(a)M]|| is
generally negligible.

Note: it would be also possible to get an upper bound of ||KM + Id — s'(a)M]||
directly (with TA) and without using an upper bound of |KM + Id — s'(a)M|| <
[KM]| + [|[1d — s'(a) M]|.

Let us treat now the SC. By being unaware of the rounding errors, one saw that
R
SC is enough to ensure QN (B) C B and is equivalent to k < 7 One takes again

the reasoning in the no ideal case. It is shown at first that QN(B) C B always
ensures SC by replacing R by R'.
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/

1 R
Suppose that @ € B = ball(a, R’) and |QN'(B)|| < 3 and ||QNg(a) —all < -
Then

|@N () ~ a]| < [@Ni(a) ~ QNu(a)]| + [QNk(a) ~af| < L1z —al + =
|QNk(z) —al| < %+%=R/:>x63.

/

R
We want [|QNg(a) —al| < - Let H be the first n — 1 rows of M, V the last row.
Then

QONi(a) = a— s(a)M = a— (f(a), —kttt)< a ) —a— f(a)H + ktt'V;

|QNw(@) — al| = ||~ f@)H + RtV | < [[F(@)H]| + KoV

R R/2— || f(a)H]|
HQNk(a) - a” < ) =k< TVHG.

We can effectively upper bound |¢'V] with up(||[tt*V]]) and ||f(a)H]| with
up(||f(a)H||) by calculating these expressions using IA. We obtain finally the fol-
R'/2 —up(||f(a) HI}) :
. In the ideal case (f(a) =0,
w1V e
ts'(a) =0, M = s'(a)~!) the term || f(a)H]|| is zero and |[tt'V|| is equal to 1.
Really,

lowing reliable value for k: k <

1d=s/@M = (f'(a), )( 1 ) = F@H+V.

Otherwise tf’(a) = 0. Then tId = tf'(a)H + tt'V and [|t|| = 1. Then |[tt'V| = 12.

Obviously, it is interesting that the floating values for a,t and M are as close
as possible to the ideal values. If the approximations are too bad, one obtains very
small values of k, or even negative values, which means that we cannot advance in
a reliable way any more, and that it is necessary to resort to the M1 method.

8. Distance from a point to the curve

A related question is as follows. Let p be a point. We want to evaluate the
distance between p and the curve. A solution resorts to affine arithmetic of intervals.
Let us suppose that we know a radius r of a hypercube around p (a good value
for r can be found by dichotomy as we saw before). We calculate f(p + re) where
e = (e1,...,en) by affine arithmetic intervals and we obtain n — 1 linear equations
0= f(p+re) =eA+ A where A is a n x (n+ 1) matrix whose elements are sharp
intervals and A a vector of n thick intervals. €A + A = 0 is the equation of a thick
line, the thickness being given by the width of the intervals in the vector A. The
vector € with smallest Euclidean norm satisfying eA + A = 0 is —A(A?A)71 A"
The interval point on the thick line and closest to p is thus p = —A(A*A4) "1 A"

2Note: V = 1/(tt?).
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AN
1 Q

Left: An arc of curve, and a containing thick line. The center of the square is p and the
half side r. The affine IA makes it possible to calculate the thick line. Right: Finding the
point on the line = (¢1 + A1, g2 + Auz2, g3 + Aps) which is of minimal norm. The lines
represent |z1], |z2|, |x3]

8.1. Example: n = 3, f(x,y,2) = (2% +y? — 4, 2), p = (1.4,1.4,0), » = 0.1.
Then

0.28 0
flp+re) =(e1,62,e3) | 028 0 | + ([-0.08,—0.06], [0,0]) = (0,0). (10)
0 0.1

The point p + € closest to p (with Euclidean distance) is given by (e1,2,£3) =
—A(A'A)~LAY = ([-0.08, —0.06], [0,0])(AAH)~LAL

Skipping tedious computations, the point of the curve nearest to p (in Euclidean
distance) is in the box ([1.4071,1.4071], [1.4071,1.4071], [0,0]) which indeed con-
tains the exact solution (v/2,1/2,0). These intervals prove that p is distant by more
than 0.01515 from the curve but less than 0.02021. Here the method could obtain
one lower bound (not null) distance to the curve. In the general case, the obtained
lower bound can be null. Tt suffices that f(p), calculated by intervals, contains
zero, or in an equivalent way that p is inside the thick line. The preceding method
extends naturally to calculation of the distance between one point and a surface, a
hypersurface, and so on, and of the distance between a point p and another simple
point zero of an algebraic system.

Which is the distance between p and the curve, for the max norm? The thick
line is expressed in the form z = ¢ + Ap where ¢ is a thick point, A € R is the
parameter, along the line, and p the directing thick line vector. The sought distance
is then d = min ||z|| = min(max(|q1 + Apr], - - -, [qn + Atn|)) where x = g+ Ay is the
only unknown. Each |g;+Ap;| gives two lines y— (g;+Ap;) = 0 and y+(g;+Au;) =0
in the plane (A,y). The sought value of d is the coordinate y of the lowest point
(i.e. of minimal y coordinate) of the convex described by y — (g; + Ap;) > 0 and
y+ (¢ + i) > 0. It is a linear programming problem in 2d. There is a traditional
algorithm in O(n) to find this point. The thickness of the point ¢ is easily taken
into account: one considers initially min(|g;|), then max(|¢;|) to find one lower and
upper bounds of d.

This method is generalizable to the distance (always according to the norm
max) between one point and one surface (it is still a linear programming problem),
or a hypersurface.
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Conclusion

This paper has proposed a reliable prediction correction method for curve trac-
ing. Several ways of computing a safe step parameter were presented, and compared
on simple examples. A related question, computing a range of the distance between
a point and a curve/surface/hyper surface, was also treated.

Finally, the methods presented here are compatible with all kinds of IA: the

w
naive one, the centered one (to compute a range for f (mc + 5), the latter computes

f(z.) and f’ (zc + %)With the naive TA), the interval affine arithmetic of Figueiredo

and Stolfi [2], or the “Bernstein IA” used by Hu et al. [4], Garlof [5] (and others).
The presented method detects when the current points approaches a singularity
(or a almost quasi singularity, i.e. a singularity up to the finite accuracy of the
computer). In such a case, one may resort to another method, for instance PLA.
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Interval first-derivative-based iterative methods
with high order of convergence for solving
nonlinear systems of equations

P.S. Senyo, M.V. Hnatyshyn*

Abstract. In the present paper we propose technique of construction and investigation
of new effective iterative interval methods for solving nonlinear systems of equations. Two
methods of such type and their main features are presented and compared by efficiency.
The fields of their preferable application are defined.

Keywords: nonlinear system of equation, interval iterative method, order of conver-
gence.

The whole variety of application of the interval analysis can be conventionally
shared into two basic directions: the analysis of mathematical models with uncer-
tainties without taking into account distributions of probabilities of such data and
with the known borders of their change and solving of the mathematical models
which we receive as a result of approximation of the considered problem by another
one, methods of receiving the solution for which are known, that makes the main
problem of the applied and, in particular, computational mathematics. Comput-
ing algorithms thus frequently do not converge, converge not to the solution of a
problem, require information about the unknown solution (about existence, multi-
plicity, bifurcation, etc.). Besides at realization even entirely determined algorithms
on computer some difficulties are generated also by discrete-type structure of its
memory. This demands rounding, which even after a small time period of work
collects a huge amount.

The second direction of application of the interval analysis frequently is applied
to construction of interval methods for solving the systems of nonlinear equations.
However here, on the whole, the investigations are limited to construction of various
updating of the interval analogues of the Newton method [1]. It is caused by
that fact, that the interval estimation of derivatives of supreme orders demands
great volume of calculations and decomposition algorithms of interval expansions
of functions in Taylor’s series are unknown.

In a basis of construction of new interval methods of the supreme orders of
convergence for solving nonlinear systems of equations

f(z) =0, (1)
where f: R¥ — R* k € N, we put the next ideas [2, 3]:

e Idea of “immersing” of the given problem in the wider class of problems.
Among solutions of such problem there are also all solutions of a problem (1)

*Ivan Franko National University of Lviv.
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which it is necessary to allocate in special manner (“to make a filtration”)
with beforehand established accuracy or, at least with the greatest possible
accuracy;

e Idea Runge of approximation with the greatest possible accuracy of supreme
order derivatives of mapping f (x) by linear combinations of values of its first
derivative in corresponding points;

e Taking into account the behavior of “average” points of residual members in
Laugrange form of the generalized Taylor series of mapping f (z) in the case
of compression of interval of decomposition into a point and ratio between
these points at decomposition in Taylor’s series of mapping f (x) and its first
derivative.

Let
gm(x,y) = f(zn) + (a1 f'(@n) + a2 f' (xn + Bo(z — zn)) + ... +
amfl(wn + Bm(x — 2n)))(y — ), (2)

where o; (i =1,2,...,m), 8; (j =1,2,...,m) — real coefficients, m > 2.

Mappings f (z) and g,, (z,y) satisfy to conditions of their decomposition in
Taylor’s series in the corresponding neighborhoods of a point x,,. Coefficients «;,
B; we shall choose so that decompositions

F@) = flan) + [ (@) (@ — ) + %f”(mn)(:v et
1
(p—1)!

fp_l(xn)(x - xn)p_l + ]%fp@n + 9(0)(x — ) (T —z0)", (3)

and
Im(x,x) = flan) + (a1 + .+ am) f () (@ — 2) +
(afBo + ... 4 B [ (xn)(x — 20)? + ... +

g B P ) - )
ﬁ (04255_1fp(xn + 9&1)62(1‘ —Tp))+ ...+
W B2 P (2 4 O B (2 — mn))) (z — x,)P, (4)

6. 6M €0,1),  j=2...m,

would coincide with the greatest possible accuracy. It is easy to show [3], that they
should be solutions of the system of equations

1

Zaizl, Zaiﬁf:SH, s=1,2,....p—1, (5)
=1 =2
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Vo= 20— (2 (@0)+ 2 (0 + 2 (X0 = 22) 71f($)
n - n 4 n 4 n 3 n n njos
X(n+1) = X(n) N )f(n), n=0,1,..., x, = mid(X,),

(6)

which, at carrying out corresponding enough common conditions [2] converges to
solution of system (1) and has the order of convergence not less than 3.

If m = 3, then, according to the described above techniques for solving of system
(1) we receive method [3]

Yn =Tn — (alf/(xn) + OéQf/(.’L'n + 52(Xn - -Tn)) +
ag f'(@n + B3(Xn — 2))) " f (), (7)
X(n—l—l):X(n)m}/(n); n=0,1,...,

where z,, = mid(X,,),

oL, _16-V6 5_6+ﬁ, e VG ﬂ_ﬁ—\/é
1_97 2 = 36 ) 2 — 10 ) 3 — 36 ) 3 — 10 .

Method (7) has some effective features, which we shall present in the next
theorems.

Theorem 1. Let mapping f: R¥ — R is twice continuously differentiable and
x* € Xo where x* is the solution of system (1). Then

a) every interval X,, n =0,1,2,..., calculated by (7), contains the solution of
system (1);

b) if all matrices F’ (X(n)), n=0,1,2,..., are not singular, then lim X, = x*.

n—oo

Theorem 2. Let mapping f: R* — RF is five times continuously differentiable
and z* € Xy where x* is the solution of system (1) and matrices F’ (X(n))fl,
n=0,1,..., exist, then sequence of intervals {X(n)}f;o calculated by (7) converges

to z*, moreover w(Xn41) < ¢ (w(X,,))°, where ¢ is a positive constant.
Here F/ (X) = a1 f' () + aof (x + B2 (X — ) + asf' (z+ 03 (X —2)), x =
mid(X).

To prove those both theorems, we preliminary have proved the next lemma,
which also has the independent importance.

Lemma. Let mapping f: R¥ — RF is twice continuously differentiable and x* is
the real solution of system (1), x* € Xy and xo < x*. Then, if

1
Yo D |xo, 20 + z (x* — xo)

then
£ (w0 + 0 (2 — 20)) (2% — 0) C f (w0 + K[OD](To — 20)) (To — 20)?,

where 0] € [0,1], 9;0) € (0,1), k> 0 is a constant.
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Method (7) has advantage over method (6) not only in the order of convergence,
but also in that fact, that we must not analyze intermediate intervals if they contain
solution z* of system (1) and it is no necessity to expand them, if they do not contain
.

In [3], we have presented methods received by the described above technique for
solving system (1) with the order of convergence not less than 7 and 9 correspond-

ingly.
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Krawczyk operator revised

Sergey P. Shary*

Abstract. For solution existence tests based on Brouwer fixed point theorem, we propose
modifications that make use, first, of the idea of bicentered interval extension of functions
and, second, of the restriction of the test domain to the boundary of the box only. Being
applied both separately and in combination with each other, they allow one to substantially
increase the efficacy of computational procedures for verified solution of equations systems
by interval techniques.

Introduction
In nonlinear analysis, the following fact is well-known

Brouwer fixed point theorem [1]. Let D C R™ be a convex compact set. If
®: D — R™ is a continuous function that maps D into itself, i. e.

®(D) € D, (1)
then ® has a fized point x* on D, such that x* = ®(a*).

Every system of n equations and n
unknown variables

F(z) =0, 2) \1

T
F(z) = (Fl(z),Fg(x),...,Fn(aj)) , —
r = (x1,22,...,7,)", can be reduced
to equivalent recurrent form

Figure 1. Illustration of Brouwer fixed
x = ®(x) (3) point theorem

with ®(z) = x — AF(x), where A is a nonsingular n x n-matrix. Because of this,
Brouwer fixed point theorem and its generalizations have been often used for prov-
ing existence of solutions to equations and systems of equations. These applications
were, nevertheless, mainly of theoretical character since finding the image of a set
under the action of a mapping is not an easy task. It could be resolved analyti-
cally in very few special cases. The situation radically changed after appearance
of interval analysis, a mathematical discipline that makes it possible to operate,
on computers, sets of small and moderate constructive complexity, through estab-
lishing arithmetical and analytical operations, relations, etc., between these sets as
individual entities.

*Institute of computational technologies SB RAS.
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1. Interval methods for the solution of equations

In our text, the interval notation adheres to the recently adopted project of the
international standard [5]. Specifically, we designate intervals and interval objects
(vectors, matrices, functions) by boldface letters. IR stands for classical interval
arithmetic [7, 8] or its support, that is, the set of closed intervals of the real axis R.
IR™ means the set of n-dimensional interval vectors, whose geometric images are
axes aligned boxes in R™.

In interval analysis, estimating the image of a set under the action of a mapping
takes a specific form, being associated with a problem of computing the so-called
interval extension of a function.

Definition 1 [7, 8]. Interval function f :IR" — IR™ is called interval extension
of a real function f:R"™ — R™/ if

1) f(z) = f(z) for any x € R™ from the domain of f,

2) f(x) is inclusion monotonic, i.e., z,y € IR", x Cy = f(x) C f(y).

Therefore, if f(x) is an interval extension of the function f(z), then always

{f(z) |z ez} C flo),

and we get an outer (by superset) estimate of the range of f over the box x € IR".
Constructing interval extensions of functions is one of the most important problems
that interval analysis deals with, and its various aspects have been being under
investigation since 1960 up to now. It makes sense to present the first result on the
subject, which is often called “the main theorem of interval arithmetic”:

Theorem 1 [7, 8]. Let f : R® — R be a rational function of the arguments
(x1,22,...,2y) = x. If, for a box & = (X1, X2, ..., xy), defined is the result f(x)
of substituting the intervals Ty, @, ..., &, instead of the arguments of f(x) and
further performing the interval arithmetic operations, then

{f(@) |z € x} C fla),

that is, f(x) contains the range of values of the function f(x) on x.

The interval extension of the rational function f(z), whose construction is de-
scribed in the main theorem of interval arithmetic, is referred to as natural interval
extension fnqi(x), and its values can be computed by elementary means. At the
same time, using the natural interval extensions often leads to very crude results
when estimating the ranges of functions. In this connection, more advanced forms
of interval extensions have been developed, and one of the most popular among
them is the so-called centered form. For a function f : R™ — R, the centered form
of the interval extension looks as follows:
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felz, @) = f(2) + Zgi(wvi)(wi - Ti),

where & = (%1, %o, ...,Z,) is a “center” point, g;(x, ) are intervals that depend on
Z and @ in general. In particular, g;(x, ) may be interval enclosures of the ranges
of partial derivatives 0f(z)/0x; over x. The interested reader can draw the further
information from the books [4, 7, 8], which expound the construction of interval
extensions of functions in detail.

If the tools for computing interval extensions of functions are available, we can
bypass the difficulties arising in the practical verification of the inclusion (1) in
Brouwer fixed point theorem, providing that,

e first, we restrict ourselves to considering the domains D in the form of interval
boxes, that is, requiring D € IR", and,

e second, we change the exact range of values of the function ® over D (it may
have a complicated shape) to its outer estimate through interval extension.

Following this way, one can derive the solution existence tests by Krawczyk, Moore,
Qi, etc., which are very popular in the modern interval analysis. In the sequel, the
first one of these, proposed by West German mathematician Rudolf Krawczyk in
1969 [6], is of special interest for us. It is usually introduced as follows:

Definition 2. Let some rules be defined that assign, to any box x € IR", a point
Z € x and a real n X n-matrix A, while interval n x n-matrix G is an enclosure for
the derivative F’(x) of the function F': R™ — R"™ over the box x. The mapping

K IR" x R" — IR",
defined by the rule
K(x,2) =2 - AF(Z&)+ (I - AG)(x — T),
is called interval Krawczyk operator for the function F'.

Krawczyk operator is nothing but the centered form of the interval extension
of the mapping ®(x) = & — AF(z), which emerges in the right-hand side of the
equations system (2) after it is reduced to the reccurrent form (3).

The following important statements concerning Krawczyk operator are valid
[6-8]:

(i) every solution x* of the system F'(x) = 0 within the box @ is also contained
in K(Z,x), so that z* € ¢ N K(x, T);

(i) if ® N K(x,z) = 0, then the box = contains no solutions of the equations
system F'(z) = 0;

(iii) if K(x,Z) C @, then the box x contains, with certainty, at least one solution
of the system F(z) = 0;

(iv) ifint @ = {x € R" | &, < x; < @; for every i} is the interior of the box x,
Z € int = and K(x,Z) C int @, then the matrix G is strongly nonsingular
and K(xz, ) contains exactly one solution of the system F(x) = 0.
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Using the result of the item (i), we can reduce the box which is suspected to have
a solution. The item (ii) provides us with an instrument for sifting unpromising
boxes that does not have solutions. Conversly, the items (iii) and (iv), which follow
from Brouwer fixed point theorem and further fine results, enables one to prove the
existence of the solutions and even their uniqueness.

2. Bicentered Krawczyk operator

As far as Krawczyk operator is a centered form interval extension of the mapping
®(x) from (3), it is amenable to all the modifications that can be applied to the
centered forms in general. A promising way to improve the quality of the enclosures
computed by the centered form of interval extensions is varying the center z, and
a “final” result in the direction is

Baumann theorem [5, 8]. Let a “cut-off function” cut : R x IR — R be defined
as

cut(z, ) =
T, otherwise.

Let also, for a smooth function f:R" — R,

(@) . )
pi = t(rad(f’(w))i’[ 1,1]), 1,2,...,n,

and n-vectors & = (&;), & = (I;) be such that
Z; = midax; — p;radx;, Z; = midx; + p; radx;,

where f'(x) is an interval enclosure of gradients for x € &, mid and rad are mid-
point and radius of an interval. Then

1) the lower endpoint of the centered form, f.(x,Z), attains its maximum for
7=z,

2) the upper endpoint of the centered form, f.(x,Z), attains its minimum for
F=2%,

3) the radius of the centered form, rad f.(x, ), attains its minimum for & =
mid x.

Baumann theorem naturally begets the so-called bicentered form of interval
extensions of functions in which we take the intersection of two ordirnary centered
interval extensions computed with respect to two optimal centers & and Z:

fbic(x) = fc(.’ll, jj) N fc(xvi)'

And the same idea can be applied to Krawczyk operator as well! In doing so, each
separate component with the number ¢ should be supplied with its own optimal
centers &' and &%, i =1,2,...,n.
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An outline of the algorithm for computing bicentered form of the interval
Krawczyk operator looks as follows:

1. Compute “shifts” of the centers

mid(®P}.(x));
pi:cut<3,[—1,1]>, ij=1,2,...,n,

d rad(® (),

where ®;;(x) is an interval enclosure, over @, of the derivative 0®;/0z;
of the function ®(z) = z — AF(x).

2. Compute the “shifted centers”

i‘; = mida:j—pij radxj, i‘; = mida:j+pij rad:cj, =12 ...,n.

3. Compute the centered forms proper:

Ki(z,2") = (2t — AF (") + (I — AG)(x — &%), i=1,2,...,n.

4. Compute the bicentered Krawczyk operator:

Kpic(x) = K(z,3) N K(x, &)

The statements (i)—(iv) that substantiate application of Krawczyk operator for test-
ing solutions of equations will remain valid for bicentered Krawczyk operator too.
However, we should pay a special attention to the choice of the “preconditioning”
matrix A: it must not be equal to the inverse of the midpoint of the derivative
enclosure matrix F’(x), insofar as all the shifts p;; are zeros in this case, and the
advantages of the bicentered form are unrealized.

3. Boundary Krawczyk operator

Brouwer fixed point theorem can be substantially strengthened:

Strengthened Brouwer fixed point theorem [3, 9]. Let D C R™ be a convex
compact set. If ® : R™ O D — R™ is a continuous function that maps the boundary
0D of the set D into D itself, i.e.

®(0D) C D, (4)
then ® has a fized point x* on D, such that x* = ®(z*).

The above formulation is really stronger than the original Brouwer fixed point
theorem since it embraces a wider class of mapplings to be verified with respect for
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&(D)
< D
>
P D ®(0D)
—
Figure 2. Illustration for strengthened Figure 3. Only boundary to be
Brouwer fixed point theorem checked instead of the whole box ...

the existence of the fixed point. It is applicable for functions that may transform
D into a set stretching outside D itself, and the function’s behavior only on the
boundary proves to be essential (Figure 2).

Additionally, when testing the solutions by interval techniques, checking the
condition (4) is much more beneficial than (1) from the accuracy reasons. The point
is that, for any form of interval extension, the accuracy of the interval evaluation
crucially depends on the width of the domain box. Usually, the excess width of
the interval enclosure is proportional to a certain power of the width of the box,
namely, the first power for the natural interval extension, the second power for
centered form, and so on. Meanwhile, the boundary of a box is always “thinner”
than the box itself (Figure 3).

As applied to Krawczyk operator in the property (iii), we suffice to check out its
action not on the entire box «, but only on its boundary made up from 2n pieces

(§1a$27~"7$n)7 (ElanP"aw’n)a
(wlaQQ,“wwn)v (ml,f%"'vmn)a
(@1, ®2,...,2,), (1, @2,...,Tn).

Each one of the above is an (n — 1)-dimensional interval box having both the
dimension and width smaller than those of . Therefore, we will get a more sensitive
variant of the existence test (iii) at the price of some additional labor (approximately
2n times larger).

The idea of bicentered Krawczyk operator may also be implemented to result
in further efficiency improvement.
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interval and fuzzy data using immunocomputing*
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Immunocomputing (IC) is a new method of solving complex, computationally
intensive, real-life problems [1, 2], using a mathematical basis.

This paper provides a further development of the IC approach by applying
interval and fuzzy techniques to infection control in natural plague focus. Natural
plague foci are present in vast areas. They are characterised by different regulation
mechanisms at the population, species, and community levels for the plague triad
of carrier, vector and microbe.

The following concepts have been presented:

the use of singular value decomposition of interval matrices, to illustrate the
state of the plague triad at different times;

techniques of supervised and unsupervised learning on the base interval and
fuzzy data, to forecast dynamic epizootic processes at the population level for
the area known as the Akdala plane;

the use of plague risk indices (PRI) that can clearly indicate the risk of plague
infection in natural plague foci;

data fusion of large quantities of variable data relating to this complex, inter-
acting, dynamic system, into a single general value or index, that represents
all of those factors;

the application of data fusion and mathematical models to form PRI on the
base interval and fuzzy data using immunocomputing.
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