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Buepsile B OTedeeTBEHHON JHETEpaType CHCTCMaTHYe-
CKI W3J0KeHHl OCHOBLI M METONLI WHTEGPBANHLHOTO aHATH-
3a, KOTODHI TONYIWI B TOCIeEME TONL IFAPOXOE pac-
TIpocTpaenue B BEIUMCANTENbHON mMaTeMaTuxe. PaccMmoT-
per pAJ HHTePBAILHO-AHAMATHICCKUX METONOB DETICHHA
arddepeRqEanbHEEX YPaBHERNAH,

Kumra 6ymerT mojiespa CIOMHANTHCTAM N0 BHEIHCIH-
TeNbHON ¥ OPUKIANHON MaTEMaTHKe, acUADAHTAM M CTY-

JeHTaM, CIeTHATHSAPYIOMIAMCA B YKA3aHHHIX OOIACTAX
MaTeMATHKH.

1Opwii Meanosuu Wokun

MHTEPBAJIbHBMA
AHANU3

OTBeTCTBeHHEI pefaKTop
Huxonsali Huxoraeeuuw Anenro

VTBep:RIeHO K medaTH
MnCTATYTOM TEOPOTHIECKOH M NPEKIATHOM MeXaHmHKA
CO AH CCCP

NPEAUCNOBME

B mociegadme roAsl MHAPOKOe PacHpPOCTPAHEHHE B BhHI-
9UCIATENbHON MaTeMaTHKe MOJYYHIH METOHNE HHTePBaJb-
HOro aHajusa, VM HTeHCHBHOe PasBUTHe H IPOHHKHOBeHHE
B pasnuumOee O0JAcTE MaTeMATHKH HHTEDBAJBHEIX METO-
fos mpmpexo K cossiBy 8 1975 r. IlepBoro Mesxpyrapon-
HOTO CHMIOSHyMa [I0 HMHTEDBAIBHON MareMmaTmie. Bropoi
cummosuyM mposefen B 1980 r. Jlmrepatypa mo mHTEp-
BaJIbHOMY aHAJIH3Y B HACTOAINEe BPeMsa HACIATHIBAET OKO-
0 BOCHMHCOT HANMEHOBAHWI W AOCTATOYHO IIOJIHO OTpa-
;eHa B Ombmmorpadmueckux cGopmmrax [1—3] m paGore
(4], Ha pyccroM a3bixe ceifuac omyGIEKOBAHO OKOIO ABYX
[IeCATKOB JKYPHAIBHKIX CTaTell, IPUHAIeKAIX B OCHOB-
HOM aBTOpY AaEHOH MoHOrpadum m ero ysemuram [5—17],
Hacroamasa KHAra IPeJOCTaBAT IHUTATENI0 BO3MOKHOCTB
O3HAKOMATHCHA € MeTOJ[aMd HHTEPBAJBHON MaTeMATHKE
H, BO3MOKHO, CTHMYJHpPYeT MCHONb30BAHHE JTHX MOTOXOB
OpH peIleHEN pAfA DPHKIAJEHX 3afad, TPe0yOMHEX BHI-
COHOI TOYHOCTH AJTOPHUTMOB.

llepBonauansHO WHTEPBAJBbHBEIE METORBI BOSHHKJIH KaK
CPEJICTBO ABTOMATHIECKOI0 KOHTDONA OUIHGOK OKPYIVIOHHS
ABa 9BM =m BOociefcTBEH HpeBpaTHJIHCH B OJEH H3 Das-
HelloB COBpeMeHHON mpHKIagHO# MareMmarmrd. Ilpm stoM
B OCHOBe JeKajda MAeA [ABYCTOPOHHeH anNpOKCEMALUH,
KOTOpad IpH ydere HOTrpeIIHOCTeX NpuBOAMT K HeobXonu-
MoCTH 0G00IIeHHA NOHATHA BEeIIeCTBEHHOTO IACIA, 8 MMEH-
HO, K IOHATHI WHTEPBaJbHOre umcia. B Momorpadmm
Mypa [18], mo cymecrsy, Buepsbie OBUIE H3JI0MKEHEI IOC-
JIeI0BATENBHO OCHOBLI HOBOTO HAMPABJICHHAS B BEITUCAATEIb~
HOH MareMmarmre. Ilociegyomiue HmCCAeOBAHMA HOKA3AJIH,
9T0 MeTO[Ll MATEPBAJLHOTO AHAJNU3A MOTYT CIYRHTH He
TONBKO Jyjia yd4era omu0oK oxpyrieEma Ha 9BM, mo m



ABNAIOTCA HOBHIMI AHATETHIECKUMN METOTAMHA A T€O-
P omocpe Ié;;gili%?}gg;nmﬂeﬁue HHTEPBAILHBIX MeTO-
Heniﬁéﬁnmemnmx mpoleccax MO3BOIAET 3aRJnquT'1(')1i
B eB BAJIBl peIIeHHst 3a/iad, O BXOJHBIX JIAHHEIX R;mx
Bbxiﬂgsﬁecmo J@IIG TO, YTO OHU JIeHAT B on}l;):ﬁslnii X
gHTepBanaX. Tlpm aToM B TOIydaeMble nﬂtif(gl alls: X0
9aI0TCA W BCTPEYAIOINHEecs B Lporecce Bm;{ e .
ru oxpyrienuit. [lpu ToIHO onpeneneﬂﬂio O s
HHIX 3aa9d [ONydaeMble HMHTePBAIIBI BHI;Iﬁ o 10100
eIIeHNe MCXONHOH 3ajaddm, M HHTePBall on cuy-
; eTa OMIOOK ANNMPOKCHMAIWU ¥ OKDY 1
HmTIIgggJIg;m HMHTePBAIBHOTO AHAAU3A MOJKHO pasi?rlgb
IPYIITEL: HCCIENIOBAHNEe CAMOTO MHOKECTBA p-
gznigglxpzncen KAk HEKOTOpPOM MaTemazﬁqf{clggH;ﬁgm
TypH, TPEMEHEHNE MHTEPBAIbHBIX NEGTOI{ 8 I pasIIILS
3a;1aq’aM NpUKIaJHON MaTeMaTHKU (B §§30B3HHH, ey
JefHEee BpeMs HAMETHINCH IYTH KCHOHE;{ amuA UATop.
HBIX MOTOOB B 33Jadax YIpasie oM
Bagb 201) m mporpaMMUPOBAHNE HHTEPBANLHBIX M om.
%frpep;naraeMoﬁ paGoTe W3IAralOTCA BOMPOCH, OTHOCA
muecsa KO BCEM TpeM IpyIiam npofieM. sxaronap-
M, BEIPamai0 HCKPEHHION >
HOJIBSyﬂCBHCJIy‘IaGB;I TMOCTOAHIYI0 TOJeDARKY NAHHOM
HEHKO 34 i
?gg;zf .ali.arcme A. H. Poranesy sa moMomip IpHd IOATO
TOBKe PyKONHCH K IeJari.

FTnasa |

MHTEPBAJIBHBIE YMUCIIA

§ 1. MHTEPBANLHBIE YUCNA M MX CBOHCTBA

1. Illyervs M m D — gsa  wacrmumo YIOPAL0IeHHEIX
muOmectBa. OGosmaumm wepes S(M) m S(D) COOTBETCT-
BELHO MHOKECTBA BCEBOSMOMHEIX mommHO;kect8 M m D,
Ecau e orosopemo oco6o, nmemenTs MuOKecTs M, D n
oroGpaskenusD B M Gynem o6oszmauars MAJCHLKAMHA Gyk-
BaMu, a anementsl Muoiects S(D), S(M) u orobpamenus
S(D) B S(M) — Gonprrmmu OyxBamm. Hakmoe ms wmmo-
mecrs D u M Gymem cumrats YCIOBHO YIOMHON CTPYRTY-
poit 1 obosmasum wepes H(D) uw H(M). Orromenne mo-
pagxa B D, M, HD) u H(M) yeroBEMcA 0603HAYATE Off-
HHM U TeM JKe CEMBOJIOM <,

Hamomumm (e, mampamep, [21]), wgro
Ha KOTOPOM 33/[aHO OTHOIICHHE IIOPSIKA, HASKL
padouennvin MM auneino ynropadouenmwim,
IIeHNe IOPAAKA OIPENeNeHO I JOOEIX
TOB, W “ACTUNHO YnopAdOUeHHbIM — B IIPOTHBHOM crygae.
Hacruuno ynopsagouenmoe MEOMmECTRO HA3BIBAGTCA CTPYK-
TYpPoli, ecIm BCAKOE €TO NBYXdIEMEHTHOE TOAMHOMRECTBO
VIMEET TOUHBIE BeDXHIOW U HIUKHIOI TDAHH, U ROAHOU
CTPYKTYpOH, ecIdm BeAKoE BTo Hemycroe HMOAMHOKRECTBO
HMEeT TOYHELe BEPXHIOW W HIGKHIOI Tpamm,

B nanpmeitmem Gymem cunrars, uro D= M, ® }, ® .,
- . ®M,, e M; =M, a smax ® 03HAYAET JEKAPTOBO IPO-
u3BejleHHe,

Ecnw ¢ w b= HWM) u a
=la, bl ={zlzeM, ax<
repeaqom na H(M).

HO:tecTBO BCex mHTEepBanoB Ha H(M) oGozmaamm we-
pes I(M). Ecim M = R (3mech m Berlomy mmme R — mmo-
HECTBO BelllecTBeHHHIX wucen), to I(R) ecrs MHOMKECTBO
SAMRHYTBIX MHTEDBAJIOB Ha TPAMOH. B srom cIydae niie-

MHOKeCTBO,
BaeTCsa Yno-
€CIm OTHO-
JBYX €eT0 dlleMeH-

< b, To MHOMmEcTBO A =
< b} Gymem maseBATDL UM~



meat I(R) OpEEATO HABHLIBATL UHTECPEUALHBIM UUCLOM.
AmajormiHo ompefeaserca Muoectso- [(D). Ilpm n>1
sxeMenT MEoxkectsa [(D) CyjeM HA3HIBATL UHTEPEALLHbIM
6eKTOPOM PASMEPHOCTH N.
OueBHgHH CIEAYIOMUL MsIM) s
= SWM), D= 1(D)=8SWD).
Ecam mopMuoectBo 'S M orpaEmdeHO, TO HHTEPBAX

Q(I"), onpepensemzrir mpasmiom @ (L) =|inf I, sup 1,
H(M) H(M)

Ha30BeM npedcTasaeHueM GHEUHUM UHTEPEAAOM MHOMRE-
crea I

B kagecTBe yUOpPaKHEHHA YUTATENIO Hpejuaraercd IO-
raszatb, uro Q([). sBidgercs HAWMEHBIIAM HKHTEPBAIOM,
oxparuBaiomuym I, m npu I'= I(M) crnpasBefn#Bo paBeH-
creo Q(I') =T.

2, Ilycrp MHOMECTBO M o6pasyer moae. Torma B I(M)
MOKHO BBECTH KHTEDPBAIbHYIO apH(MeTHKY CIeyHOmuyM
obpasom:

[a, bl #[c, dl ={z*yla<z <),

rme * = {+, —, -, /}. llpz aToM, ecim # OBHATAET Aele-
mue, 10 0 E [c, dl. HerpyaiHo moKasarh, 4T0 STH OLEpaIAi
B Ka’sK70M KOHKDETHOM CIydae SKBHBAJEHTHEL CICAYIOMEM:

la, bl +[c, dl =la+tec, b+dl,

COOTHOIICHUA:

csy<d:, (1)

(2)
{a, b] —[c, dl =la—d; b—cl,

[a, b] - [¢, d] = [min(ac, ad, be, bd), maxlac, ad, be, bd)l,
la, bl/le, dl =1la, b]-[1/d, 1/cl, O&lc, dl.

Iocxonbky M obpasyer moxe, m3 (1) BrTexaer 3aMK-
gyroers I(M) oTHOCHTENSHO HHTEPBAILHOH apudMeTHKH.
Kpowme Ttoro, us (2) cuexyer, uro : 1) BHYHTAHNE HeoGpar-
HO CJIOJKEHHIO; 2) fleieEre HeoGPaTHO yMHOMKEHUIO; 3) mH-
TepBaIbHOE CIOMEHHe U METEDBAIbHOS YMHOKEHHe acco-
IEATHBEAL B KOMMYTATHBHSI; 4) 8aKOH JAHCTPEGYTHBHOCTH,
BOOOINEe ToBOPsS, He BHIOIHEH, & BHIIOIHEHO BRIOTIEHNS
A(B+C)<=AB+ AC, nasniBaemMoe cBoiicTBOM cy6IuCTpU-
6YTUBHOCTUL.

Hycrs M =D = R. Hnarepsaisl BAAA {a, al OGymem
OTORIECTBIATH ¢ BEIIECTBEHHBIMA YHCIAMHA H IHUCATh 4 =
= [a, al. Taxum o6pasom, R = I(R).

Crosxenme T yMHOMmeHme obramaior OGLIYHELIME CBO-
CTBAME ACCONMATHBHOCTH M KOMMYTaTHBHOCTH:

A+(B+C)=A+B)+C, A-(B-C)=(4-B)-C,
A+B=B+A, A-B=B-A.

HymeMm cloenus ABIASTCHA queno 0, a efguEmmelt yMHO-
sxenns — gmeno 1:

0+A=A+0=A4, 1. A=4.1=A.
Muomxecrso I(R) He sABIAeTcsa IIONEM, TOCKOIBRY

5 HeM He BHIIONHEHH! CefyioNIEe CBOHCTBA NOMA.

1. Bz ol4) = ole, b)) =b—a>0, 10 A me mMe-
eT OGPATHOrO IeMEHTA OTHOCHTEILHO ciosxenns. Jle#cT-
suteanHo, mycts A —B=1[a—d, b— ¢] = 0. Orcona cue-
nyer, 4ro a=0d X b=c. Ommako a<<b, ¢c<d m 210
smeuer a—=b=c=d, 1. e. ©(4)=0. B I(R), BooGme
rosopsr, A —A#+0, HO A—A=I[a—b, b—al m Bcerna
COJIePIRHT HYIE.

9. Eenm w(4) >0, ro A me mMeer 00paTHOrO dIEMEH-
ra OTHOCHTeNRHO yMEOmeHmA. B camoM pene, MyCTh
AB = 1. Toraa min(ac, ad, be, bd) =1 n max(ac, ad, be,
bd) = 1. DTE COOTHOMIEHWA CIPABEJIMBH JUIIL DX ac =
— ad = be = bd = 1. Orcioma fomwxHO 6HTH @ = b, c=d
a ac=1. Nmsmu caosamu, B I(R) pxamranwme meofpat-
HO CIOKEHMI0, a JeleHwe HeoOPaTHO YMHOKEHHIO.

3. He BLITIONHEH 3aK0H AMCTPACYTEBHOCTH:

AB+C)=AB+ AC. (3)

HeficTBrTensHO, mycTs C = [e, f1. Torma
AB+C) =Ia, blc, dl +1e, 1) =
= [min(ac + ae, ad + af, be+ be, bd+ b,

max(ac + ae, ad+ af, be + be, bd+ b)),

AB+AC =Tla, bl -[c, dl +[a, bl - [e, fl=

= [minlac, ad, be, bdl + minlae, af, be, bH, ()

max (ac, ad, be, bd) + max (ae, af, be, bl



Jna wparroctm momosmum & = (21, s, s, z4) = (ac, ad,

be, bd), y = (y1, Y2, Ya, y4) = ae, af, be, bf). Torna mun
Beex {==1, 2, 3, 4 cupaBeJINBEL HepaBeHCTBA

min z; + min y; < z; + ¥ < max z; + max y;
j ] 3 J

7 7

(=1, 2, 3, 4). (6)
Comocrapmsas (4)—(6), yGemnaemes B cipasemusocra (3).
Hamee, m3 (6) BEITeraer, yro B (3) paBemerso BEImOTHEHO
JEOIB TOTHA, KOTAA cymecTBylor gmcaa k, I (1, 2, 3, 4)
TaRme, UT0 MinZ; =, miny;=y, maxz =z,

J 7 7

max y; =y, (=1, 2, 3, 4), rem camsim a(B+ C) = aB +
7
+aC.

Unreppanpuas apudmernxa oflIagaer cBOMCTBOM Mo-
HOTOHHOCTU O  6EAIOWEeHU0. 910 03HAYAET, YTO U3
A=C nw B=D cmenyer A*B=C+D npu *<{+,

- h

Orcooma, B wacTHOCTH, IOMyTaeM OYeHh BAKHYIO TEO-
pemy [18].

Teopema 1. Ilyers 4;=Bi(i=1, ..., n) n F(X,,
... Xa) ecTh panmoHANbHOE WHTEPBATLHOe BHIPAKEHNE.
Torma F(Al, LA s F(By, ... B,).

UnTarTento mpeNOCTABIAGTCA MOKAZATH CAMOCTONTEND
HO HA OCHOBAHMH DACCMOTPEHHBIX BHIIIE CBOWCTB WHTED-
BaJIbHON apH(PMETHKN CIPABENINBOCTD CIEAYIOMAX HOTH-
Pex yTBep:RIeHmi:

1) ypasmenne

A+X=R (7
UMeeT pemieHHe TOIflA W TOXBKO Torna, Korga o(d) <
< w(B);

2) ecim X, — pemenne ypasmemus (7),
=B —A;

3) mycrs X, ecth pemienue ypaBuenus AX == B, rge
0E A. Torma X, = B/A:

4) ecmm C = (Cy)— wBafparHas wHHTepBATLHAS Mar-
puna, npmaem o(Cy) > 0 xora 611 mua ogmoit mapsr (i, j),
TO He cymecrByer Marpmosl C~! Takoit, wro C-!C =
=CC!' =E, rpe E — equnnmunas MaTpuUIa.

3. Ilyects G ecrp MHOMecTBO Beex oToGpaenmit D B
M. Mnosecrso mpeoGpasosanmit P, ompegenaeHHnx Ha G,
HA30BeM auazebpauteckum, eciu P cocraBiger anrebpy.

o X,=

8

Orobpamenns f u ¢ =G GyaeM HasHBaTh ad2elpauuecki
OKBUBANCHTHOLMI WIN IPOCTO IKEUSANEHTHBIMIL, eCIH IIy-
TeM npeo0pa3oBaHUil Kasjoe U3 HEX MOKeT ORITL CBeje-
HO K JIPYyroMy, H OHCATh [ = Q.

OueBupHo, 910 1MpeoGpasoBanusA, MOSBOIAININE CBECTH
/R @ wim @ K f, momuKER pnHANIERaT P, M 910 CBEge-
Hile OMmpefelieH0 HEeO[HO3HATHO,

Anre0pandecKas YKBUBAJEHTHOCTb SBIAETCA OTHOMIE-
HEeM 9KBUBAJIEHTHOCTH B G, T. e. 9T0 orHomenme pediex-
cuBHO: = f, cuMMeTpHUHO: ecnn f= @, T0 @ = f, Tpan-
BUTHBHO: €CIH [ =@ I ¢ =, 0 [ = ). daMerEM, 4TO ec-
am { =@, To o6IacTy 3HAUEHHH [ W @ COBIANAIOT.

Hanee, mycrs K — muOMectBo oroGpaskenmit I(D)
I(M). 9xsusanenrrocts B K Momer GHITH oupemeneHa Tak
me, kKax 1 B G. I B atoM ciygae crpaBeiuBel amamormy-
HBle CBOHCTBA OTHOLIGHHI, OJHAKO KJIACCHI DKBWBAJIEHT-
HbIX PYHRIUE B CHIy CBOWCTE MHTEDPBAILHOM apupmeru-
KH 4, B 9aCTHOCTH M3-3a cyOpucrpubyrusroctm, B K 3ma-
YUTENBHO YiKe.

Hus f € G crepyoomum o6pasom BBOmATCS 06BedUHCH-
HOe pacwupenue:

F(X)= U_f().

(8)
xeX
B YaCTHOCTH, KaiKIOMY HENepeceRawINeMycsa KIACCY 9K-
BUBaJIEHTHBIX on*oﬁpamennﬁ, Ha KOTODEIe BBEXEHHOE OT-
HOIIIeHe JKBUBAJEHTHOCTH paBGI/IBaBT G Ha OCHOBaHUU

(8), coorBeTcTBYeT e/WHCTBeHHOE OGBETMHEHHOE pacnoru-
penue,

Cyocenuen dynrmmn F(X; B) mo X, rme X < I(D),

— TIOCTOAHHEI MHTEDPBANLHEIE BEKTOD PasMepHOCTH m,
COCTOAUMI ¥3 KOHCTAHT-HHTeDPBAIOB, 3aBA3AaHHEIX B F,
HazoBeM orobpaskenmme & (z; B), morysamomeecs u3
F(X; B) upu X = [z, 2] = z, u yenosumes nucars

Rs F(X; B) = 7 (a; B). (9)

IIpu B = D smecto (9) Gynenm mucars )?s F(X) = g (2).
B wacruocrn, mosker GriTs, uTO ‘%’ls F(X)={f ().

Ilpusenem meroropsie mpumepst, Ilyers M =D =R,
X = 2, ;1. Torna ouepatop Rs B cmiy BBememmOro om-



PefielleHIs IOREE AeiCTBOBATE CIEAYIOMEM 06pasom:
1) Bs (X411, 3) ="+ 11, 3],
X3

) RsF(X)= Rs (1+[sinz, 2 +sinzy)) =
Xox

X =Xg==X
=1 4 [sinz, 2 } sin z}
3) Rs (X2 4+ 2X)/X) =z + 2,

4 Bs (X—X)=0.

X>x

Teopema 2. Ecim F u ¥ sxBuBaNeHTHE, TO DKBH-
BAJEHTHHEL 0 WX CY/HKEHHS.

Norasareuascrso. Ilycrs I, ..., Xlx — mocxue-
OBATEILHOCTh aire0pamdecKux IpeobpazoBaHmil, IIO3BO-
aaomuox csectn F x W, RsF'=f, Rs ¥ = . (Ilpuraras
agees (popMa 3amUCE Cy:;KeHH, KAk MBI YBHJUM HIKe,
060CHOBaHA HE3ABHCHMOCTBIO PE3yabTaTa OT THIA CYHe-
mus.) He mcrmrouas o0mHOCTH, MOMKHO CYHATATH K der-
HEIM, IIOCKOILKY CBeeHHE APYT K APYrY SKBUBAJIEHTHBIX
oro0pasKeHEl 8aKI0TIAETCA B IOCIEJOBATENHHHIX IIpeol-
PAa30BAHHAX, CPefU KOTOPHIX O0GS3aTEILHO €CTh HOMAPHO
obparame. Ilomarag k=2l B cmIy KOMMYTaTHBHOCTH
II; (1<<j<k),roropas ciemgyer u3 Toro daxra, uro Il;=P
m P ofpasyer anre6py, pacCMaTPHBAGMYIC IOCIE[OBATEINE-
HOCTH NpeofpasoBaEMA MOKHO 3aIACATH B  BHJC
ILILIE, - .. X0 00, e Isn<2iU<is<)),
Hpmwem IT-;IT;0 =@ (1 <1 <C!) gna moboro ¢ € K. Torn:
umeem Rs F=Rs(Il- IL, F)=... =Rs(II, ILII;,_;I1;-...
oes II,IIIIF) =Rs¥Y =Y. Ho RsF =}/, orkyma f=1.

Hurepeasvnvim pacwupenuem gyuryun f(x) HazomeMm
raKoit snement F(X) mmomecra K, ut0 m3 z = X caeny-
er flz) = F(X), m ycaosmMca mmeats Di f(z) = F (X).

xX—»

x
ABHaJOrEYHO MOKHO OIpefeNnuTh D; F (z; B) = F (X; B).

C TouKm 3peHMA TpWIOMEHHHA OHBaer NEIECO00PAZHEIM
OTIpefieIATh WHTePBANbHOE paciimpeHHe 0Oojee ClIenyalb-
HO, a HM@HHO, 3aj{aBas cuocob ero moinydsenus. Ilogrsepsx-
AeHHEeM CKA3aHHOTO MOTYT CIYKUTH CIeXyIOIue IPUMepEL.

1. Ilyecrse M =D =R, ®Oyarnua F(X), noxyzaemas
3aMeHO# BEIIECTBOHHOTO APIyMEHTA £ B DaIHOHAIBHON
¢ynrnun f(z) mETEpPBANLEEIM apryMeHTOM X ¢ HEPeXOfiOM
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B EETEDBATHEYI0 apuMeTHKY, HABHIBACTCHA ECTECTECHHbLY
unrepeavhlyn pacuuperuen [18]. B arom cmyuae cmpa-
BELTMBA CJENYIOMAS

Teopema 3 [18]. Ecmm F(X) — ecrecrsemmoe ma-
repsampmoe pacmzperne f(x) W KayKAAA KOMIOHEHTA BEK-
ropa X = (X1, .... Xa) B F(X) scrpegaerca He Goxee of-

moro pasa, o F (X) =x\€JX f (x).

Kax BEIEO, B DTOM Cydae IS HAXOMIEHHEA 06IacTH
smagenndt f(z) mpm z € X mocTatovHO BHIYHCIATE PATHAO-
ganpHoe mETepBampHoe Bhipakenme F(X), rorma xax, ome-
pHpYs BeIECTBOHHHIME (DYHKIEAMHE, MBI TONKHBL OIpe-
nexms Gecromeunoe muokecrso {f(z)lz e X).

2. Mlyers M =D = Ry (Ry — MHOeCTBO MANINHELIX
amcen). Torma WHTEPBATEHOE pACIIEpeRme (QYHKIAH flx)
puma  F () = (f2))s + [—el2), e(2)), tme (fx))r—
pesyuprar Beramenenns f(z) ma mammme, a elz) — abeco-
moTHas morpemuocth f(z), mMo3BONAET YIMTHIBATEH omrub-
®; MamumEHOro BREramcienns. Ilpm orom €(z) omemmpaercs
permannoit eol (f(z))x!, rme ep — MmEEMamnEOE MammH-
HOe THCHO.

Hocpencteom omepatopa Di ceMe#cTBY orobpaskenuit
{f{(z, b)!b= B} MomHO WOCTABHTL B COOTBETCTBWE DIe-
merT MuomectBa K, ecim BMecto b mopcramts B m me-
pefiT ¥ meficTBAAM HAN WHTEPBATAMW. HeobxomEMoeTs B
MomoGHOM UHTEPBAJLHOM DACHINPEHWH MOJKET BOBHUK-
HYTH, HANPEMep, TPH ydeTe OmMmOOK MPEHCTABIEHWA Ra
HBM xomcrant, Bxogamux B dymxmmio f(z). B mamsmeii-
meM Mbl OyjleM CUETaTh, 9T0 IS DIEMEHTOB G Taxo# cro-
co6 ompeneNeHNs WHTEPBATLHOTO DACIIEPEHVSA Yiie 3aHaH,
r. e. Dif ompenenero ogmoswawHo, tnGo Ha Dif Gymem ma-
KIanbIBaTh OMpeJeNennsie YCIORNA.

Bamernm, garo ecrm f, p =G, to u3 f=¢ He cueayer
Di f=Di ¢. Ouesnaro, B MOATBeNKIeHAE BTOTO YTBEPKIe-
HES OCTATOYHO VKA3arh XoTa GBI ONME TIpEMeD. _

Myers M =D =R, flz) = (Vz)3—1, olz) =(z/Vz—
—AIMz+TVx+1), Xo=1[1, 4. JIna coorBercrBylomux 6c-

TECTBeHHBIX WHTePBATbHHIX pacmmpenmit F(X) = (VX)3 -
1 g OX)=(X/VX - IUX+VX+1) mmeem F(X,) =
=10, 71, ®(X,) =[-7/2, 211.

Temeph BHACHAM, KAk COOTHOCSATCS 3HAYEHAS B TOU-
Kax WHTEPBATHHHIX pacIIupenmit, 0GB HHEHERX DacIId-
permit m mexommoro otobpakenus F,
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Pacemotpuy cysxenme dymxmnn F(X; B) no X, Boo6-
Ile TOBOpA, W3 KIacca SKBUBATCHTHOCTH Rs F(X; B)

X
BCerjxa MOKHO BBINEINUTH 0To6pamemm. THTEPBANABHLIC

PacIiupenns KOTOphIX BKAMUanT F(X; B). Hns aroro x
Rs F(X; B) pocratoumo upubaBuTh HeKoTopoe orobpa-

X->x
menne (), ma woroporo J (r) =0, Bo Di P (2) 40,
=X . CxsX

Haupmmep, ¢(z) =z —z. C Apyroit cropornt Rs F(X; B)
M Xox

Moer OBITH TAKOBO, WTO W3 CoOTH

SKBUBAJICHTHOCTH MOKHO BHI

BAILHEIE DACHTHPEHNS KOTOP

u Braovarscs B F(X; B).
Heficrearensro,

BTCTBYIOMETO KJacca
JICTHTE oToGpanieHns, maTep-
BIX MOIYT KaK BKJIIYATD, Tak

oycrs, waupmmep, M =D = R,
F(X)=X2—5X. Tormta RsF (X) = 22 — 5z, Pacemor-
X>2x

PEM nBa sreMenTa m3 RJIacca arBmBa

JenTHOCTH f) =
=22 — bz,

a uvenno fi(z)=z(z—-5) g folz) =22 —
—bzr+ 2 Ona COOTBETCTBYIOIINX eCTECTBEeHHEIX HHTEp-
BaNbHBIX DpacCHIOpeHdit B Touge Xo=1[2 4] wumeenm
Fi(X,) =[—12, —2], Fo(Xo) =1—18, 81, & 1o BpeMs
kak  F(X,) =[—16, 6], 1. o. Fi(X,) = F(X)) = Fy(X,).
Kpome toro, uz OHpeNeIeHAA WHTEePBAIBHOTO I ob6enm-
HeHHOTO pacmmpenmit cregyer CIPABENINBOCTD BRIITEHHUS
Di o (z; By = U & (z; B). (10)
x=X

x->X

ITprmenenme UHTEDBANLHEIX  METONOB WPeAmONaraer
TIepexoxn or siemenToB G K niemenTam K. Taxroit mepexox,
Kar TPaBHI0, OCYIIECTBISETCS TIOCTPOGHTEM WHTEPBAJL-
HBIX DaCIINpenwuil, ma KOTODHIe HAaKIaNBIBAETCH yeaosme
Hauboavuiets cymennocru. (B TeOpeMe 3 paerca mocTa-
Tounoe ycmoBme HauGomBIIed cysemHOCTH IIg  CcaIy-
YA PAUMOHANBHBIX (YHKIWUE.) Owesnpao, Taxomy ye-
JOBRIO  YIOBIETBOPANO GH  0GBeIUHHEHHOE pacmmperne
f= G. Onmaro mocTpoenue oGLEIUHETHOTO pacmmpenzs
ipeamonaraer serancirerne f(z) Geckomewmoe wicio pas.

CBASH € STEM OTMETHM, 4TO IIPeHMYILIECTBO MHTEPBAIE-
HLIX METON0B MMEHHO B TOM H BAKMIOUAETCA, UTO GECKO-
HEYHbIC BEIYACTCHNA B G YRA3aWHEIC METONBI TIO3BOJITIOT
SAMEHUThL ROHEWHBIMH BhAmcIenusamn b K, masas B pe-
8YILTATE WMHTePBAHI, TapaHTHPOBAHHO CONepMamne Tod-
HbIe HCKROMEIe sHadenusa. Hax wmmr yGemmuncs, me Bce are-
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ABHOMEHHEI
THOCTE MaHHOTO f D
jacca DKBHBAJICH o
MeHTBII)mIJie nanbonpmeit CyHKEHHOCTH coomemm;:;g:c c};
n c;vx pagpEerx pacmupennit. Tarmm o6pasom, 13 xacea
orp ganenmocm f HeoGXONEMO BHILENHUTE TAKOK D reMenT
?KBE;oﬁI Dif 6Gpuro Gl KaK MOJKHO Yike. i E! BC(Z;J(I)e;BopHTB
’qo MOJKHO 3AQKIIOYUTB, MTO [ JOMKHO YN0
HOT! .
OBaHWAM:

cepyomuM Tped

Ig F He MOMKHO CONEPHATH JBYX
& P raxwx, 9TO

snementos e, g =
=E

oadlp ) 6
OCTH JOJKHO OHITH

¢ yIeToM CcyOaucTpHOYTHBHEO '
npuiian]:Ho I}{’ BUAY, «ymoGHOMY» A IOrapuMUPOBAHUA

§ 2. ANTEBPAUYECKME CUCTEMBI
MHTEPBANDBHBIX YHUCEN

WsyueHne MHOMKECTBA MHTEPBAIBHBIX THCEI elifgfq Ha;r};
reGpamaecKoil CHCTEMH B 3aBHCHMOCTH OT ogpeg TemIX
Ha HeM ONepanuii W OTHONIEHHH IOMOTaeT o HapyOHHTI/IH-
cBA3M MeKTY DasiIMYHBIMU, HA IePBHI Bsrngn,un i
ME W CHCTeMAaTH3WpoBaTh pesyabrarhl. Ocolbrit eﬂI;HHIZ)BIX
NpeJICTAaBIAIOT 2afada CPABHEHHS WHTEDBAJOB, B:HJCITBaME
HAJ MONYYIOPAXOIEHHEIM W BEKTOPHBIM IIPOCTP 171 ,
a TaK:e aiaJu3 CBOMCTB MHTEPBAILHBIX one}i;uﬂ e

Har yme ormewamoch, ecanm MHoscecTso M coOTn omme-
HEeM YIOPAOIEHHOCTH SIBIACTCA CTPYKTYPOI, Tagmxe. °p-
BATHHBIC apH(MeTHIeCKHe Olepaljii MOKHO BHID s -
pes omepanuy HaX IPAHAIHBIMA 3HAUCHAAMH ncxoga“ -
Tepeamos. B paipmelimem MBI OymeM WEIONL30 i
BO3MOKHOCTH TIPe/ICTaBICHAA HHTEPBATLHEIX OTepart 5

PaccMoTpuM TepBOHATAIBHO OCHOBHEL® CBez[e}m;fI o et
cTeMax WHTePBATHLHHIX 4dmcell ¢ OfHOll apmdmerw

neit. .
OnepAé;.I[;II/ITHBHaH cmerema. <I(R), :I-) 06pa3yeT01{3M;?;;0
THBHYIO MOIYIPYNIY, AT KOTOPOit cnpvazemrézlse A ]% —
coxpamenuss A+C=B+C=A=B , v .
MOKHO IIpe[ICTABUTH B BHUE IPAMOIO IIPOH3BENe

A(R), +> ~ (R, +> ® R* U{0}, +,
9T0 COOTBETCTBYET 3aNMCHM HHTEDBAJAa KaK Iapsl élcgi;;lli:
A4)), rme R* — MHOMECTBO TONOKUTEILHBIX Jie

A
TOJLHBIX YHACEN, (P(A) — CcpenHAa TO4YHa NHTEepBaIa qT(;
MA) — pomea  wmmrepsama A, Jlerko  BmAETSH,
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MyabranankatEeEag cmereMa <I'(R) =IRI\{0}, > ran.
e ABNAETCA KOMMYTATABHOH HOJXYTPYNIOH WO omeparrir
YMHOKOHNA, KOTOPYI YIOOHO TWpercTaBmTh B  BIive
I'(R)=YNZ, tne Y={A1024}, Z={A|0= 4+ )
Cucrema (Y, -> — xoMmyrarmBRas momyrpymmua, {Z, > —
nonyrpynma, npmieM Z=UG, is[—1, 0], G ={ri
1llr=R, r=*0}. PaccmorpmM oroBpaskerus o :I'(R) -~
= {1, 0, 1}, $: I'(R) —~ R*, 5 : I'(R) —~ [—1, 11, ompene-
AseMble CIeNyomuM 06pa3om:

ola, bl =signla+b), ¢ [q, b) =max(lal, |5]),

. !a/b, la]<] b,
1= g0, 181<]al.
Torpa xasxpsiii matepsanr 4 %= 0 ommosmawmo TIPeACTaBAM
xax (04, 4, x4), npu srom A = (6’4)(pA)[yA, 1], rre
6’'A=1 mia cA=20 u 6’A=—1 mua cd <0. Hanpzn-
mep, marepsany [—1, 1] coorsercrryer Tpofira (0, 1, —1).

Mroxecreo mETEpBATEHEIX WmCEN ¢ ABYMS aprmern-
UeCKAMY ONEPandfAMHE yKe He yNaeTca TPeNCTABATH KAaK
HEKOTOPYI XOPOIIO H3YYeHHYIO arre6pamdecKyld CHCTEMY
¥3-32 OTCYTCTBES 38KOHA OUCTPUGYTHBHOCTH W B3aHEMHOMN
HeoGpaTMMocTH omepamuil clOMeREmST U BEIUHNTAHNSA, YM-
HO}eHnA ® penenns. Ilpm mecmemoammm mETEpBATLHOTrO
HCYACIeHuA IUPOKO VICHONB3YETCA IOHATHE KBAsHIMHEN-
HOTO TpocTpancrea [22].

Homumyratnsras moryrpymma <Q, +5 ¢ HeATPANIBHEIM
BIEMEHTOM 0. HA3RIBAGTCA KEABUAUHEHHBIM NPOCTPAHCTEOM
Ham momeM R, ecnm BBeneHO cKamApHOe upomsBemenme
RXQ~— Q u cimasemamsn CllefyIonune cOOTHOmMEeHus VA4,
B,C=Qa, B=R:

(Q1) al4d+B) =ad +aB,

(Q2) (a+B)A =ad+B84, ecim la+pl =lal + 181,

(Q3) a(B4) = (ap)A,

(Q4) 1-4=4,

(Q5) 0-4 =9,

(Q6) A+B=A4+C=B=C,
Jlerko BuneTs, 4TO MHOKECTBO UHTOPBATBHBIX THCEN

<I(R), +, B> ¢ omepaumaMm clomends n VYMHOMEHUS HA

CKaJAPHBIE BEJNWYHHEl ABIAAETCH KBASHIHHEAHBIM IIPO-
CTPAaHCTBOM.
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Hasosem otoGpasxenme n: Q1 — @z, tre Q) Qz — KBa-~
smImHeNHRe NPOCTPAHCTBA, 02PAHUUEHHLIM ﬂuneunbm,>eg-
a wlz+y) =) +aly) n alaz)= an(z) nua o = 0.
B3anME0-0{HO3HAYHO® OTOOpaKEHHE 7 HA30BEM U30MOP-
@usmoxn. Ilog Gasmcom B KBasHIMHEHHOr0 IPOCTPAHCTBA
Q 6yjieM NMOEUMATh MEAMMAIBHYIO HPOM3BONAUIYIO CHCTE-
My DIeMeHTOB u3 Q, T. €. CHCTeMy, yAOBIeTBOPAIOIMYIO yc-
JOBAAM:

1) xampeii oaement X € Q mpepcrasaM B Bufe X =
n

= 2 (aiBi +BiBi), Bi€ B, o, pi = R;
15)1 g OofuH dieMedT B; m3 B He BHpaKaeTca TaKHM
o6pasom uepea B\{B;} [23]. )

MuoseCTBO BCeX OTPAHHYCHHBIX JWHEHHBIX dyrrOmIO-
HAJIOB, ONpefieeHEEX Ha (, obpasyer JamEeitnoe Mpoct-
pancreo Q. Bymem momarars dim Q = dim Q*. Torma pmna
mo60ro KBA3WIMHEHHOro IpocTpaHcTBa ), B KOTOPOM
cUpaBeIUBO IPaBUIO CoKpamenus, dim @ = dim L, rne
L — manMenbiiee JuHefiHO® NPOCTPAHCTBO, ABIAIOMEECHA
ob6pasoM Q IpH OrpaHHYeHHOM JHHEHHOM  0TOGpaKeHMH.

HazoBeM MHOCECTEOM OUCTPUGYTUBHBIL  SAEMEHTOE
QO» cosorynmocts {z<Qlla+plz=az+pz, a, B=R},
MHOHCECTEOM CUMMETPUXHBIL IAEMEHTO8 () — COBOKYI-
mocts {z € Q| —z =2z}

CopmynmpyeM (Paxrsi, KOTOPEIe MOTYT OHITH HOIO-
JKEHEl B OCHOBY aHAQJIU33 KBA3WIMHENHBIX ¥ MHTEPBATbHBIX
HPOCTPAHCTB, : .

Teopema 1 [24]. Ilycte Q — xBasmamueiiHO® npo-
crpamcrso, npuyeM dim Q = dim Qp =n < oo, Torma ¢ =

Qﬁ oxasareabcTBo. ONHEM H3 OCHOBHEIX HOOe-
HEH, HCTONb3YeMHX B TEOPHH KBASWIMHEHHEIX HPOCT-
PAaHCTB, ABNAETCA CYIIECTBOBAHHWe JUHEHHOT0 NPOCTPaH-
CTBa, B KOTOPO@ MOJKHO M30METPAYECKE OTOODPA3HTH MCXOA-
HOe KBasmimHeiiHOe mpocTpamcrso [25, 261, UpHIeM BHI-
Gop JAUHEHHOr0 NPOCTPAHCTBA [elaeT €ro HauMeHBIIIM
TaxmM mpocrpaHcTBOM. Mrax, Q Momer OHITH HOTPYHEHO
B mpocTpaEcTB0 R”, CIE0BATENBHO, OTO CHPABEIMBO UL
Qb. 3pecs Qp ABIsIETCA THHERHBIM npoc'rpanirnom, ;loatro;
My Qp Gymer msomopdmo R". Ilomyuaem Q < (b, OTRYA
T : 0 pema 2. a) mycrs 2€Q, B Aug gero CyIecT~

i e 2! €(Q, Torma
ByeT OGDATHEIA IIO CJIOMEHHIO dJieM
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z~'=Q,; 6) ecmu mia z € Q BHNOIHAETCA — & = AF, O =

=0, 0z,

loxasareabcrBo. Mmeem z+z'=0=(-1)X
X(z+a1)=—z—2'=zx—z', Ucnonssys cOOTHOMIE-
mme (06), momyuaem —z~'=2z"1 1. e. 7' €Q,. [laiee,
u3 —z = ox BhITeraer, uyro r —x = (a+ 1)z < Q.. 3aecs
peanunra (o + 1) >0, moaromy m3z (o +1)z=— (a+ 1)z
uMeeM £ = — &, T. 8. £ = Q.

Teopema 3. M3 pasemcrsa dim Q,=dim Q=2
caepyer Q = (..

Jlorasarmeascrtso. llyers m: Q— R? — orpann-
YeHHOE IOTPY/KeHHe, COXPAHAINEe pPe3yJIbTAaTHl BBEJEH-
mpix B Q omepanuii. BriGepeM oaeMeHTH Ui, Yo & Q, Ta-
kme, uto 1, j2 (y = n(y)) obpasyior asuc B R?,

TIpe/ToT0KEM, 9T0 CYIECTBYeT DIeMeHT Z & Quzx&
& Q,. Torma ¥ u j; He3aBHCUMEL B R?, m MomiO 3ammCAThH
— yy = ax + By;. Ilokamem, 910 B 0TOM AuHehHON KoMOU-
wanun o > 0. Crydait @ =0 HesoaMoMeH, Tak Kax Y1, Y2
HesaBucuMs B RZ,

Eemr <0 m <0, 10 Jo=—0aX —pj, a Tawme
yo = —ax -+ By;. VYMHOmam ToclefHee  COOTHOIEHWE
Ha — 1 m yumTEBag, 9To ¥ € Q,, MOMYyTAM Yz = oz + B
U QT = — o0&, 9TO IPOTHBOPEUYHT YCIOBHIO X E0,.

Eeru <0 m$>0, to mmeem —af =i + 72,
a ramme —ar = Py T Y2 & Qs, UTO MPOTHBOPEUUT IIPEAIIO-
HosKeHH Z & Q. ‘

Vrag, Mpt mokasamm, aro o > 0. Ecam Temepsn B <0,
0 —pj1=0af+y: u Ppy1=—PHu =qxr+y:. YMHOEKAA
ero ma — 1, mmeem By = —ax+ye. Vcnoanzya upasn-

70 coxpamenus (Q6), BugHo, 410 T E Q. Bomperu Tipef-
momoxemnmio. Tem cambid B > 0.

Jlas o6parHOro K Yo DIEMEHTA IO CIOMKEHMIO ys "
CIIPABeJINBO PABEHCTBO Ys ' — ay - By m, CTeOBATENLHO,
y~l e Q.Apanormuno  y; = Q. Ilockombry ¥i, Y2 00-
pasyior 6asuc B R%, 10 T = Lij1 T Loje. Kpome Toro, OBIIO
MoKasaHo, 410 .’11—12 oz + Biysr ¥a - = oy -+ Payyy THE iy,
o, P1, P2 mOTORUTENBHEL C_O_BOEYIIHOCTB PaBeHCTB % =
= L + Loy, g% = Y — Po¥1 = yz '+ Boyy, g x= yl—_l_

— Py = Y1 - Piy, mo3BONAET BAmECATH (0ty + ap+1) z=

=ys Y1t (L4 Bo) ya + (g + By) ¥y, mpmaeM Bee Ko-
9P PUIIeHTH 3[eCh IOLOKUTLIBHBI. Orcioa B CHIY CyIe-
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CTBOBAHEA 0TOGpasKeHUs, OCYHIECTBAAIINETO NOTPYyiKeHHe,
—1 —1

HONYUnM T = ;¥ + NeYe + Ouy1” + Szi/z , 1I‘lle M1, M2, 61,

82 = 0. B cuny TeopeMsl 2 mMeeM Y1 , Yz & 0. nze

&€ Q,. I3 momydgeHHOro OPOTHBOpEdUA ClHEfyer, UTO Q=

= (,. Teopema 3 fioKa3aHa.
Bynewm rosoputs, 910 KBasHIUHEHHO® IPOCTPAHCTBO Q

IMeer IPYIIOBYIO CTPYKTYPY, ecid OHO ofpasyeT rpymmy
II0 CJIOKEHHIO.

Teopema 4 Ilycrs dimQ=2,dimQpr =1, 2€ (>,
z# 60, y<= Qs y 7 0. Ecaim Q, He nMeeT rpynnoBoi CTPyK-
TypHI, TO Z, y obpaayior Gasuc B Q.

llorasatenbcTBo. Tark kKak 2EQp, y<= (s, 3
Z+ (—a)T =py B R? cuegyer z= (—a)r=Qy, toe p=
= 0. Ecau p <0, To —By~!=1z—0x € (), caefoBatelbHO,
y~! € Q,, 9T0 IPOTHBOPETUT OTCYTCTBHIO TPYNUOBOM CTPYK-
rypst B Q.. Wz z—ax =Ry, p=0, cienyer z=ar + By,
a <R, p=0. Oro cupasejIuBo [uA Beex 2€ Q, Z, Y He-
sapucaMbl B Q, CIe0BATEIbHO, OHU OGpasyloT Gasmc.

Teopema 5. [Jux moGoro z<€( npefcTaBieHne
z=qzr+py, e a =R, p=0, z=Qs, y <0, epmucr-
BeHHO. ‘
JHoxasareascrso. Iyers aiz+ By = qgx + Py,
roe B1=>Po. Umeem (an—agdr=(f—Ply= Q., orcwoxa
ay=0ag M3 (B2—P1)y=0 caexyer P;=_P2. Tem cambim
eIHHCTBEHHOCTH AOKA3aHA.

C TOYHOCTBHIO [0 M30MOpPH3Ma OFHO3HATHYIO XapaKTe-
PHCTHKY KBasWIMHEHHBIM IIPOCTDRHCTBAM Pa3dMepPHOCTH
JiBa JlaeT Clelyiomias Teopema.

Teopema 6. HKsasmimmeitmoe upocrparcrso O,
dim Q =2, msomopdro <I(R), +, R>, ecam dim Qp = 1.

Norasareuxscrso. Hax Obuio HOKA3aHO BHIMIE,
s 06ore 2 € Q cIpaBeIEBo ORHO3HAYHOE PA3IOKEHHE
z=oz+By, a=R, =0, z=Qp, y<=Q,. Oupefennm
crenylomee 0ToGpasKenne:

®:Q~ I(R),
@
z=oax+ By —>a- 1+ pk—1, 11

OueBnziEO, 4TO 3T0 OTOOpPAKEHEE B3aWMHO-ONHO3HATHO, 3
cucrema 1, [—1, 1] mesasmemma B I(R). Hpome TOTrO,

®(z+ 29) = DUayz + Bry) + (ooz + Pay)) =
= O((a; T a2z + By + 52)}/) = (o +oag) 1+ (51 + @2) X
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X1, 1=y 1+Bi-[—1, 114+as-1+ps-[—1, 4=
— @(z) + Dlz),
D (cz) = Olcazx + lclpy) = (ca) - 1 +lclp - [-1, 1=
=clo-1+p-[—1, 11) = cD(3z).

Hrax, oroGpasxenne O ocymecrBaser TpeGyeMuli H30MOp-
dmam.

Amamnms pasnmuEBIX 3HaYenuil pasmepuoctd Qp, Q, mo-
3BOJIET MOJYYHTH clefylomme peayiabratsi [24].

1. Ilyerp dim Q = 2, dim Qp =0, dim Q, = 1 = 3ajax
ofiHOdJIeMeHTHHI Gasme Q, Torga Q maomopdmo mopmpoct-
parcrey I;={4AeI(R)|4A=al0, 1]1+pl-1, 0], o, p=
= 0} mpocrpancrsa I(R). -

2. yers dimQ =2, dimQp=0, dimQ,=1 n B (
He cymecTByer Gasmca, Torfa @ mzomMopduo auGo IOXIPO-
crpagersy o ={4Ae€I(R)|A =a-1+8[-1, 1], a=PR,
B >0} U {0}, mm6o mopmpocrpamcrey I3 ={4d =I(R)|4 =
=al0, 11 +pl—1, 0], @, >0} U {0} mpocrpancrsa I(R).
R 3. Iyers dim Q =2, dim Qp = 2, Torna Q maoMopduo

IomAaTre METEpBANLHBIX BEIUIMH MOKHO PACIHpPOCTpa-
HATH HA CIydali IPOM3BOMLHEIX HOPMHPOBAHHBIX HPOCT-
pamcTB. »

Iycrs <E, Il « > — mopmuposannoe amueitEoe mpoct-
paEcTBO. DBymeM HassBaTh HMHETEPBANIOM MHOJKECTEO
ly, el={z=Ellz—yl<e}, y=E, ¢>0, n obozmayars
gepes I(E, | - ) coBoxymmoCTh BCex TAaKWX HMHTEPBANOB.

Croxenrme U yMHOKeHHEe Ha 4mcia H3 R ompepemen:
TaK:

[z, el + [y, 8] =[z+y, e +8l,

alz, el = laz, lalel.

CooTHOMIEHAE MEMKIYy HHTEPBATAMH, PacCMAaTPHBAEMBIME
HaJ{ HOPMUDPOBAHHEKIME H YIOPS0ICHEBIMA IIPOCTPAHCTBA
Mm, mpefcTaBaser mETepec [23, 271, rak Kak B GOJBIIHE-
CTBe CJIy49AeB HMHTEDBAJLHOE MCYHCIEHWe CTPOHTICA Haj
IPOCTPANCTBAME, TN@ ONpefelieHEl W HOpMa, M YHOPANO-
YeHHOCTD,
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Temma 1. Iyers <E, Il > — neitcTBATENILEOE HOP-
MEDPOBAHHOS OpOCTPAHCTBO, (E, <) —-nonyynopﬂnoqegnoe
qmEefiEOe TPOCTPAHCTBO, MPAIEM YIODANOUEHHOCTE < me
TOXIECTBEHHA OTHONIEHHIO F&Be%HCTBa =, Torma mHTED-
panpHOe TpocTpaHcTBo [ (E, I -l) momer GHITH MOrPYHHEHO
B WHTEPBAIbHOE HPOCTPAHCTBO I(E, <).

JlorazaTeabCTBO. }Io NPeIION0KEeHHI0, CyIIecT-
ByeT SIeMeHT zo = E rawoft, aro 0< 7z & zo 7 0. Ompe-
menEM OTOOpaKeHHe @ IE, 1)~ I(E, <) cregyomuM
o6pasom: ¢(la, el) = la — ez, a+ exol. Ouepmamo, 9T0 @
zamaer TpeGyeMoe IOTPYKEHHe. Tipu sroM moxyuaeM BO3-
MOMCHOCTH BBOAETH M 33JAHHOr0 HOPMEDOBAHHOTO IIPO-
CTpAaECTBA OTHONIGHWE IONYYHOPANOIeHEOCTH. TIpocrpan-
crso J(E, I:1) momer GHITH PAcCMOTPEHO Kak HORDPOCTPAH=
creo I(E, <).

BosMosKEOCTh H3oMopdmaMa STHX HWHTEPBANLHEIX npo-

aer cIeMyIoIIag TeopeMma.
GTP?I‘HS)BpHe Ma 7J.IyEc.7m ¢E, <, 11> — n-mepnoe ymo-
PALOUeHHOE TMPOCTDPAHCTBO, B KOTOPOM Bneﬂena“ Hﬁ)pma, TO
wzomophEOE O0T0OpaKERNe IE, <) - IE, 1.1) ycra-
HaBIMBAETCHA TOXLKO TOTAA, XKorma dim I(E, <)=n-+1.

Jlas pmoxasaTeNbCTBA TEOPEMSI. HAM nmpeﬁymwa cue-
qyiomue OIpefeJeHns. Tonmuomxectso M KBaBHJmEeiI’—
goro mpocrparcTsa Q Ham R, mis KOTOpOTO atb, acsM,
a, be M, o> 0, Ha3HBAETCA BLINYKALLM KOHYCOM B Q.
Muosxectso oiementoB {r& E |z=0} ofGpasyer BHIIYK-
apiit womye B (E, <), HassBaeMBIl NOAOHCUTENLHBIM KO-
HYCOM.

JNemma 2. DBosMoEO YCTAHOBHTH nzomMopduaM
I(E, 1) < (R*U{0}) X E, mpm orOM dim I(E, 1) =
=1+dim E.

JloxasaTexbCTBO. TpeGyembrit n3oMophHU3M
yeramasmmsaer orobpaskemme @: l[a, el (e, a).

Jemma 3. Iyers (E, <) — n-MepHOe MOIYymopi-
[OYeNHOe JWHeHHOe IPOCTPAHCTBO HAH R, MONOKHTENH-
HHi RoHYC B E comepswaT m JIMHeiIHO-He3aBACAMBIX - BJIe-
MerToB; Torfa dim I(E, <) =n-+m. ,

Norasarenscrro. Hamapi aNeMenT W3 IE, <)
nonyckaer sagarze [a, bl = la, al + 1[0, b—al, uto nmaer
ROBMOIKHOCTS yCTaHOBETH maomopduam I(E, <) + EXP,
re P ofosmavaer nosnomTenbEHi KoEyC B E.

Tepexons ¥ JOKA3aTETBCTBY TEOPEMEI, OTMETHM, 4YTO
pasnoskernue la, bl =la, al +Al0, ¢l,. c = E, onpepensner
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usomopdroe orobpamenme Y: I(E, <)« I(E, I.I), rne

p(la, b]) =I[a, Al ¢ yuerom memm 2 u 3. Teopema moKa-
3ama.

Jlas MHOMecTBa UHTePBANBHBIX YHCET ¢ OHEPANAAMU
CIOJKEHUSI W YMHOKEHUS MOKHO copMyampoBaTh 0606-
1eHne MOHATUA aJireOpH.

Ilox Hopmoii B KBABWINHEHHOM IIPOCTPAHCTBE ? HaT
R pmommmaetcs pmelficrBurenbHO-3HauHas Pymrnmuma -l on-
pesieleRHaA HA (), ¢ OOBIYHBIMU CBOHCTBAME HODMEL:

14l >0, A=+,
lodll = lal - 141,
IA+BI<IAl+IBl (4, B€Q, a=R).

HopMuposanHoe kBasmimHeiiHOe IpocTpamcTso Q Haj
R, B KOTOpOM OmIpeeNeHO KOMMYTATHBHOE YMHOKEHE

QXQ—~Q, mnasoBeM Kommyrarusnoli keasuaaze6poi,
ecia nas Bcex A, B, C=Q, o, =R BHDOTHALTCH
cBoiicTBa

(QA1) (4AB)C=A(BC), ecmm lIABI=IAl.IBI,
IBCI = 1Bl - Hicl,

(Q42) (4+B)C=AC+BC, ecan 4+ Bl =
= 4l + 1Bl

(QA43) (aB)AB = (ad)(BB),
(QA4) 1ABI < Al - 1B,

Ecan E — mopMmpoBaHRas KoMMyTaTHmBHAs ajireGpa
Hap R ¢ Hopmoit II-ll, Q =I(E, III) — unrepBamsmoe mpo-
CTPRHCTBO, DpUYeM B HEM WHIYNUPOBAHA  HOPM2
I[A, ell=1Al+ e, ASE, e=a, u ymuomenme QX
X Q — Q ompeneneHo caeayOITAM 0Gpa3OM:

(4, el +[B, 8] =[4B, £8+ 418 + I Blle),

10 @ sBAsMeTcA KoMMyTaTtmBHOM KasumamreGpoir [23].

Jlns smeMeHTOB MHTEPBATHLHOTO NPOCTPAHCTBA MOIKHO
BBECTH OTHOINEHUS YHOPAJOYEHHOCTH, T. €. pegIeKcHB-
Hble, RHTHCHMMETDUYHEIG, TPaHSUTUBHEE OHHAPHEE OT-
HOIeHUS,

Hycrs M — ymopsiouerroe JnumeifHOE IIPOCTPAHCTBO,
Oynmem ofosnauats P(M) — MHOKECTBO BCEX €ro TMOIMHO-
mects, I(M) — mMuoxecTBO BCex ero uarepsanos. Ompe-
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<-
ey B (M) u P(M) orsomieHne =:
i A<B<=>(VaEA)/\(VbEB)Ia<b;
CrpaBeiMBE BRIIOUEHNA M, <>=UIM),<O s (P(M),

=3 1o mm (M), <>, HE (P(M), <> =Be HABIALTCA
cT’P’}’KTypdﬁ. BrejieM OTHOWIEHMe < JUUT HHTEPBAINOB 4,

BeIM), A=Ia,al, B= (b, bl:

A<B < (vacAGb e Bla<b\ (Vb € Bla' =
eAdld <b).
Tax e CHPABENIHBO COOTHOIEHUE. A< B a < 1;_ /\
ANa<b.
Teopema 8. Ecam <M, <> — crpykrypa, 10 CTPYXK-
rypoit 6ymer <I(M), <>, upuzem
sup (4, B) = [sup(g, b), sup(a, b1,
inf (4, B) = linf (g, b), inf (g, B)I.
PaccMoTpuM OTHOIIeHHE NOpPARKA <! AsB+=Vaes
=Alas B, npuiem A =B < b<<a Aa<}b.
Teopema 9. Eecmm <M, =) — crpyxrypa, To
KI(M)U{®}, => rawme obpasyer CTPYKTypYy, IpuueMm
sup(4, B) = linf(a, b), sup(a, b)],
inf (4, B) =

[sup (a,b), inf (a, b], ecan inf (a, b) = sup (‘f’ b),
- %] B—np_anBHOM caydae,

Ilonbsysch CcBOHCTBAMH WHTEPBATBHON CTPYKTYPHL,
MO;RIIO C(HOPMYTHPOBATH TOHATHE CXONUMOCTH IIOCIENO0-
patesbHocTH MHTepBason [28].

Ilyers <M, <) — ycimoBHO TIOIHAaA CTPYKTYpa, Ham-
Joe orpanmuyenHoe cBepxy (CHUBY) MOAMHOKECTBO KOTO-
poil mMeeT TouHyI0 Bepxmiow (HmsKHIOH) TpamHb. Torma

2 A, <z \NT=supx, VvEN,
v

zyNr<= o, zraNz=infr, veN,
k%

)
Xy > T = H{.yv}, {Zv}'yvng< Zv/\

Az =supy,=infz, vEN.
v v

TMockombry  <I(M), <0,
IOJIHBIE CTPYKTYDHI,

AI(M)U &, =>— ycrosHO
onpefieieHHe CXORUMOCTH IIePeHO-
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CHATCA HA IIOCJIGI[OB&TGJIBHOCT]Z[V HHTEepPBaJOB:

0 (0) — (0) -~
X, 90 2,%z N\ zv—> 2z,

rne Xy=lz,, ZJ, X=I[z, ZI. Jlna Bcex paccmarpmpas-
INUXCA BBHIME CTPYKTYP AN CXONAMAXCA IOCHeI0BATEN:-
HOCTEH BBIIIOJHAITCA COOTHOUICHHUA
(0)
=z, veN=2z2,->uz,

a Sz (e N>, Be,

zv<a,veEN\z,~z=>z<a

Fnasa H

3AAAYM AHAJIM3A M NIMHEMHOW ANTEEPH
B UHTEPBANIbBHOW MATEMATMKE

§ 1. NPOU3BOAHAS

1. OnEuM ©3 OCHOBHBIX BOTPOCOB udepeHNHATLHO-
IO HCYMCIEHUA ABIACTCA BOOPOC 00 ammporcuMmanum (B
OKPeCTHOCTU HEKOTOPOH TOYKHM) BaJaHHHEIX OTOOpaKeHwMil
THeHHHME orobpaskemnmamu. Ilpu sToM. anmmpokcuMupy-
Iomee JuHeliHOe 0TOOpayKeHHE MOIKHO HPeJCTaBIATL XO-
pomee mpubnmieHHe B OCTATOYHO TOYHOM CMEICIIE.

B nammom maparpade Ml JajuMm ompepelenus m wmc-
clefyeM CBOMCTBA IIDOM3BOJHEIX HMHTEPBAXBLHEIX OTOGDA-
mermid. [lua sroro Ham morpefylTcs HEKOTOPHE yTBEp-
JKICHNA 06 MHTEPBANBHEIX IIPOCTPAHCTBAX.

IIycts E — HOpMuEpoBaHHOe: JTHHE#HO® IPOCTPAHCTEO
B KOTODOM BEeJIeHO OTHOLIEHME ymopspoueHHOCTH. [l
HaJbHEHNIEro HANIETO PACCMOTPOHUA MOCTATOYHO OIpPAHIi-
auTheA ciayi1aeM E = R. Yepes I(R), rax oObramD, 0603-
HayEM MHOMtecTBO HHTepBanoB A ={zeRla<z < b} =
=la, bl, m60o A={zx=R|lz - dl <e}=1d, ). Beegex
B I(R) mopmy lld, ell =ldl+¢ u merpuxy o(ld, &l,
[e, 81) =ple, d)+1e—8l, rue plc, d) — merpuxa B R.
Bosmoxust W mpyrme ompeneneHMs HODMEL W MeTpHEH,
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coraCyioONuecs ¢ OTHOMEHHEM YIOPAROICHHOCTH <:
I[a, b]l = max(lal, o)),
o(la, bl, l¢, dD) =max(la—cl, |b—4dl).

Bymem paccMaTpEBaTh nHTepBaJIBFHf)-;ZH.a-.:II}IZI}eD (I)Oy;é;
qui ¢ JeHCTBUTEABHEIM apryMenToM [: I(R). Omun
§s mePBHIX CIOCOGOB ONPEJeNeHns IPOM3BON oif [2911
pabHEIX (PYHKUUi CBA3aH C METOAAMU IOIDYIK | aH:

Ecatm D — pedhrexcuBHEOe HOPMHDOBAHHOE npoc pHoe
cTBO, TO CYIECTBYeT JeHCTBATENBHOE 1atop1vmpon:;ur:r 100
suneiimoe mpocrpaHcrBo (D) m M30METPHTIECKO® O o
pamenme w: &~ %'(D), 11e % — MHOMKECTBO BCEX BaMo-
HYTHIX BBIOYKIBIX IIOJIMHORECTB D, merpmsoBaHHOE C le,xx
Mompio  xaycmopdoBoii METPHKH. Jasa uHTepBANBH i
mpocTpameTB Haj f IOKA33HO, UTO TaKoe b;xg}g;m[aiaz]
ocymecTigeT (QYHKIHA T [a, b] — (q, ). R—rI(Ri
Ilpu srom 00y HHTEPBAIBHYIO ¢ysrnuo F: 2
MOMSHO COLOCTABHTH C OToGpaskemmeM F: R — R?, ompe-

M creqyiomuM obpasom: F = nF.
ﬂenglﬂri}épnanﬁga ¢yexmua  F: R--I(R) mnasuBaerca
n-dugepernyupyemote no Ppeute B TOIKe T, CIH ”(I)ymc-
nus F =nF maddepernupyema mo Ppeme B BTOR Togj
Ke, T. €. CYIOECTBYIOT JHHEHHOe (21T06pamenne dF.(h):
R— R* u oro6pamenue r:R— R®, ypoBueTsopAmwILze
csoitictBam  r(0) = (0, 0), limér(h)/h)=(0, 0), npmueMm

A BCeX h W3 HEKOTOPOM OKPECTHOCTH HYJIA BHIIONHA-
eTCA PABEHCTBO

Flz+ h) — T(z) = dF.(h) + r(h).

Torsa mpousBommas @peme ¢Qynxuum F paBHAETCA
n~1F'(x), a F’ oumpepensiercs, Kax OOBLIYHO, U3 COOTHOIIE-
mus dF(h) =F'(z)h mna Bcex x m3 o0iacTH oOIpefeie-
pus QyHKROUA.

Orcioma BEAHO OrpaEMYEHEE, BOBHIKAKINEe IPU MC-
TIONB30BAHUA BBeJleHHOro  ompefeieHma. Paccmorpmu
dyarmao G(z) =[0, 1]z, mua =vee

e (07 1)7 x>07
) = {<1,‘0), < 0.

flcmo, uro G(z) 6ymer m-mmdpdepennupyemoir mo Ppente
toasko npu z >0, G'(z) =[0, 1]. Mmeer mecTO
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Teopema 4. Ecam dysrmus F:R — I(R) a-Dpe.
me-gupdepernupyema B Touke z, T0 dF.(h) = [(R) =
={(a, b)=R2la<b} Torma m TOMBKO TOTAR, KOrjga AF
He y0miBaeT B mampasiaenun kb (sto O3HaYaeT, YTO HIA |
U3 ~JIOCTATOYHO MAaNOM OKDeCTHOCTH Hymsa (pyHKIuy
AF(z+th) me yGmBaer mo f, A — piuma UHTEPBAJA).

JloKa3aTeABCTBO TEODEMHI CIeNyeT M3 XOPOIIO W3Be.
CTHBIX CBOMCTB IIPOM3BONHOI JeHcTBUTENLHON GyHKIUH,
TaK KAk AAA (PUKCEPOBAEHOTO A Dpeme-gudppepeny.
PyeMocTh coBmazaer ¢ aufidepeHnEpyeMocTsio 1O Aeiict-
BUTeNbHOMY mapamerpy f. Hpome roro, mpegmomaraercs,
aro F(z) =[f(z), g(z)] B o6macrn ompenerenms.

2. tna marepranbHOTOo mpocrpancta /(R) BOBMOMME
PasimiEbe CHOCOOH 3aIHCH MHTEPBAJIOB, O UeM YIKe YIIo-
MuHamoch Benme. Hampumep, umrepsan X = [z, z] mom-
Ho upepcrasuth Tak: X =1 - ¢(X)+[—1, 11A(X)/2. Bpecs
@(X) =(z+Z)/2. TlockoTBKY IPH 5TOM H3MEHHTCH Coo-
co6 morpymemus I(R) B R?, meoGxommmo YCTaHOBUTE,
MEHACTCA JW BBEJlCHHOe oOmpefielende auddepenmupye-
Mocrw. OTBeT Ha BTOT BONPOC JNAaeT CAEAYIOMAA Teo-
pema [25].

Teopema 2. Ilycrs Y — roMoMop¢HOe OorpaEmyUel-
Hoe maomenme <I(R), +, -p> B <R2, +, -0, ¢ynxuus
F:R— (R? 6yger n-@Qpeme-gudepernupyemoit B 2
TOTfla ¥ TOMBKO TOIJA, KOTZ]A CYINECTBYeT 0TOGpajKemue
F*:R—~ R? F*=\F, nudgepernupyemoe B x. Ilpu sron
d.F(h) = (ny=")dF*(R), tHe (ay~!) — aBroMopusM, mu-
Aynuposamnui B A2 orobpamennem qy~L

Aoxrasareascrso. Ormermm, wro JJisl MHTEPBAIL-
HEIX IPOCTPAHCTB HOJ BIOKEHHEM IOHEMAETCH JMHEHHOe
oroOpakenme. Vmeem nF =y~ (yF) = ny='F*, Bes or-
paEuIeHus: OOMHOCTH MEI MOMKeM DACIPOCTPAHETE ay~!
RO TUHEHHOTO 0TOGPakeHMA, 3aJAHHOTO Ha Beem R Jlna
9TOro _memoubsyem ToT (hakr, wuro ecam X & y(I(R)),
10 —X =q(I(R)), tne X =(a, b), ~X =(—a, —b).

Onpepennm

ay 1 (X), eciz X < y (I (R)),
— a1y~ (— X), ecar X = y (I (R)).

910 orobpaskenme mmmeiimo, Tak Kax JUIS  OTPUIATENb-
HEIX a_ () (eX) =—ny-Y~aX) = any~HX) =
=oalny~)(X), ecm XeyU(R)), (y=aX) =

(™) @) =
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= ay~HaX) =—ocm{“(—5(_)=oc(m{")f)—(), ect X &

éy(}(R)). [ockomery Ji00oe JIWHEHHOE OTg?pamene

muddepentupyemo 1o Dpere, TO dF (B)y=(ny"")dFx(h).
oKa3aHA.

Teol%%hg;n%nomm TPeiCTABUMOCTD HHTEPBATBHO-3HATHEIX

$yHKIUA TPAHNYHGIME BEMIECTBEHHBIMH, NOTYYaeM yT-

fcTBAX IIPOM3BOIHBIX.
Bep)%c;éefgzﬁgmgmﬂwa Fy, Fo:R—I(R) n-Opeme-
nupdepenmupyemst B Touxe o, Fi(z) =I[fi(2), Fo(2)1,
Folz) = [fs(x), fal2)]. TIpexmomosuy, 9TO CYIIECTBYIOT
napst (G, j) m (m, n), i, m=1V2, j, n=3, 4, rarue,
aro  fiz) - f{z) < ful@)filx) < ful2)fa(2), (K, D +*(, j),
(k, 1) # (m, n). Torna npoussenerne Fi(x) - Folx) Gymer
n—,(Dpeme—umi)(bepeHunpyeMO B TOYKE X9, IpHIEM

By (FuFo) () = (Fs (@) dugfs () -+ 13 (@) deyfi (B), fim (2)
X dsyfn (B) + f (@) deqfm (B)).

Noraszarenscrso. Ilockonsky ¢ymxmun F,, F,
n-Opeme-muddepennupyeMsl, onu HempepsBEEL. Ciremo-
BaTEIBHO, B HEKOTOPOIl OKPECTHOCTH TOYRH Zo9 (PYHKIUS
F\F; wmoer ObITh IpeJcTaBIeHA B BHJE Fl(af)Fz(x)=
= [f{)fi(z), ful2)f.(2)] mua mwboro z m3 sTOK OKpect-
woctu. Kpome Toro,

A, ([ (@) f; () = [i () dwyf5 (B) + 5 (2) Ay fi (B),
dzy (fm (%) fn (7)) = fm () dxofn (B) + fn (2) dxofm (h).
Teopema 4 Ilyers F:R—I(R), F=I[f(z), gla)]

n-Opeme-guddepermupyerMa B TOUYKe Iy U CYMMECTBYET
oxpecTHOCTh V| TOURM z, TAKasd, 9TO AIA BCEX Y & Ve,

BRIIONMHAETCA BRIouenme F(xy) < F(y), mmbo F(y) <
< Flxy), torga 8=, F (k) = (0, 0).

Norxasatenbcrso. Ilompayacs  ompejeneHHEM
n-Operme-nudpdepeHnupyeMocTnt  JETKO  BHNETh,  UTO

ducy (F (B))=I[f" (o), &' (2,)], mpuuem us F(z) = Fly), au-
6o F(y) = F(z), nna Bcex ye Ve, momywaem f'(z) =
=g'(xg) = 0. .

3. Ilpusemem TaKiKe ONpedeNeHEs IPOMBBONHON MH-
TePBATBHO-3HAYHBIX QYHKIUiI, He MCHOIBIYONINE METOTOB
norpysxenus. Bynem orompecrsiars smavemms wmETep-
BambHbIX QyHRNuMiE ¢ Touxamum mpocrpamcrsa RZ.
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Mycrs G: M —~I(R), M R, n asiserca OTKPBITEIY

mHuo;ecrsoM. Hasosem d¢ymsrnumio G F-Oudepenyupye.

Mol B Toure xz < M, ecnm cymecrByor suement (a, b) <
=R? wu oroGpasxkemme r:R—R2  r(0)=1(0, 0),

l}im (r(r)/h) = (0, 0) Takme, uro pma Bcex h m3 JoCTA-
-0

TOYHO MAJo¥ OKPECTHOCTH HYJs BHIOTHAETCA PaBEHCTEQ
G(z+h)— Gz) =(a, b)h+ r(h). Ilox omepammeit BBIYN-

TAHUA B37ech WOHUMAerca shiumTanme B K2 Dymrins
G'(z)=1(a, b) mnasmeaerca F-npouseodnoti or G s
TOUKE Z.

s sroro ompepeneHWs BHAHO, uTO, PACHIEPAS Kiace
nupdepeRIEpPyeMBIX (QYHKI®I, MBI yTPAUMBAEM TaKoe
Ba)yKHOE CBOMCTBO NIPOW3BOMHON, KAK JINHEHAHOCTE.

4. Cmenys umpee Mypa [19], mosxmo mate ompeneme-
HAe NPOW3BOLHOH, WCIOJNB3YIOINEE ONEPAITNI0 WHTEeTPupo-
BaHUMA WHTEPBAIbLHO-3HAYHEIX (pymrimi, Wurerpmposauic
WHTePBANBHEX (yHKOui paccmorpero B § 2. Ham mo-
TpeGyIOTCH CIeAYIOLIie CBeJeHNAA.

Ilycte M < R — cpasnoe MmHOKecrBo, F: M — I(R)
ompefieseTcA Uepes IpaHMYHEe BeHIeCTBeHHLe QYHKITH:
Flz) =[f(z), glz)] mna x= M. Ecan F wunrerpmpyen:,
TO BHIOMHAETCH cooTHOmenne [30]:

fro
[Sf(g)dg,

y b
[—Sg(a)da,

Wnreppansrans ¢ymxmus F: M — I(R) nasmBaerca
nenpepvieno duddepenyupyemoti 8 M, ecam sanama mHe-
npepeiBHasA QyEEROUS G :M — I(R) m HOKpHITHe MHOE-
crBa M cemeictBoM (T n)nen, THe In=I(R), neN —
HEKOTOPO@ CYETHOe MHOMKECTBO HWHAEGKCOB TAaKoe, WTO i
ao6oro ne N cymecrsyor a, R u F,< I(R), ynosuer-
BODAOIIYME PABEHCTBY

b
4 X g d§], ecnn o< b,
(reya - :

b
— (1@ dg], ecnn a>>D.

Foy={ 6®dt+F, Vo= 7.

Eciu ¢yExnma G HaxojuTcsa eJuHCTBEHHBHIM 06pasoM
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He 3aBWCHT OT BHIGOpa HOKPHITHA 1 TO9ER @&,, TO HA30-
peM G mpousBOFHOH QyHRIEE F,F'=aG.

[TpupejeM NpPEMepE!, MOKA3HIBAIOIIEE, [TTO HOTIPOPHIB-
ro mudepeEIIpyeMsIe QyHRIUN B CMBICIEe IPHBEJICHHO-
ro ompefeieE:s MOryT He OHITh HEIDEPLIBHRIMA, 2 n:i
HempepEBHOil AuQQepeHTUDPYeMOCTH He CIE[yeT mudde

eMOCTH IDAHHYHBIX (PyHKIMI. .
penggggMOTpnM dyermmo F(z) = [0, 1] sign . OueBup-

ga ee paudpepeENUPYEMOCTH F'(z)=0, ogHako B HyIe
BIseTCA HelpepHIBHOIL.
OHa(I;{;HI}iHHH Flz)=[—1, 11+[-1, 1]z rawme nudde-
pemmupyema, F'(z) = [—1, 1], rpammunbsie e QyEKOUAM
14z g z<{ —1,

f(x)z{—i—x g x> —1,

g@={

me Gymyr nuddepeHIApyeMs IPH X = -1, IlpuBegem co-
OTHOITEHWS, CBASHBAIONMe WMHTEPBANbHYI QYHKOWIO
F=If, gl ¢ rpammumsivu ¢yrrmmamm. Ilycrs F mempe-
psisEo juddepermupyema B M, mpomssofmas G = (u, vu],
(I ney — TpeGyemoe pasuosserne M, (an)nan — cemeli-
¢80 106K, (Fp)nen, TA€ Fu=[C4, d.],— MHOMRECTBO KOH-
CTAHT MHTETPUPOBAHUA.
CnpaBe[yIZBE PaBEHCTBA

—l—z paa z< — 1,
1+ z goa z>—1

f(2)=cn -
+lv@md g@=dit [ u@®d c=In o<an

+{u@d, g@=cut | v®E 290 2>an

ITpu srom
ulz) =g" (), vix) = (2) pia 2= Fr, = <an,
(1)

ulz) =f'(z), vlz) =g (2) g 2 € Fwy > ay,

T. e. 1A Bcex n< N Pynnnun f ua mMuomectse (Fa\a,})
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u g Ha MHomectBe (F,\{a.}) HempepmsHO mudPepenmu-
PyeMsl.

5, CopmyampyeM YTBepKIEHHA O CBOHCTBAX IPOU3-
BOJIHBIX MHTEPBANBLHEIX QyHruumii [30].

JTemma 1. Hycrs F=I[f(z), g{z)] mneupepsiBHO
nuddepenimpyeMa ua BeINyKIoM MHOmectse M < R. Tor-
na f(z) m g(z) meupepmBHO puddepennupyemsr Ha M,
3a HCKIIOUYeHMeM, OBITH MOKET, CYETHOr0 MHOKECTBA TO-
YeK, TpHYeM MHTepBaibHag Qynxuusa [ V g’ Momer OHTL
OpOoJIEeHa [0 Henpepssuoii ma M wBETEDPBAIBHOA (PYHK-
nuu 'V g’, u cupasegauso F' =f"V g’,

JdorasarexbcrBo. M3 (1) ciaegyer, uro B Kas-
70M HMHTEpBAJIE CYIECTByer HE 06olee TPeX TOUEK, B KO-
TOPHIX [ M g He SABIATICH HempepriBHO xuddepeHEnupye-
Mbvu., B rex Tourax z, rame f u g nmuddepeHIumpyeMst,
pemonnserea F'(z) =f(z) V g’'(z). Ouesugzo, uro [V
V g’ momer ObITH DPOAV/DKEHA 10 HeNPepPHBHOR (YHK-
mun F' wa M. Jlemma momasama.

Jdemma 2. (MaTepBaipHbIil aHAIOr TEOPEMEL 0 CPEJ-
umem.) Ilyers ¢ymrmua F=I[f, g] menpepoiBHa um Hempe-
puBEO juddepenmupyema ma uurepsare X< I(R), z &
e X. O6osnauum F' (X) = UXF' (z) = I(R), Torma BH-

xs

nonnsaercs BRIouenme F(x) < Flzy) + (z— 20)F' (X) pua
Beex z = X.

HoxasareasctBo. O6osmaumm h =2z — 25 3a-
OHIIeM CIeJCTBHA TEOPEeMBI 0 CPeHeM JJIA BEN[eCTBEHHBIX
byHRIMA:

f(x) & f(xp) + RID?f(E), D.f(E)],
aubo f(z) € f(xo) + RID*f(E), Daf(¥)],

rae =z Vay, D® Dy, D D, 00603Haual0T TpPaBy®O
(BepxHIOI W HIJKHIOW), By (BEPXHIOI N HUKHIOW)
IPOM3BOJHBIE COOTBETCTBEHHO,
M3z memmut 1 caepyer f(z) < f(x,) + hF'(E), amamormu-
Ho g(z) = glxo) +hF'(n), n=z V 24, orkyna
F(z) =[f(z), glz)] = Fxy) + A(F'(E) VF'(n)) =

< F(xy) + hF'(X).

Vs X =I(R) n menpepmiBrOcT®m F’ Bupmo, wro F'(X) e
e I(R).

6. Mnl mpoaHAJIM3EPOBANIHM HEKOTODHI® OINpe/lelieHns
OPOM3BOJHOH HHTEPBANBHO-3HAYHEIX (YHKIOUE u  ©X
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cBOHCTBA, OBITH MOMKeT, He TOJHOCTBIO TOMIECTBEHHBIE
AHALOTMYHBIM CBOHCTBAM /I BeIIECTBOHHBIX QyHKIME.
O6muM [IA BCex 3THX CIOCO00B ABIAETCA WCIONbL30BA-
gue merpuku upocrpascrsa I(R) npm HAXOKIHHN IIpe-
JleJ10B CXOAALIUXCSH IOCHe0BaTeAbHOCTeH (YHKIMI.

B mocxeqHme rojsl Gonrapekumm MateMaruiamu [31—
33] GBuT pasBuT HECKONBKO MHOW HOJXON K ONpe/IeNeHuI0
CXONAIMXCA LOCIeT0BATENbHOCTEeH, HAX0MICHNIO UX mpe-
NeloB, I HA 9TOil 0CHOBe COPMYIHPOBAHEL OCHOBHEIE IIO-
aarng u@depeHNuaTbHOTO MCUUCICHUA A WHTEPBAJL-
HBIX (QYHKIUIL.

Hycrs BajjaHa NOCIENOBATEALHOCTs METEpBaioB {4},
A,=I(R). Hasosem unrepan A, KOTOPHI ABIAETCA
HepecevdeHreM BCeX MHTEPBAJNOB, COAEPIRAINMX YJIEHHI II0-
CIe0BATEILHOCTH, 38 MCKIIOYeHHeM, OBITH MOKET, UX KO-

X .
HewyHOTO uucia, s-npedesom nocaedogareavrocru {An}; *
:slim A4, = A,
N>
Ecin {a,); — mocae/0BaTeILHOCTD  JIeHCTBHTEIBHBIX
yucet, 10 @ = $ lim a, — 970 MUHEMAaJABHBIH# HHTEpPBaJ, CO-

N-300
AepsKaluii BCe IpejlelbHbIE TOYKH II0CTE0BATEIBHOCTH,
Haopumep s lim (—1)"=[—1, 1]. Amazoruuno BBOfHTCA
n

MOHATHE Ipefeia UHTePBANLHON (HyHKIHH,

Ilycts F:A—I(R), A<R, zo= A, f=F. Hazosem
unrepsar A s-npedesom (yHKUMH B TOUKEe I, ecam A
ABIACTCH IlepecedeEHeM BCeX HHTEPBAJIOB, COMEPKAIEX
unTepBanel BuAa s lim F(f, 2,), rae z. €A, . > Zo.

n

Beepem OmpejeleHue Ipefella HHTEPBAILHOM $yHK-
nue G, 3a7]aHHOM 9Yepes3 BeIIeCTBEHHEIe TPAHUYHBIE yHK-
mun:  G(z) =I[g(z), g(z)l. Ilyecrs G — wmrepBambEas

QYHKIUA, ONPeIeeHHAs B BHIKOJIOTOH OKPECTHOCTH TOY-
K zo:{zl0 < |z — x| <8}. Hasomem s-mpememom ¢ynx-
muu G mpu x ~ 2o HWATEpPBAT

s lim G (2) = [lim g(z), lim g (z)].
x->x0 Pyl x—axo

x—>x0

Torma MOKHO BBECTH ONpeJe/eHHe IPOM3BOJHOH HHTEp-
BaJbHOH (QYHKIZH:

G(z)=3s l-lilmo((G(:c +h)—G(x))/h).
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B pa6orax [32, 33] mposefieno cpapHeHNE BBEJICHHO-
IO OmpefeJeHHA ¢ PaHee CYMECTBYOMUME U [AH aBAIu3
CBOMCTB IIPOM3BOJHOM.

§ 2. MHTEPBATIbHBIE MHTETPATTbI

Ilycrs f — HempephiBHag (QYHKOEA, A7 HOTOPOH Cy-
ImMecTByeT HHTEPBANLHOe pacmumpenze F. TIpegmomosxum,
aro F ects WHTepBANLHO-3HAUHAS (YHKIWA, OUPE/eNCH-
mag pua X <A, tne A =la, bl, a<b u cymenme F ecrs
HeIpepHBHAsA BEINECTBeHHAs (PYHKIUA ITO A, F(zx) = f(z)
npr z€ A u flz) = F(X) npr X < A, Oyrxnus

g@)={1@ma, tela b

pMeeT HEIPEPHIBHYI IIPOM3BOJHYIO g'(z)=fz) m mo
TeopeMe 0 CpefHeM

glz) =gla) +flat8(z—a))z— a)

mis mexoroporo 6 € [0, 1]. Tax rax gla) =0, cnemona-
TEIHHO,

g@) ={jat=[fa+0e—a)(z—0a), 810,11

Torpa
g(x) = jff(t)th F(a+10,1}(z—a)) (z—a)
T TAK KaK xaE[a, bl mz=>a, 10
S f(tydt = F (la, 2]) (x — a).

Orcooma paa  awboro X =lzy, zol = A, o6o3Haua:

5' f (t) dt uepes S f(?) dt mam Sf(t) dt, mMeeM
x

®q [*1:%a]

(1@ ate Fx)oX). )
X

Vcnomp3ys CBOKCTEO a/[IUTHBHOCTH WHTeTpaNa:

[ fwa+ [ foa= { rwat,
[*1:%a] [*2.%3] [*1,%3]
MOAYIAM
f@ydte F (21, z,]) (T — ) + F (23, 75) (75 — ).

[*1.%3]

(2)

JMmeeT MecTO CleRyOIIasd
Teopema 1. Ecam F — panumomalpHAA WATEPBALL-

masg (PYHKIWSA, ONPeJleleHHAT IA Xc A, f—ee cyme-
oo ma A nXiP = la+ (G—D(z—a)/n, atilz—a)/n]

(i=1, ..., r), T0 CyImecTBYeT HONOKATONbHASN IOCTOAH~
gas | Tagag, 4TO ANA KajKAOTO IEXO0ro n>0
n
{ 1ware 3 F(XP) (2= a)/n) (®)
fa,x] =1
3

® (g:!l F(X™) (z— a)in) <l(z—a)¥in. ()

HorasarenbcTBO. Briawuenne (3) cuaemyer m3
coorsomenuit (1) m (2).

Iaxee, cymectsyer mocrosaHag ! >0 rTaxag, 4T0 A
Bcex X = 4, o(F(X)) <lo(X), n nmosromMy

© (E F(X{7) (o~ a>/n>)< (e — ayim) 2 1 (X{). (5)

Tar xax o (X{") =(z —a)/n, m3 (5) caemyer (4). Teo-
peMa [OKa3aHa.

@opmyna (1) maer ocHoBamMe A BBeJEHUA NOHATHA
HHTEPBATBLHOTO HMHTETpaza, T. €. HHTOPBAIBHO-3HATHOIO
UHTerpana OT EHTEPBATLHO-3HAUHON (YyHKIUL.

TlycTs f — HempepHIBHAA WHTEDPBAILHO-3HAUHAA (QYHK-
U5 BEUIECTBEHHOTO NepeMeHHOro (3TO BO3MOMKHO, HA-
npEMep, 3a CUeT HAIMYAA WHTEPBATBHHIX Kodddunumen-
ToB). Ecan F — HeNmpepHBHOe WHTEPBAIALHOS DACIIMpe=

31



mme f taxoe, uro F(x)=f(z), To MBI ompepmenamm HHTer-
pan Tax:

[ 1oa=1 3 FEP) @—am.  ©

fa,x]

JInsa ®asKAOTO MHOJKECTBA BEMECTBEHHBIX Kodddmmm-
eHTOB M3 JAHHOTO HHTePBaJILHOro BexTopa C, K03(du-
NUeHTOB PAIMOHANBHON (YHKONE f MBI IOJIYYEM Hempe-
poiBEYI0 QyBEEODEIO f. Taryo, uro f.(z) = f(z), m ¢ yue-

tom (3) mETerpan fe(f)dt 6ymer copmep:kaThCa B
[a,x]
mpasoii wacTu pasexcrsa (6) u, CTOTOBATOIBHO,
{rwae={{t.0yatjcec). )
[a1x]

Ecan f — HenmpepsiBHAS WHTePBaAbHO-3HAUHAA (YHK-
IUS BemeCTBeHHOTo Iepemenmoro z < [a, bl, 10 cymecr-
ByeT Iapa HeNpePHBHHX BeIeCTBeHHHX (yBERmmE fi n
fo marux, uro flz) =I[fi(z), fo(x)], m BBememmoe mrIme
ompejielleHre MHTETPANa PABHOCHIBHO CIEAYIOIMEMY:

{ f(t)dt=U h@a, | mt)dt]. ®)
[a,x] [

[a,x] a,x]

Hpenmymecrso (7) max (8) cocrour B TOM, 4TO OGHTHO
WETepBANLEOE DACIIAPEHHe HOXY4aercad He HemocpeAcT-
BEeHHO, 8 HEKOTODHIM DACIIMPEHWEM BeIeCTBeHHBIX OIle-
panmuii Ko METEPBAIBHEIX,

Teopema 2. Ecam f m g — HeripepsIBHEI® HHTED-
BaJIbHO-3HAYHEE (JYHKIVE BeHIeCTBEHHOI0 HEPEeMEHHOI0
z e la, bl un f(z) = g(z), 10

[ f@ydec | g@)dz
[a,b] [a,b]
HeiterBurensro, ecmn flz) =[fi(z), fla)l, glz) =

=[g:1(2), g2(2)] u flz) = glz), To us (8) cuaemyer

{ a@a< [ i@e< | a@d< | a@d
[a,b] [a,b] [a,b] [a,b]

4YT0 ¥ IOKA3BIBAGT CHNPaBENJINBOCTE TEOPEeMBbI 2.
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§ 3. MPEACTABUMOCTD MHTEPBAJIbHO-3HAUYHbBIX YHKUMA
rPAHMYHBIMM BELLLECTBEHHBIMM DOYHKUNAMU

1. Iycrs M= R. PaccMoTpuM BOIpPOC O HpeACTABH-
MOCTH WHTEPBATHHO-3HATHON (QYHKIME ABYyMA TPAHMYHEI-
MH BeINEeCTBEHHHIME (YHRIUAMU. Hanugawe Taroro mpep-
crapieHmsa TIOMOTQeT CBeCTH U3yYeHHe WHTePBATLHO-
suauyHoil (PYHKOUE K M3YYeHWIO BEIleCTBOHHSBIX $yHROHI.
Hanpumep, Kax IIOKa3aHO B [29], muddepermupyeMocTs
rpaHMYHBIX QYHRIOUHA ABIAETCH HeOoOXOUMEIM 1 JIOCTa-
rounsiM ycaosmeM F-puddepeniupyeMocT AAHHOH WH-
TepBaTbHO-3HATHOH (PYHKIMH.

3agaua O TPEJCTABIEHAM  HHTEPBAIbHO-3HATHOMR
QYHKOUA ABYMs IPAaHMYHBIMU BeIeCTBeHHBIMH pyBERITA-
ME COCTOUT B HAXOMACHUH IPeACTABICHUSA

F(X; B) =1[f,(8), f(8)], (1)

rae f1(£), fo(t) — mewoTOpHle BemecTBeHHBIE (YHKIUH,
IOICKALlHE OIpeleIeHuIo, an‘IeMtEQRkCRh, k<
< 2n, a obmacts Q ¥* Tamme mopTemUT OMpeNETEHHIO.

Hampumep, ecaiu Ha orpeske 0<Sz<<3 paccMorpuM
dysRIU0

Flz; B) =22 —1{2, 4]z +1[3, 5l, (2)

TO

filt) =22 — 4z + 3, folx)=22—2x+5.

JeficTBUTENbHO, RAIKAOMY (PUKCHPOBAHHOMY 3HAYCHHIO
ze1[0, 3] Qysxnua (2) craBur B COOTBETCTBHE HEKOTO-
poiii muTepBax [a, bl (rag, ecirm z=1, To [a, bl =
=10, 41). Torma, ®ax HeTpyaHO BHAETH, MHOKECTBO 3HA-
uwennii ¢ynrrnum (2) Ha mmockoctu (x, y) mpepcraBugeT
coboii 006nacTh, OTPAaHUYEHHYI0 KPHBHMHE ¥ = x2 — 42 + 3,
y=22—2zx+5 u orpeskamm mpammx z=0, z=3.

2. Ilyers X=(X,, ..., X,)=uy, vy, ..., (4., v.)=
=[u, )U], rjue u,~<x,~<y,~<vi, ajgbjSCj (l, ]='1, Ve
.., m).

Torpa mua Qynkmum F(X; B) cymecTBYOT (yHKIUH
Qz, y; B), lz, y; b) u P(z; b) T&RHB;ITI‘ITO yior gy

F(X;B)= | Qz.y; B) — L
) x,yUEX (x,,y, B) x,S/JEX bgB ¢ (x, Yy, b) =
=.x,yel2J{,beB ¢ (45 b) = x,yeyz,bee b (z ),
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e 2= (Zy, ...y Tn, Y1, +« - Ya). Haiee

z,y; b)=[ min oz, y;0), max ¢z, y;b)
x,yeg{,beB(P( Y ) [uso‘;fey;v T u<gc€<g<v

", CJIeJOBaTCIBHO,
F(X; B) = [fl (uv U), fz (u’ U)] =

=[ min ¢(s, % b), max @z y bl
ULx<LYy<w u<x<LYy<LY
bEB beB
OTKyaa, B YaCTHOCTH,
fi(w,v)= min @(z, ¥; bnin), (4)
uLxLYy<Ly
fz (u7 U) = max (P (.Z', .l/; bmax)- (5)
ULXLY<D

3mech BEKTOPH bmin U Dmax TaKMe, UTO

min ¢ (z, y; b) = min @ (z, ¥; dmin),

x,u x,Y

bEB
max ¢ (z, y; b) = max ¢{z, ¥; bmax).
veh

Ecan pacemorpers dymkmmio Alz, by, b)) = wl(¢p(z, b)),
P(z, b)]), by, by B, 10 merxo BUAETH, UTO MIA QYHI:
nuit f, u fo Bumoamaerca yeaosme max o(ly(z, b)
Pz, b)) = o(lfi(u, v), folu, V)]).

TaxuM 00pasoM, MBI MOKA3aJMH, YTO BCAKYIO OFHO3HA™-
Hy0 uHTepBanbHyl0 QymErmuio F(X; B) Mommo egumCi-
BeHHBIM 00pasoM IPEeACTaBHTH Uepe3 IPAHUYHBIE BellecT-
BenHBle QYHKOEA mocpesictBoMm ¢opmyr (3)—(5).

3. Hamw panspmeiinie paccMOTpeHHA B TOM Iaparpa
de Gymyr saxmouarsca B yroumerm: opmyr (3)—(5)
npHE ompefeireHHEXx yeaosuax Ha F(X; B). Bynmem mpex
moJIaraTh, 4TO BCe KOHCTAHTHL BXORAT B (PYHKIUIO Kak
mpocTeie, T. e, B F maj KOHCTAHTAMH IIPOM3Be/IeHLI BCe
onmepanuu. Takoe mpejcTaBieHue HAB0BEM KAHOHUWLECKU.

Haupumep, ¢pymrmmsa (2) samucaga B KAHOHMYECKON
Bume, a ¢ymskmma Flz; By =I[1, 2122+ (12, 4]+
+ 101, 3Dz + 1[4, 71/[0,4; 0,8] — He B KaHOHWYECKOM B
me. Jlas ee zammcm B KAHOHWYECKOM BHAE HpOH3BEJECY
BCE OHEpATME HaJ KHTePBAJAMHA-KOHCTAHTAMH M WOV

yum F(z; By) =11, 4lx2+ (3, 71z + [5, 701.
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Kpome Toro, GymeM CUHTaTh, 910 QYHKIUA F Mmomxer
GHTH HHTEPBAILHO-3HAYHOM IO CIEYIOIIUM IPHIMHAM:
1) ¢ymrnma F ects QyHRHUA BeIECTBEHHOTO apryMeHTa
Z, HO KOHCTAHTH, BXOAAmue B F,— MHTEPBAJEL =
= F(z; B); 2) ¢ymruus F ects yHRIUsS HHTEPBATBLHOTO
apryMernta X, KOHCTAHTHI, BXOfAIlume B F,— BeIeCTBeH-
mpe uwmena (B — Bepompmenmeiit  Bexrop): F=F(X);
3) apryment QyHKumu F u KOHCTaHTEHI, BXO[AIKe B Hee,
ecTh WHTEpBAJbHEE BEKTOPH (ciofia e, B YaCTHOCTH,
BRJIOUAeTCA caydail, Korma F ecrth MHTEPBAIbHO-apHQMe-
TH9eCKadg CYIeDPHO3UIUA BEIPAYKeHHHA BHAA

B« [fi,(t),  ful(d)],
The
se{t+, —, -, /Y t=(uy, ..., u; vy,
m); F=F(X, B).

YuurpiBasg, 4T0 B UHTEPBAILHOH apudMeTnKe cmpa-
Begauso pasencrso (—1)la, bl =[—b, —al u wro jeme-
HHe WHTEDPBAJOB ONPEAENACTCH Yepes YMHOMKGHHE, MBI
momeM ¢yuxmuio F(X, B) sanmears Kak CymepIoO3HIUIO
BeIpaskennit Buma B;# Fi(X) (i=1, ..., n), rme * osHa-
Yaer CACKeHUE HIH YMHOMEHHe UHTEPBAJIOB. JTO Iipe-
obpasoBanme QyHKIMHA F W IpHBe/leHHe ee K KAHOHMYE-
CKOMY BHUJly YIpOHIaeT oOUpefeNeHre KOMOOHEHT bpm, 1
bmax, VIS HAXOFKACHHA KOTODHIX [OCTATOYHO IIPOCIEIUTD
MOHOTOHHOCTL (QymKmEE F mo b; (i=1, ..., m).

Ilponece ompenmenenuss ¢yurnumit f; u fo saBumcur or

NPUYNH; 10 KOTOPHM QyHKmmA F Momer GHTH HHTep-
BanbHO-3HAUHON. B caywae ¢ymxnunm F(r; B) smamme
AHAJIATUYECKOTO BBRIPOKEHHA JOCTATOYHO [AA HAXOMIe-
mna fi u fp. [leficrurensro, pacemorpum F- kaw cynep-
UO3UONI0 B YKA3QHHOM BHING CMBICTe (YHKOUA BHAA
lai, el * @x) (i=1, ..., n). Brecy Bo3MOMHEL IBAa CIy-
as.
. 1) oilx) >0; Ecaim F mo b; Bospacraer, To a; Oyner
-1 KOMIIOHEHTOU BEKTOPA bmiy, & C; — i-if KOMIOOHEHTOIT
BEKTOPA bm.y; eciIm e y0piBaer, o a; Gymer i-ft KoMImo-
HEHTOM by, & ¢; — - KOMIOBeHTOl buin.

2) oz) <0. B a1omM cixyuae KpuTepuii BEIGOpa KOM-
OOHEHT bmiy B bmay TPOTHBOMOIOKCH OpeIpIAymeMy.

. Fl'io;g; f%ogfmeﬂgﬂ BERTOPOB byin U bpey, HONCTABIAS
min, & BATeM bp.y, TONYUIUM COOTBETCTBEH-

v V) li=1, ...

. ey

2%
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HO fi 1 fo. Taxum oGpasoM, gopMyia (1) nia Flz; B)
mpuMeT BHJ,

Flz; B) = [F(z; buin). Flz: byl

m

Eeauz n=1 u F(z; B) ecrs nommaom F (z; B) = [as,
i=0
¢;] %, To AVIA Hero CIPABEIHBO TpEJICTABIOHAE

F(CE; B) = [fl(x), fz(l‘)] (6)

3necs
2 a,-xi
=0
1@ = m _
(@i (i) + ey (i) =" mpu <0,
=0

npu z>=0,

1
m

iﬂzocw‘ npu z >0,
f2 (x) = m .
> (aiy (§) + €0 (i) 2° mpm 20,
=0
. . a1/ {0 npu i = 2k,
V(@) =i—202]= 1 opm i =2k + 1,

. . 1 npm i =2k,
ﬁ(‘)z‘i“’(‘):{o opu i =2k 41,

[1} — memas yacts umcra [. AEaTOTHIHYI0 QOPMYITy MOK-
mo momyuutk npu n>1, xorma F(z; B) eCTh IIOMUHOM.

Temepn, Bosspamasch K QYEKIuUE, 3afaHHOE (opmy-
a0t (2), m3 dopumyast (6) moxydnMm jusa Hee

7, (2) = 2® — 4z + 3 npm: z>=0,
f‘(x)z{ﬁ(x)=x2~—2x+3 mpu z <0,

7, (2) = 2* — 2z 4 5 mpu 23>0,
f2(x)={i(x)=x2—4x+5 npu z < 0.

4. W3 oupejenenna gynxuuun F(X) scmo, uro cyme
CTByeT eIWHCTBEHHAS BELIeCTBEHHAA dymrnua flx) Ta
Rag, 4To XRsF(X):f(x) a Di f(x) =F(X). Ecmm 3

—% x->X
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dopuyme (10) ms § 1 r. 1 BHIIIONHEHO PABEHCTBO, T. e.

F(X)= U_f(z) (7
xeX
" f MOHOTOHHO BO3pacraer, To
F(X) =I[fw), )], (8)

ecmm ke mpu BemmomHenmm pasemcrsa (7) Qymxmma f
MOHOTOHHO yOBIBAET, TO
F(X) =[f(v), f(w)l. (9)
Gopuyasr (8), (9) MoREO ROMOMHEPOBATH, BHINEIAA
yuacTKY MOHQTOHHOCTH, Korfia (YHKIMA [ He ABIAETCH
O(HOTHIIHO MOHOTOHHOX BCIOy B o6nactn. Tlocaenmuee
[T ROHKDETHHIX (UYHKIMH MOJET OKA3aTbes TPYHHOBEHI-
HOTHHMBIM.
B ofmeM cIydae MOMKHO TOCTYIHTE Clefylomuy oGpa-
n

som. Ilyers X; erpeuaeres B F k; pas u Y ki=g. Ecmm
=1

kamyoit mepeMenHoii X; B F IOCTaBUM B COOTBETCTBHE
k. BerecTBEHHHX TepeMeHHBIX sie X; (i =1,...,k;)

1 k)

T0 TONyYAM BeIIeCTBEHHYIO ¢ysrmuio (‘31, s sm)

—~ k4

S5, ... sgn) ={(s) or g apryMeHT0B, B KOTOPO#l KpaT-
HOCTH KARIOr0 apryMenTa papHa epuanne. OuesmpiHO,
4T0 MHTEPBATLHOe DACIIHpeHue f COBHAAET C F(X), u no-

sroMy s F cnpaBeiuBo OpejcraBilenne
F(X) =[ min f(s), max f(s)].

3 J
s;EX; SiEX;

Hanpumep, paa ¢ymemun F (X ,X;) = (X3 + X))/
/X, — X3 npu X, = [x/,\ yl >9 n X, = [z, t] nmeem n=2,
Fi=3, ko=1, g =4 F() =T (5 .- 51) = (s 80) /50—
-— S4. TOI‘I{a

F(Xl, X2) == [(x2 + ZC)/y - t3, (y2 + y)/x + Z3].

Hoansysacs Qopmymoit (10), yrameMm ImpefcraBieHue

Uepes rpamnyHblie BeN[eCTBEHHBIE (X)YHKI];I/II/I HHTEePBAJIb-
HOT'O IIOJIMHOMA BHUJA

(10)

F(X)=2 aX' (n=1).

i=0
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E ci('y(i)vi—i—e(i)max(ui, vi))—i— > ci(y(i)ui—f—

ieTy ier

+03)v)) + EZT (max (aiui, civi) v (@) +
=i
+ ¢;max (ut, v') 0 (i)] -+ B,.

9TH TpeACTABIEHUS eCTECTBEHHHIM 006pa3oM OXBATEHI-
paor cayuam, xorfa F(X; B) ecrthb DONHHOM BHA
m m

\ i S i
> fai, el ' ® D a:X'. Ormernm, uro momobHBIE Npej-
i=0

CTABIEHAA HMET Mecro mpu n>1 u, IpuMeHAS CHO-
co6 1, MOXHO NOJYYHTH NpejCTaBleHHe MIA 060 pa-
HMOHANBHON (PYHKIWH,

Cunoco6 2. Brmauane maxomuM byin B bmax, TAK Ke
Kak # B ciydae ¢yErmun Bupa F(z; B), HO AOMONHH-
TeJILHO apaxmaupyeM ciaydaii, rorga Fi(z) = 0.

Hpumensem cmoco6 1. Iyers Fi(X) =I[fu(t), fo(D)],
rae fa(t) <0 u fio(t) = 0. BeiGop KOMIOHEHT bmin B Dms:
pasofberca HAa TPH MORCIYYas:

1) B;> (0, Torga a; ecTb i-g KOMIIOHEHTa bmm, Ci—
— bmax, 2) B:<0, Torma a; €cTh i-g KOMIOHEHTA b,
Ci_ bmin, 3) OEBi.

Horza omepanus * ecTh CJIOMKeHHe, @; — i-§ KOMIIOHEH-
Ta bmin, Ci— bmax. IlycTh OIlEpamms * ecTh YMHOMKeHHe.
Ecaz minlafe(?), cfa(t)) =aifelt), 10 a;i—i-a wommo-
HEHTA bOpjn, HHAYE C; €CThb i-51 KOMIOHEHTa Dmin. Ecmi
max{afa(t), cifelt)) =aife(t), To a; ects i-g KOMIOHEH-
T8 byay, HHAYE C; €CTH i~ KOMIOHOHTA Dmar.

Buibpas bumin ¥ bmax, MBI TEeM CaMBIM OTpefieliuM [Be
PyrrIuE: Frin(X) =F(X; bnin) B Fru(X) =F(X; bua).
Ecam r waskmoit m3 stux (QYHKIUA UpuMeHUTH (PopMyry
(10), To moayunM Fuin(X) = [fimin (], fomin(?), Fuul(X) =
= [ fimax(t), fommx(£)], OTKYHA HMeeM IpeJcTaBIeHHe 5T

F(X; B) = [f]mm(t), fzmax(t)]. 11}

Cruoco6 3. Ilyers
RsF (X; B) = &(z; B), Di & (z; B) = F(X; B).
x->X

X->x
Kax yrommranocs seime (cM. i 1, § 1),
F(X; B2 U_# & B). (12)
xeX
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Ecuxz B (12) BHIOTHEHO DPaBEHCTBO, TO
F(X; B) = [min & (#; bnin), M3X F (2 bmax)].
xeX xeX

Nuaue cocrasisieM (QYyHKIUIO F(s, B), amamormumyo

dyBRIUIH /f\(s) naa F(X). flcro, wro

FX;B)= U FsB) (=1...k;i=1,....,n).
GEX,

s
iJ i

(13)

”~
Haiins g pyexnmic F(s; B) BexTOpH bmin 1 bumax, TO-
Ay4uM 7 Hee IIpeficTaBieHme

T(s; B) =I[fils), fals)]. (14)

Comocrapienme (13) m (14) upusopur x opmyie

F(X; By =
—[minF,(s), maxFp(NG=1,.... k5 i=1,...,n).
S‘?;'EXi S?iexi

(15)

Herpynuo supers, uro gopmyas: (11) m (15) cosmaparor
KaR IIpefiCTABIeHUA OJHOH M TOi ke QYHKOUH, HO KaK-
[asd M3 HUX B KOHKPETHOM CIydae MOJKeT OKasarhcsi 0o-
nee yaoOHOH, MOCKONBKY STH (OPMYJHI OTAMYAOTCA CIHO-
cOBOM TONYYEeHUA B CUXY HX KOHCTPYKTHBHOCTH.

6. Kax ymoMuHmaloch BbIle, HHTEPBAJLHBLI aHAIM3
VCUemno YpUMeHseTcA [UIA y4eTa IIOTPeIllHOCTed Hpu
serancrenusx. Hanpmmep, mpu peanmsamuu Ha 9BM me-
KOTOPOTO BellECTBEHHOT0 AairopuTMa, BoOOIle TOBOPS,
TOCIe BBINOJHEHHA TIePBOH ke OIepanup u3-3a OHMINOOK
OKDYIVIeHHH Yy HAC BOBHWKAET MHTEeDBalbHBIA PE3yIbTAT,
H Ha BCeX IOCIEJYIOIMHX 9Talax MBI JOJKHH BECTH BBI-
YHCIeHHA B PaMKax WHTepBAaAbHON apu@MeTHKH, eciu,
KOHEYHO, KeJaeM YYHTHBarh omubku orpyriaenuit. Ilomy-
YeHHBI B WTOre MHTEPBAJ- JAeT HAM J[ByCTODOHHIOK ar-
TMPOKCUMANUI0 TOYHOTO PE3yINbTaTa MCXOJHOTO BellleCTBEH-
HOTO QITOPHUTMA.

[Ipemmoxnoskum, urTo y HAac mHMeeTcs MHTEPBAIbHBIL
aIrOpUTM, KOTOPHIA HeoGXoguMo peaiwzoBarh. LcrecTBeH-
HO, YTO OKHJAeMbie Pe3yIbTATHI — TaKKe MWHTEPBAJBL.
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B cumiay omm6oK OKpYTIeHHH, HeBO3MOMKHOCTH OIpejene-
HEUA «IeHCTBATENLHOA» 00MacTH 3HAYEHUHA MHTEPBANLHO-
3HAYHOH (PYHKUEE ® T. IL, TOXyYaeMble MHTEPBANB IDI
5TOM MOTYT OBITH 3HAUMTENHHO INWpE, 46M HCTHHHEE.

Bnecs mpejjaTaeTcsA CIHeAYIOIMEA LyTh: PacHlenurh
VHTeDBAJBHEIA AJITOPATM HA [Ba BEIIECTBEHHEIX M KaX-
HBI u3 HUX pPealnsoBaTh B IHTepBAJBHOR apuMerHre.
TaxgM o0pasoM, W B DTOM CiydYae BOSHMKAET npobiema
IpeficTaBlennsl HHTePBANbHO-3HATHOH QYHKIUE IBYM:
[PAHWYHBIME BeIeCTBEHHBIMH.

IIpounaocTpupyeM 5T0 Ha IpuMepe. Iyers 3apmaHa
$yurnma Flz; B) =a®—[11/12, 4/312*+[2/3, 7/91z -+
40,1 mpu z >0 u Tpebyerca Beruucantsh F(1/3, B). Bue-
cro F(z; B) ycaosmmesa numcars F(z). Ilpososs Beramese-
H@s B UHTePBANBHON apudMeTHKe OKDYIJIEHHH € TPeMs
sHavammMu  mupamu, Me maigem F(1/3) < {0,203;
0,272]. 910 ecTh «IpefcraBieHue BHELNIHNM WHTEPBATOM)
mag F(4/3). Mo ¢opmymne (6) momyuaem Flz) =I[fi(x),
folx)], tme filz) =a®—4a?/3+ 22/3+ 01, folz) =23 —
—1122/12+ T2/9+ 0,1.

Baraucnerue f1(1/3) n f2(1/3) B unrepBamsHOil apmd-
MeTHKe OKPYTJEHUI ¢ TpeMsa 3HAYAMEMHU Hu(paMm Jaer:
1:(1/3) = [0,203; 0,228], f2(1/3) =10,255; 0,272].

Taxum o6pasom, mma F(1/3) opmoBpeMenHO mHOIyda-
eTcA IpeficTaBieHHe BHyTpeHHmM wmurepsaiom [o, Bl =
=[0,228; 0,255] u mpepcraBieHNe BHEIIHUM WHTEPBATOM
[y, 11 =10,203; 0,272]. 3a F(1/3) momHO NPUHATH HH-
reppan L[la+17)/2, (B+7)/2], r. e F(1/3)=1[0215;
0,2641.

OTMeTuM, YTO HAC HE MHTEPecoBaja mpefsicTopud GyHK-
muu F. K ppumepy, 910 MojKeT OBITh 00BeJ(MHOHHOE pPaC-
ImMpenne, MHTEPBAIbHOE pPACIIMpeHMe, IEHTPHPOBAHHASN
dopma, MHOrOsHauHax (popMa u Apyrue (COOTBETCTBYIO-
Iige ompenendeHns cM. B [5]).

§ 4. SAAAYA UHTEPNONALUM
B MHTEPBAJIbBHOM AHAJIM3E

1. Iycts M =D =R. Ycnosamcs saementst I[(R) n
K, maomennsie B R? (R? — nByMepHOe SBKIMJOBO IpO-
CTpPAHCTBO/, 0GO3HAYATH COOTBETCTBYIOIIEMH OyKBaMH €
gyeproit csepxy. Omepamum MeRgy diementamu OyayT
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ONpERCMATECA TEM MHOFKeCTBOM, KOTOPOMY OmA IpHHAJ-
JTEHAT. .

Omneparop W, TepeBOJAINIA SIEMeHT R? B I(R), on-
pefesuM PaBeHCTBOM

¥(A4) = ¥ (g, b)) =I[min {a, b}, max {a, b}].

n '
Kpome Toro, 0003HATHM Hepes Py, wMHOMECTBO HOMNHO-

2.
smop cremenn n B R%:

n
phy =[PP (D) = 33X, X My By}
=
[l mpOCTOTHL BANUCH W B CIJIY HECYIIECTBEHHOCTH JULA
JATHHEHAINTX pAcCMOTpeHH{l HMCTOYHWKA HMHTOPBATLHOCTH
MBI YCIOBEMCH NHCATH 9DIEMEHTHI MHOKEeCTBA K B Bm-
me F(X).

Oycrs ¢ysrmus F(X) sapasa B (n+1)-it ToOuRe
Xo=lz0, yol, Xi =1z, 3il, ..., X.=lz,, y.], snauenua-
vu Yi=lc, dJ, npmaem z: 7z, y:7y; G, j=0, 1, ...
.., R).

Paccmorpum Bompoc o upubmmrennn F(X) mexoropoii
UHTePBANbHO-3HAYHON (DYyHKIMeH, NPAHUMAIONEH 7Te ke
snavenns Y; B Tourax X;, uro u ¢ymrmua F(X). Ipm
atoM Gygmem TtpeGoBarh, 4TOOLI BEUIECTBOHHOE CYHEHUE
npubamKawimeil QYHKOuM ObHUI0 DOJIEHOMOM CTEIeHH 0.

Husxe MBI paccMOTpUM HMHTEPBAIBHLIE aHANOTH MHTEp-
nonsnuonHeix Qopmyn Jlarpamxa, Heortoma, dpmura u
WHTepBAILHO-3HAUHNe Z-CIIaitubr. JIA ONeHK: 1I0-
TPEIIHOCTH MHTEPIOAANUOHHLIX POpMYa HAM morpebyeTca
TOHATHE TPOM3BOJHON OT MHTEPBAJILHO-3HAYHON (DYHKIHH,
KOTOpOe MBI TIpmBeieM 3fech mia ymobcrBa (cM. Takike
§ 1). Ilpu PopmanbHOM IepereceHMH ONpeENeHMA IIPO-
U3BONHOM M3 KIACCHYECKOTO AHANM3A Ha CIyyall HHTEp-
BaNbHO-3HAYHBIX (DYHKUUHA cBoitcTBA omeparopa puddepen-
HUpOBAaHMA (yXyAmaorca». HaopuMmep, OH CTaHOBHTCA
HeJUHEHHBIM M, B YacTHOCTH, NPOM3BOAHAS TOCTOSHHOM
B 9TOM CIyuae He paBHA HYIIO.

QOynxuus F(X) maswBaerca nl-dugdepenyupyenori
6 Touke X, ecid CymeCTBYIOT JUHeiHOe OTOOpaKeHHEe

dF(z) :R*~R* u orobpamerne I:R?—R? ¢ peyma
cBOiicTBAMU:

1) 70, 0)) =(0, 0, lim

fraxyy
IAXl-0 1AX]

=0;

43



2) VAX u3 oxpecrroctu touku (0, 0)
F(X + AX) — F(X) =dF(X)AX + T(AX),

e AX = (hy, ho).

OnpepgenuM pBa wiacca muddepeHnupyeMbx QyHK-
nuit. BygeM roBoputh, 4TO:

F(X)e Dy, ecmm VXeVcI(R) cymecrsyer Ko-
HEYHBIA Ipefnelx
FX+AX)—F(X)

”

F'(X)= lim

() A X]>0 AX

F(X)= D%, ectu VXV < I(R) cymectsyer KO-
HEeYHEBIE Ipefeln

F'(2) = lim LE+AN) —F®
jaXl->o AX
e AX = (hg, h1). .
Eciw F(X)eDy (i=1Vi=2) n ®(X) Dy =
=1V i=2), To cupaBegauMBH CAeAyIOmEe IPABUIA AUP-
thepeHNUPOBAHAA:

1) ecim F(X) = const, o F'(X)=1(0, 0);

2) ecm F(X) =X, 1o F'(X) ={(1, 1);

3) [F+0l =F + @

4) [FOY =F'®+ FO’;

5) [F/®] = [F'® — F®’']1/®2 npu 0= .

B cayuae, xorga F 3aBucuUT OT BeIeCTBEHHOTO apry-
MeHTa, DY u D% cosuapmaior u TMpou3BOJiHAA MMeeT BUJ

F'(X) = lim £&L AA’”; —F @)

Ax—-0

7. e. ompefeleHHAS HAMH IIPOU3BOJHAS COBHajaer ¢ fuk-
npomssojaoii (mpomspogmoit Tama @Dpeme) or F(X).
Cnegyomas TeopeMa Xapakrepusyer Kiace (yHKIMIL
npuaagrexamux  Dy(i = 1Vi=2) B cMslcae uX mpes-
CTaBHMOCTH TPAHHYHBIMHU BeIECTBeHHHIMH (YHRIAMU.
Teopewma. Ilycrs FXyeDy (i=1Vvi=2)
n ¢ysrnua F’(X) menpepmema. Torma ¢ymxmus F(X)
B HEKOTOpOii e-okpecTHocTu Touku X = [, y] npencrasu-
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wa B smme F(X)=I[filz), foly)] (mbo F(X)=I[f(y),
fol2)]).

NoxasaTeabcrTBo. Hax 6puI0 TOKazaHO B § 2,
cymectayior gynrnun fi(z, y) u folz, y) Tarwme, uro cupa-
BeUIABO LPEJICTABICHIe F(X) =I[filz, y), flz, y)1. C npy-
T0il CTOPOHHI, dF(X) rax nmmelinoe mpeoGpas3oBaHHe Ipef-

CTABEMO B BHJE

AF(AX) = F'AX, 1)
TIe
of, i ;
= W L [dx . dy\)
F' = a1, 9, , AX= (dy)(nmﬁo AX_(dx),'
% Ty

B cumny (1) m ompefeinenus IPOU3BOSHON MOIYIAM

7} 9 a

oy dx

qT0 H TpeOOBAIOCH JFOKA3ATH.

2. PaceMoTpEM HMHTEPBAILHBIA aHAJAOT WHTEPHOIANU-
onnoit opmyasr Jlarpamra. IlokaskeM, YT0 HHETEPBAIBLHO-
sHayHag QYHKRIUA

L(X) = W(guoj (X) Y; ) (2)
rae
]] r—Z; II —Y;
X = ['2, .l/], Qj (Y) = i#j( ) 17 (y ’ )

Mo —a T —m )
i (5= =) zI#!J (5= ¥)

IpEHEMaeT B ToOuKax X; sHAYeHHA Y; W B CAYIae BLIPOIK-
JIGHHBIX WHTEPBAJIOB, 8 MMEHHO HPH £ =Y, &; =Y, C;=d;,
HEpeXoquT B W3BECTHHII MHTEPHOIANUOHHLIA IOIHMHOM
Jlarpamma. [eficreurensuo,

oy [0, 0) mpm @57,
Q (Xi) = {(1, 1) wpm i — .

Caenorarensro, L (X;) = ¥ (E Q; (X: Y;) ) =Y; 3a-
j=o
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MernM, uTo (yHEOUsi L He ABIAETCA HHTEPBAIBHBIM I10-
JUHOMOM.
Ecim 2=y, zi=1VYi, ¢i=d; TO

— (x——-x,‘)

(X = g5 @) I —%,

0:® =g Il =5

rne 0. — cumBon IpoHeKepa M, CIeTOBATENBHO, L(X)

eeTh OOKYHBIL MHTePHOIANUOHHBIA MOIMHOM Jlarpamma.

OueHEM IIOTPENIHOCTH WHTEPIOIATHOHHON $opMyIH

(2). Hycrs smauenne pyrrnur F(X) B rouxe X° sameHs-

ercs smavenweM L(X°). [na omemkm mpubmmxesus pac-
cMOTpUM (PYEKIHIO _

O(X) =F(X)— LX) —

—(X - X)X XD ... (X—XINZXy), (3)
rpe uepra max F(X) u L(X) osmavaer BIOKeHWe obmacTy
smavennit F(X) u L(X) B R%, N(X,) = [F(X,) — L(Xo)l/
/[(JXO—XO)(X"—XJ...(X"—Xn)]. Ns (3) BugmM, 410
OX) =, 0) mwpz i=0,1, ..., n u ®X)=I(0, 0.
Ecau F(X) — mocraTouHo TiafKas (QYHRIUA B CMBICIE
BBeTEHHOI TPOMSBOLHOMH, To, muddepeniupys (3) (n+ 1)
pas, MOXYydnM

O+ (X) = F+D(X) — (n+ 1)1 N(XO).

g; (z:) = 8},

TIpesmonosKuM, 4TO AOKAB3aHHAS Bhlle TeopeMa COpaBes:
amsa IA  MHOsKectBa M* = {X|min x; < x < max z.
miny; < y <maxy;, i=0, 1, ..., n}. Torga cymecTByer
rarag Touka X* & M*, B KoTOpoOi

D+ (X#) = F+0(X*) — (n+ D! N(X0) = (0, 0).
Cunrag touxy X° IpOM3BONLHOM, MMeeM
o — 1 —_— —_ —_— —
RE)=FX)—L@) =y X— X)X —X) ...
o (X=X PO (X
OTKY/Ia, HAKOHeIl|, IoJayvaeM OUSHKY

lm@W<W$mMMmX%m@liywﬁim

rge

Mass = max | P (B
XeM*
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3. PaccMoTpuM HHTepBaJbHBIe AHAJIOTH HHTePHONALM-
omupix ¢gopmyn Heroroma u dpMura.

IIycrs Tpebyercsa HAUTH HEKOTOPYIO dyarumo H(X),
KOTOpas B § PABMUUHBIX TOUKAX X, (=1, ..., s) opunu-
Maja OBl BMecTe CO CBOMMMU IIPOM3BOJHBIMYU LOPANKA P

(p=0, 1, .. o, — 1) mamHbIe 3HAYEHAA Y%p) COTJIACHO
YCIOBAAM:

HO (X)) = H(Xp) =Y¥ = I(R),
HD (X)) =Y e R (k=1,...,5 j=1, ..., — 1),

ppuueM TpeAloiaraeTcs, 4ro Ipu BajaHHOM n ayt...
o ta.=nt+1.
n .
Ecnu mpr mocrposm mommuoMmsr Lyes Pra(i=1,...,5;

EF=0,1,...,0,—1), VIAOBIETBOPAIOIINE YCIOBUAM:
L(ig)(ym)——‘(O,O)’m#i;P‘—:O,L---’am——L
0,0), ps*k,

(P) (¥ .\
LX) =1y 1), p=r,

TO pelleHyMeM IIOCTABICHHON 3amauu 6ymer QyHRIUA
1“&=¢2UMME?P+MAE?W
=

=\ o (%1
F ot L BTV,
KOTOpasg MABIAETCA AHAJIOIOM HWHTEPHOAANUOHHON GOpMy-

JIbI SpMzTa B CclIyyae BelecTBeHHOro aprymenra. J[eii-
CTBUTEJIEHO,

Hmaa=wgum@mﬂ”+hwm??+

TF(%i—1)

+ Ligya ) 71770} = Y40

® X = -
H? (X)) =3 {L® @)Y + LY @) TP + ... +

i=0
( —_— a;—1
+ LX) YT = Y2
Hatinem Bupx momumoma L, (X) mo amamormm co cayda-

eM
Bemecrsennoro aprymenta. Ilpm mammx mpesmomose-
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Huax QYHKNEA AOKHA MMETh BUJ

_AX g, X), AXx=11 X— X,)"
X) K v=1

Lin(X) = x

Uy = P;}z—l 1 Un(X) mMeer Hyab KpaTHOCTH K B TOUke
Xi, T. €.
Ui (X) = X— X"V (X),

o;—1—-k
Vik = PM2 .

HBTPYJ.IHO BHUIETH, UYTO IIOIMHOM V,'h ABIAETCA OTPE3KOM

pama Teftmopa Qysxouu —;:-!-(Xa—Xi)“i/A (X). Wrax,

L (®) =4 4@ & — X)),

a Torja
s %1
— = k-0 —_
HX) =¥ X La®E-X) " Va X YP
i=1 R=0

(%

B cryuae ;= 1 mmeem k=0, 4 X) (X — X0)™Vs (X) =
= Q; n mul u3 (4) momydmm Qopmyry (1.
TaxuM 00pa3oM, MOIYYAETCA AHAIOL MHTEPIOIANMOL

moii opmyasl Hrioroma:
N(X)=WIld,+A(X —Xo) +...
...+En()_(—2—€0)...()_f—}_(,._1)], (5)
rae Ay = F(Xy),
A, = (F(X,) — FX)/(X1 — Xo),
L TE)-TFEy _ FE-FE) .
2 bt — -— —_— _— — —_— . — . .
(Xz"_Xo) (X2—X1) (X2 —Xo) (X1 — Xo)

Samerny, uato Popmyast min H(X) u N(X) nmetor Buf,
oxpupanerraed L(X). IlosToMy Opu JOCTATOUHOHE Tiai
rocru Qyexmum F(X) pia H(X) = N(X) mompo aHAamO"
ruuEsiM o6pasoM, wxar u ana L(X), momyduTs ONeH:Y
OCTATOYHHIX UYTEHOB,
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4. PaccMOTpMM  HHTEDBAJIbHO-3HAYUHBIO F-cunaiinsl.
n

Hych (D(x7 A) - .211 Aig‘i (x)’ A = (Ala Y] -An),

gln) el [o, 11. T(;ma Gy HRITHIO

rae

n

OW () = X Aigi () O<E<m)
i=1

HazoBeM (fopMaLbHOL npousgodnoi k-20 nopadka or O(z).
OnpepesigeMbie HUEE HHTepBaTbHO-3HAUHBIe Z-cryaiinnt
GyMyT 1OApasyMeBaThCsl muddepeHIUPYEMEIMI B CMBICIE
cymecTBoBanIisa GopMaNLHOL 1L POUBBOTHOM.

I

Byjem rosoputs, uto_ Sp(Z, A, 2) ecrs mpocTpaHcTBo

UHTepBalbHO-3HATHBIX PL-cunaiigoB, ecau Husa  nw0doro
1

saementa S & Sp(Z, A, 2) ero cymenie No BCeM HIH-

TepBANBHBIM KOHCTAHTAM §&E S(Z, A, z) —mpocrpan-

crBy Z-crumaiinos [34].

O6cyamM  BOTpoc 00 WMHTEPIOJMPOBAUM  TEKOTOPOI
$pynxmquu G(z), sapmammoil mo cetre A: 0=z <z1<<...
... <zx=1 smeMenTaMm ITPOCTPAHCTRA SI B caepymo-
moieM cMbicie:

Sy =Y 0<i<m—1, 0<i<N, (6)
590 =13, SPU) =Yk 0<i<m—1. ()
Ha wnampmoMm orpeske Zi—1 <2<

cinaiiy mmeer mpepcrapirenue [35]:

S (r) = jg:c,-,u,- (z), (8)

BellfeCTBeHHEIH £~

rme  u{z) (1 <j<2m) — pyHgaMeHTaqBEOE pelIeHIe
ypauenns F*Zu=0 na orpeske [0, 1] raroe, uto

(o) _ Ao+l
u;* (0) = &7 (G?H —cumBon Kpomexepa). 3xech

da

gu:z)l)]’(x)Diu(x)7 m>1: Di = d]j ’ ijC]i[a’bL
j=

m

Zru=3 (~ 1D (p;@u (@), pm(e)>0.

=
sz) e Y, 0=
MBI OyleM mMeTh KOHKpeTHbII £ -

Oqu(?)nH?_,) npu PuKcHpoBaHHEIX
€Y/,s")eyy

3 10, H, Ioxnr 49



crrmatim suma (8). COBOKYHMHOCTL Cy, OHpeRelAEMBIX KOH-
KpeTHHM F-CUNAfHOM, COTIACHO ONPeeleHHI0, eCTh He-
rotopeiit uarepsan Cy. CreoBaTenbHo, B CHIY Ompeznenc-
HEs (POPMANBHON HPOMBBONHON M HOCTAHOBKIL BAATH -
: 1

repuommposamma dnemertamu  Sp(Z ,(A, 2) MHOARCCT 1)
S(z) = (s S (2, A, o]V (x:) & Y], sD0)eYs, sy e
e Y, 0<<j<m—1} womuo sagars dopmynoii §(z) =

2am

= 52 ciu; (@), zelziy, al.
=1

Bamernm, 90, COracHo onpegenenmo, s(x) ects muTe)-
BaNBbHO-3HAUHBIHE F-crmaita, VI3 egmHCTBEHHOCTH BEIECT:
penmbx Z-cmraiigos [35] oueBumubIM oGpasoM caemyer
eITHCTBEHHHEOCTh WHTEPBATBHO-3HAUHEIX &£ -CIUIAfiHOB.
TS OIeWKH OCTATOYHOrO UIeHA TIPH MHTEPIONWpPOBA-
anu owemenTamMu Sp(Z, A, z) MOKHO BOCIOIB30BATLCH
yiKe HBBECTHBHIMH OIECHKAME (I BeIIeCTBEHHOTO CIyva:
[34, 35], Bebupas WX B 3aBHCHMOCTH OT IWAJKOCTH CV-
sxenus unTepmoiupyemoit ¢yuxoun. Ilyers, manpumep,
RsG(z) =g(z) = W35 [0,1] u s(z) — narepsaibHO-3HA'-
biis P-crnaitn, warepmoaupyomuit G(z) B cmpicre (6)--
(7). Torma u3 teopemsr 1.2 padorsr [32] nomyuaem, uro

Dlg(z) e $9 (@) +1— 1, WK g @ m, oo

0TCIONNa

o (G(j) (z) — S(]') (x>) <2Kp.m_j_1/2 sup“ Rs G () “Wmm 1
g £0,

max (Tigg — i)

0<i<N~-1

a sup Gepercs DO BCEBO3MOMKHBIM CYKEHHAM G(2).

PaccMOTpEM BOIIPOC 0 HAXOMJeHNN KOHCTAHT Cy. Jler-
KO BUJEThb, 4TO 37IeChb, KAK W B BEIICCTBEHHOM CIyd4ae, BO3-
HIKAeT CWCTeMa JHHeHHHX WHTePBAIBHBIX YpPaBHEHHUI,
pelmenne KOTOpOil ABIAETCA OMHOI M3 3aflay MHTEpBaIn-
HOTO anajiusa. 3aMeTHM, UTO IPH HeNePUOAUIeCKHX Kpac-
BBIX VCIOBHAX, KOTAa OIEMEHTHI S ;,(3’ , A, 2) Ha RampoM
DOf(HIHTePBae ecTh KyOHduecKue CIUIAMHBI € MHTEPBAID-
HBIME KoopPunuentaMu, BOSHHKAIOT CHCTEMbI HHTEPBAJL-
HBIX YPaBHEHHUH ¢ TPeXJAXATOHATLHOM WHTEepBANbHONK MaT-
pureii, pemieEHe KOTOPHIX PACCMOTPEM B CIEAYIOUIEH

rne K — meroropas HOCTOSIHHAH, W ==
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maparpage. B Tperpell riaBe Mbl H3YYAM NpPHMEHEHHe
WHTePBATBHO-3HAUHGIX Z-CIIANHOB K pemenmio audde-

peHIHAJILHBIX ypaBHEeHHH.

§ 5. MHTEPBANBHLIE METObI JIMHEHHOM ANTEBPLI

{. PaccmoTpuM pelleHUe CHCTeM JUHEIHEIX ypaBHe-
HUl ¢ Tpexunaronanbnoﬁ uHTepBANBHON Marpuneit. [Tycrs
HMeercA cHcTeMa JTUHEHHBIX ypaBHEHUi

alui b+ wi =fGE=1,...,n) (1)

¢ KDAeBHIMH YCIOBHAMHE Uo =@, Uy, =1. Har uspecrso,
aTa cHCTeMa MOsKeT OBITH perleria MeTONOM IPOTOHKH 110
dopMyIam
_ .0 0/
ui=xidi +yii=n, n—1, ..., 1), 2)

rae kosddummentt i H y§
HEAMI

OlpeneadoTca CcOOTHOHIe-

.Z'g = 01 yg = u07
2 = — 3/ (adxd_y + b}), 6)
¥ = (f! — adyd_,)/ (adz)_y + 1Y).

OuHaHOOHaO OpPaKTHKe, fayke €CHH Msl 3HAEM TOYHbIE
sHAuCHHs af, bi, 3, Ug, Un,;, B MAlIMHE HTH YHCHA TACTO
He MOryT GBITh TIPeJICTaBIEHBI TOYHO M, OCTABAACH B MHO-
sectBe Ry, MBI MOjKeM yKasaTh NI HETEPBAIB, B KO-
TOpHX omu gemar. Hpome roro, mpm Gompmmx n,cyme—
CTBEHNOE BIIINIe HA Pe3YIbTAT MOTYT OKA3aTh OMIHGHM
glégg’;illiﬁlgiliz)]m Jenaer ONPaBRAHHBIM ClIefylollee WH-

] aNnTIHIecKoe paccMorpenne cueTemst (1),

Ilyers
0
aE 4, e B, da=c;, ues®, un, =%, (4)
fi)EFt(i=1, ...,n).
Honosmmm
Ui=Aulaa + b+ cuin1=f, a4, bieB, casC,,
hEFsue®, u, eV (i=1, ..., n).

fAcuo
» 110 U; — pemieHue cuCTEMBL (1)—-npnﬂa;memm‘

3+
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U, (i=1, ..., n). B ofmeM cirydae HaiTH TOTHO U; no-
BOXBHO TPyAHO. OAHAKO MOKHO YKA3STL MHTOPBAIIEL CO-
mepsramue U..

Teopema 1. Ilyers umETepBaEL U, oupemedagrwrcs
peRYPPEHTHEIMI COOTHOMIE UMM

U=XUn+Y: G=n,n—1,.., 1),

U1 =Y, Ue=0, (5)

e Xo=0, Yo=Uo= 1,
¢; . Fy— AY 4 . :
A= A X+ By Yi= AKX+ By (=t O

Torna U U; (i=1,...,n.
loxasaTexbcTBO. B cmry ompeperenus U: max
MOCTATOYHO IIOKa3aTh, YTO IPU ao6oM BRIGOpe @i A,
bieB, cieCi, ugE D, Un1 & Y cooTBeTCTBYOIEE peiile-
HIE CUCTEeMBI
aiti—1 T bttt cilbiy1 = fi G=1, .., n), i

s KOTODOH Ug M Unyl CYMTATOTCS 33[AHHBIMU COOTBC! -
crpenno ms marepsaio @ m W, mpuHajmerKuT U Ecau
s sammen gopmya (2), (3) omycTutsh BepXHUiT WHILKE «0),
7O TOMyYeHHbIe (QOPMYJNBI AATYT PEMICHHE cucremsr (7).
Buauame MeTONOM WHAYKIMU MOKayKeM, UTO ne X,
y.e Y, Tag kak 20 =Xo =0, Jo=w E U, =Y, mepnriil
IHar MHAYKIME BBHIONHEH. Mycrs zi-1 € Xim1, Y1 & Yi o

Torxa 1mo Teopeme 1 us TiL. I, § 1 nmeenm
c C.

i 1
€T = — = == X,‘
¢ ax; g by AX, ,+ B ‘
i
fi—a;y;_ F, —A4.Y;
yi = Ji T H =Y,
a®;_q+b; X T B

Temeph 3aMeTHM, UTO Untl S P =, 0O YCIOBHI.
n—k+1. Io-

Ilyers ui=U: pas i=n+1, n, ..,
CRONBRY Un—p = Ln—iln-pt1 T Ynopy OMATE 110 YRA3aHHOI
reopeme 1 mMeem un_kEXn_kU,;_Hl'l-Yn_h,=Un_k. Yo
u TpefoBaIOCH JOKA3ATH.

TaxaM o6pasoM, MBI NPUULIH X HHTePBAILHOMY Ba-
PHAHTY METOfjd IIPOrOHKIL. PasyMéercsi, UHTepPBAIbHA
TIPOroNKA MOKeT GHTbL pealusoBaHa JHL B TOM CIHyuae,
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xorna B (opMyrax (6) HaM He OpHAETCS AEINTb Ha HH-
repsan, coiepamuii myns. Cruenyiomas Teopema naer
[[0CTATOUHOE YCIOBUE DEATU3YEMOCTH HHTCPBAILIOMN 11po-
FOHKH H YCIOBiE YCTORTMBOCTH OTHOCHTENBHO HAYAUIBHBIX
BO3MYIEHAH,

Teopema 2. Iyers: 1) 0 By; 2) cymeersyer 6 >0
raKoe, UTo

min{]8}|, |68} =1 4] +1Ci] + 6, 14]|=]1a, b}| =
=max{|al|, [b]}.

Torna Oé—Ain_l""Bi (i=='1, .o ay n), ch [’—‘1, 1.] (]=
=0,1,..., 1.

HNoxasarexbcerno., IHomomm M = max {IB:]}
Torga m3 ycaoBuit 1), 2) caenyer, ‘ITO1:1"’A;“n<M — 8,

icil <>]l{3-— 6. 910 03HAUAET, UTO CYIECTBYIOT Tarue o; = §
oY , IIA KOTOPHIX =
N e IR0 20 Oneropa o Panenema 1l =

A &= [~(M— @1‘), M- CC,‘], cis [—(M — "{1), M— "f;‘]. (8)

Teneps mo unrayxuun mownaskeM, uro 0 E4,X,_ + B,
)_(,-C [—1, 1]. Nmeen Xo=0<[—1, 1], AIXO-E— ]15’_11=B: g
5 2 fa(ﬁmy gcxgnmﬁ[Tej?[penibl mbo By=l—M, —(M —
— Y1 , Imbo < l-—-M—

i O so. . v1 + 8, M1, IIo Teopeme 1 us
X, =—

- [m— { g {0 1,
e S D el o AR

yers 0€A4.X,1 + B, (i=1 E—-1), X;=

. ! 141 i 9 e s ey - 3 i ['—1, 1]
(j —00, 1, ..., k—1). Torma 0& A4, X,— + B,, X,:c [—1, 1]
HGHC}‘BI/ITGHLHO, no reopeMe 1 ua rm. I, § 1 u s cymy,yc—.
J(I:O}[H/IH moxassiBaeMoil  TeopemMnr umeeM A X, T B, S
}5 ~(M—o), M—aJl—1, I =[2M ~ (a,+8,)+8, M.
1anyqae agaxa «raocy umeeMm [—(M —ay), M—oc,'j[-—1
-8 (22]51‘[_ (‘ah -+ '{h) + 6,~ M) = [~M+oah+ 2M ~ Oﬁh— Yr ",'

, —oul =[M—vy,+8, 2M —a,). B cayuae amaxa
CMUEYC» mOTYHIIM

(=M~ ), M—a)[—1, 11— @M — (o, +y,) + 8, Ml =
= [—2M — o), —(M — v, + ).

Taxuy obpazoM, B oGomx caydasx 0 & 4,X,., + B,.

wlo

—
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Anajoraano JOKa3BIBaeTCA M BTOPOE YTBePIKIAEHUE!:

X — Ch e M=) M=V
PTAX, R By T M1, 18 2K —ay)

[ M=) M=, | [ M- M=y 1
T\ M=, T8, oM —o, | ] =

M — %y, 408" M ~ v, 0
< {—1,1].
Teopema 2 poxrasamna.

OrMeruM, YTQ YCHOBHE 2) B CAyYae BHIPOKIGHHEIX HH-
TEPRAJIOB COBIIAjjaeT ¢ ycioBueM 00yCIOBICHHOCTH.

2, Kenu mac He YHOBIETBOPAET IIMPHHA HHTEPBAIOR
U, T0 MOKHO IPEUIOIKHUTL CJHEAYION{He AJTOPUTMBL Cy-
smerusa U; go U.. '

1. Paspgenum =xampgeit w3 wmaTepBanmoB A;, Bi, Ci, [,
¥, © ma & mogbIHTEPBAIOB (A IPOCTOTHI MOMKHO AETH1L
Ha paBHBIe HofnHTepBaibi)., Hampumep, ecim la, b) =
=[[l, ax] U lal, ad V... U I-ah—l, b], TO @1 — & =(b—a)/k,
ap=a, a,=>b (j=0, 1, ..., k—1). Janxee Qurcupyem ;
(M<j<k—1) u sebupaem mz A=(4, ..., 4.), B=
=(By, ..., Ba), C=(C\, ..., C,), F=(F,, ..., F,) co-
OTBEeTCTBYIOIAE j-HHTEPBAXbHBE BerTopsl, a uz ¥ n @ —
Kpaeshle YCJIOBHA M COCTABIAEM Kk HHTePBAJBEBIX CHCTEM.

3
Hycrs  Ugqy, ..., Uk ecib COOTBETCTBEHHO pemIeHUs
orux cucreM. /3 ompejenenmsa omepanuii MHTePBAIBLHOI

k
k
apumermru caegyer, uro U® = U U%; ymosmersopsce
j==1

j=
sraouenuam U <= U< U, rae o6osmawemo U = (O, ...
von U), U=(Uy, ..., Us). B cuny ompepenerus U npu
k — o Gynem mmerr d (Uﬁ‘, Ui)—~>0(@=1,...,n), 17¢
d(A, BY=d(la, bl, l¢, dl) =max (la—c|, |b—dl). Rax
Ml BUguM, npd k — oo J Mosker GBITH MONYYeHO C IIPOH:-
RONBHOM TOouHOCTHIO. OfIaKO0 3[eCh OCTAETCA OTKPHITHIM
BOIIPOC O CKOPOCTH CXOJAMOCTH,

2. MomHO ONTHUMU3MPOBATL IPHUBEEHHYIO BHINE CXC-
My moxyuyenus U Tak, UTO CKOPOCTH CXOfuMocTH Oyier
KBajpaTH4Ha oTHOCUTENbHO 1/kK.

3. B paGore [36] pacemorpembl L.epammonnsie Mero-
Abl pellleHus CHCTeM WHTEPBAJBHBIX YPABHOHHHE BH/A
U=WU+B, rne W= (W) -— unrepBajbHag MaTpuili
(Wi = [w}, wk]), B — ussecrmsii Bewrop, U — mens-
BCCTHBIA MHTEPBAIBHBIL BerTop. B wacrHOCTH, [uIa uTe-

[uy
iy

ammormot cxemsr uga U™' = WU + B meobxommuem
[ TOCTATOUHBIM YCHOBHEM CXOMUMOCTH MPH nobom BBLGO-
pe HAUATLHOIO  BEKTOpA U® gaBioserca HepPaBeHCTBO
p(JWh=p ([Vmax( w%jL \ w?j] )<< 1, B xoropoy cun-
posl 0 O3HAYAET CHEKTPAIBHBIL PANUYC MATPUIBL, 3ARII0-
yennoit B crobku. Ecmn sexrop U° ramos, uro U° =2 U%
*=WU*+B, ro U*<U* mpu mobom k. B obwenm
cryuae yKazaHue IOA00HOrO BEKTOPA U aBusercst mpo-
GreMaTIUEBIM, HO HeOOXOMUMBIM, NOCKOJBKY HTepupoBa-
yie B HHTePBAIBHON apu)MeTHKe OKPYIVEHIH ITpPeNnoia-
raetr WMEHHO Taroe WIpHOIIKedne H3BHe K HCKOMOMY
pemieHHIO. 37ech ke, KOrAa Marpuna W rpexpuaronainua,
s rauecrse U° mocrarowmo Baare U, moaydeHmnoe muTep-
paJbHOIl IPOTOHKOM, & MTEPAIMIl BECTH HO CXeMe Uttt =
—WU*+B, tne W = (E—WiW), B=Wg'B, Wg—
[POUBBOILHAA BeleCTBeHHAA MaTpUNa, HPHHAJIIeRaIasn
W. B sroM caywae OymeT CcHpaBefiuBO BRJIIOUEHle
(W7'f|Wre W, fe FlC U* u, ouesuauo, uro U* =T,
Ha mpanturke B Kauecrse Wyr MoHO 6paTh Marpuiy, co-
CTABICHHYIO W3 CPefHMX Touek mirepsainos Wi 3amerum,
4TO0 AlAJTOTHUHO MOKHO CPOPMYIUPOBATL METOJ HHTeP-
BAJILHOW MAaTPUYHOH IIPOTOHKM.

3. llyern temepn cuereMa TPEXYNBHHBIX YPaBHEHHIL
peniaeTcs NpH YCJIOBHAX

[i] 0 0 0 ] 0 0 [ 0 0
Aiyn == Ai, bi+n = bj, Citn = Ci, fi+n == fiv Uipn == u‘i'}
)
Ecan xoaphunmentsl ypaBueHuil 3aJaHbl TOYHO I HET lie-
0GXOMITMOCTIT YUNTHIBATE OIIMOKN ORPYIVICHHIL, TO 3afava
(1), (9) pewraercs MeTofoOM UMKIIMIecKoit mporonkm [37].
B cayuae, worga aro me rtax u ROIPOUIHENTH 3ajaHLl B
dopMe HHTEPBAIOB, BO3HIKAET HEOOXOMUMOCTH B OHpejle-
TeHHH MHOMSeCTB
U, =Aulawi, +bu, + ClWipy = [i; Aippn =0 E A= Ai+n;
Z)i+n == bi = Bi =Bi+n; Gi+n = Ci & Ci = Ci+n;

fi+n=fiEFi=Fi+n}. (1

Teopema 3. Ilyers uurepsansr U; onpepemnaorcs

COOTHOUIeHU AMU
C; Py — A4
Xon=—gx 5 "W TInTE
(t1)
7 473 }=2,3
W= g g =5
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Q,-=X,»+1Qi+1+Zi+1 (l=n—2, ooy 1),
Pi=Xi+1Pi+l+ Yi+1,
Pn—l = Yn;.,.On—l =Xn+Zn;

— Yn+1+xn+lp1
t K = g (13)
U1=Pi+UnQi (i=1,...,n—-1).

(12)

U

Torma UisU; (i=1,..., n).

3ameruM, uro coormomenns (11)—(13) B cayuae nbr-
POIKIEHEBIX WHIEPBAJOB JaloT QOPMYILI UURIHMECKOl
nporouru [37] mms pemenms cucremsl ypasHeHmit (1)
upn yemopuax (9). JlorasareaberBo 5TOH TEOPEMBI HMPOBO-
IHTCA AaHAJOTHYHO JIOKAa3arelbeTBy TeopeMsl 1, Tpexwpar-

HBIM IlIpIMeHeHnueM MeToLa MaTeMaTHIeCKOR HHIAYROUIL 1T

reopemsr 1 us o, I, § 1.

OrmernM, uro u3 coormomenuit (10)—(13) Beitenacr
U,' = Ui.;.n.

Cirenyomas TeopeMa f@eT MOCTATOUHBIE YCIOBUA pei-
JIH3YeMOCTH U YCTOHUYMBOCTH MHTEPBAILHOIO BapHaHTA
HUKIMYEeCKOl OPOTOHKY, ompejeirseMoro  QopMyramMu
(11)—(13).

Teopema 4. Ilyers: 1) 0 € B;, 2) 4,, C;=0, 3) 46>
>0 raxoe, uro min{|b} I, lbf I]?(” A+ Ci + ) _
(i=1,...,n). Torna 024X,+B; (i=2,3,...,n),08&
10— Xos1QZnsr, X [—1, 1] (E=2, ..., n).

JlokazaTeIXIbcTBO. YCTONYMBOCTE MHTEPBANBIOTO
BapHAHTa NHKINYECKOIl IPOTOHKH, a MMEHHO yeaobie
X, [—1, 1] poxasmiBacTes Tak jKe, KAk M B TeopeMe 2.
C yueToM TOM 7Ke TeOopeMHl A JOKA3ATeJhCTBA PeaIusye-
MOCTH MeTofia NOCTATOYHO IoKa3ath, ato 0 € 1 — X101 —
— Ling.
BocronssoBaBiucs TeM, uTO [ WETePBAILHBIX UHCEI
A u B cnpaseymper Hepasenctsa A+ Bl < A+ 141,
IABI < IAN . IiBl, nowamem, wro X I+ 1Z,, 0 <1
(i=1, ..., n).

Ilpun i =1 nmeem

Xl 4120 =| - -3 <%<1

Bemi=2,3,...,n 10

C; 4.Z;
Xl 1=~ axreg | |- o<
1C]+ 1 4a]-] 2| <
Smin {[ o} |, [83]) — 44| X4

[Cal 4] (1 — | Xa]) “1
[4:|+]Ce+ =4[ X:] ~
Temeph 13 COOTHOIEHWE mqifA Q; MOKHO IIONYYUTH, dITO
gl <1 (i=n-—1, ..., 1). Orciona

1Xn s 101+ Zogtll S IXp il -1QU +1Z, 11 <
<Xl + 1 Za V< 1.

<

Oyers Xnp1Q1+ Zay1 =18, 7], Tar rar 1] <1 u [tl <1,
0 1—1B, ©l=[1—17, 1—pl150. Teopema moxasaxa.

4. llpumMeHeHMe MHTEPBANBHBIX METOMOB JUIA DeIIeHUs
cHCTeM JUHEHHBLIX anarebpanvecKkuX ypaBHOHUH HABIAETCA
onumoit 13 HaumGonree paspaGoTaHHBIX obaacreil WHTepPBAIL-
HOli MaTeMATHKH. 3/lech MOKHO OTMETHThH Bce 0olee BbI-
ABIANINYIOCA 3(QEeKTHBHOCTE MHTEPBANBHEIX AJTOPHTMOB
mpu 4HCIeHHOH peanusanuu Ha IBM, gomyckawomux gop-
MYJUPOBKY HOBBIX NOHATHH UNCIEHHOrO aHAJAM3a, HATDPH-
Mep umcieHHOH cxommmoctu Meroga [38, 39]. Ha sssike
HHTEPBAALHOIO HCYUCHEHWS JETKO NepeHocATCHS MHOTHE
KjlaccuvyecKue MeTORHl BBIYHCINTENbHON MaTeMaTURH, HO
TaNeKo He CTOJb JIeTKO OTCIONA CIeAYIOT HX CXORNMOCTH
n mpocrora peanmsanuu. llostomy ecrecTBeHHA €BA3L WH-
TePBATILHBIX METONOB CO MHOKECTBOM MAINXHHO-IPENICTa-
BUMBIX 4HCE], KOTOPOH MBI GysieM, 0 BO3MOMKHOCTH, IIpIl-
Aep:KUBATHECA B HaJbHEHIIEM.

IIyers ! — pauma MamwaHOM SYEUKM, OTBONUMON mMOJ
3amuch MaHTHCCHI uyHcaa. Bynem ofosmauars uepes M, —
MHOKeCTBO MaIIMHHO-IIPEJCTABUMBIX uucen Z = mb', rne

1
m= 2 a;b™* Ha mumomecrse Mammmmeix wncen sBejew
k=1
MamuHHLe aprdMeTHUECKYEe ODEpanun
oeQ={+ — % /}
~ Ml X Mz - ]‘/[1,
[N ~ o~ o
(@, B) > qof = M),

57



A A~ A
npmuem aop = (awp)(1+ e, lel < kb~', rae k me sanu.
cur or L. Ilocje 2Toro oupeses UM HWHTEPBAJIBL MAIMIliinix
acen Lol = Lan(D), ae(D)], Tre oull), o) €My, n M, -
MHOJKECTBO BCEX TAKUX WHTEPBAJIOB, A Tarie MalllHliiie
{HTEePBAJBHLIE OIIePATVII

~ {I (M)yxI(M))—1(M),
@i~y 1w ~ T [ _
(], [B]) ~[al (o] [B] = 1 (1),
[“] [‘”] [N = [min'(almvf’lv 0By A0y, Aoyl
max (almz&gn o, ®aPys %a0aPy, 0‘2"’Aﬁ2>]-
3nech (T)V, ‘oat My X M, ~> M,
aoyf < oo,
aonp = aop.

5. OmumeM HHTEPBAIHHBII BAPUAHT METON@ HCRIIC:ie-
uug [aycca pemieHusa CUCTEMBI NUHEHHBIX = ypaBHEe il
Az =10, tpe A= (Gw)axa, b= (by)1xn. Hyers sajambt uit-
TepBaJIbl, COfePKaIme KodQPuImenTsl HCXOFHOI CHCTC M
an < lan), boelbd (=1, ..., n). Ompenenum crexyi-
Uit aICOPUTM TIPUBE/IGHHSA WHTEPBATBHON MATPUID! 1]
K JBYM HHTeDBAJBHBIM TPEyrONbHBIM MATPHIAM [L] u [!{]):

] 4 bL /
[a40] = ta), L™ =[a]—[at}] 1gun), lgul=lan)/ [/
G=14, ..., n—1; E=j+1, .., 1 i=k, ..., n). lipu
DTOM IIONATraeM Oé[a%)] Vj. Torga moxyIum Marpuilbl

(L], R}

o] = {b&?] ps i =k,
! 0 nag i<k,

[gik] st l<k’
rsl=11 nman i=k,

0 gmasa i>k.
Pemiasg HHTEPBAILHBIE CHCTEMBL
[L1[y]l =[b],
[R1{z] = [y],

[ONYYEM HHTEPBANbHBIA BEKTOD [2], comep:ramuit TOUHO?
PeIIeHNe T MCXONHON CHCTEMBL.

AmgajiornaEO MeTony laycca piad CHCTeMEI anmeitHeN
ypaBHeHUi ¢ BEeHeCTBEHHAIMU KoagdunuenTaME IPOU
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pofuTecsl BHOOD TIABHOrO dIEMEHTA. VIm nmassiBaeTcs uH-
TepBal (], ansa xoTOpOTO BENUUHHA

M(a) = {7" (le})/inf ({21 ]), O& [al,

00, 0= [al
ppUAEMAET MEHEMAJIHLHOe 3HAUenme [40]. IIpu aroM MbI
HOMpABYMeBaeM, UTo BCIOIY HCIONB3YIOTCH MAIINHHEBS M-
TepBAIbHBIE OTEepAIUIL.

IIycTh BHIUACIAETCA UHTEPBANLHAA dyarmus F(X).
HasoBeM ee 9YHCICHHO CXONAIIEHCH {38], ecmm BHINOTHA-
eTCsl COOTHOLIEHHE:

deN:z()=2z, 1=
limz(l) ==

[0

=3

-~

dl,e= N: F (X)) =2F(X)
= Uim FX@)=FX)

Vcmonbsysi CBOHCTBA WICIEHHOH CXOZIMOCTH paIo-
HANBHBIX WHTEPBAJBHEIX BHIpaenmii, Wongwises [28]
poxasax;, uro lim [Z(1)] =z mpn yemosum lim [A]1=A4,

l-»00

{00

lim [5] =0, TIlockouBKY WONYYEHHBI WHTEPBAILHBIIL
=00

sextop [£(1)] sBiasercst MOBONBHO HETOYHRIM HHTEPBANb-
HEIM peIIeHWeM, BO3MOKHO IPOBOJIATH HTEPALMOHHEL PO~
Hece MOBBIIeHAS 6r0 TOYHOCTH.

R ~p .

Il}(”?TL [I'GS‘(; )] B b'&[_] a‘ih[X]xg ) (L = 17 R n)s
e 23V = [#®]  ompepenserca ms ycmosus min M ([z]).
Torja pemraeM cuCTeMy YPaBHEHHH OTHOCHTEILHO BEKTO-
pa [d™]:

[LIIRIA®] = [res®],
A HafijjeM MHETePBAIBLHEIR BEKTOD
[£3+D] = {{z®][+1 [P N [2™] (k=0, 1, ...).

WUrepauuu mpoBOAATCA BINIOTH O BBINOJHEHUS YCIOBHA
MIz®+0]) = A([z™]).
Ilpu  sweIIONHEENH

—R--1Al<, a
[~ 00

lim [z9] =2 wMommo mnokasark, uro lim FP =z =

=00 {00

€CTEeCTBEeHHOTO
TaKKe YCIORUHA

yenosuss N —
lim %(0) =2,
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lim [x™] =z. 3pecs memompsoBampr oGosmavemma L~

1500
R-!, noxassiBaiomue, uro ofparmeie Marpumsi L~!, R-1
BBIYHCAAIOTCA B UHTEPBATLHOR apuMeTHKe OKPYITeHMir,

Fnasa Il

MHTEPBAJIbHBIE METO[ibI
PELUEHUSA QUMGEPEHLMANBHBIX YPABHEHMWM

Wnrepec K mCITONB30BAHAI0 WHTEPBAIBLHBIX METONOD
npu pemeHnu AuPepeRNHAILHEIX YPABHEHMH 00BACHS-
eTCA TeM, UT0 B DaMKaX WHTEPBAILHOT0 AHANH3A WCXO[-
HEe JaHHBIe NufdepennuaibHOl 3aMa9M MOIyT GHITEL 3a-
MaHEL B POpPMe MHTEPBAIIOB, I NONYIeHHHE DPOINCHHS Y4qu-
THIBAIOT He TONbKO OMMOKA B HMCXOZHEIX MAHHBIX, HO It
omubRA anIPOKCUMANUuM W OKpyriemmit. Hisxe IpHEBefien
PsAll UETEPBANBHEIX METOMIOB pelleHHs 3afawm Homm mia
O0BIKHOBEHHOTO RuhdepennuaIbaoro YDaBHEHHUA, & TaKKe
HPHMEPEL MCTIONB30BAHNA WHTEPBAIHHEIX METOMIOB IIPH De-
meruy AuepeHNNANLEEX YPABHEHEAH ¢ YACTHBIME mpo-
U3BONHBIMI. Teopus WHTEPBANBHEIX MeTONOB peIIeHU:

nugdepernuanbHEX ypaBHeHTH B HACTOAIIE® BpeMs elre
JIaJIeKa OT 3aBepIIeHUA.

§ 1. MHTEPBAJIbHbIH METOJl BTOPOTO NOPAAKA
ANS PELWEHMUA OBbIKHOBEHHbBIX
AUODEPEHLIMANBHBIX YPABHEHMM

Paccmorpum sagavy Komn
dy/dz=f(y), y=ylz), z<=R, €))
y(O) = Yo. )]

Hpennonosum, uro $ynrmua f(y) onpenemena m ume-
T 1Be IePBHIG OrPAaHUYEHHEIC. NPOMBBOJHEIC HA WHTEDPBA-
ae A =/[a, bl.

Paccmarpusaemsii musxe MeTop pemerus sajmaum 1),
(2) momyckaer meroumo sajaEEEIe HaYANLHEIE TAaHHEe,
4 HMEHHO NDEANONIOKUM, 4T0 CYIIeCTByeT WHTEPBATL Yo
TaKOH, UTO OH JeHT cTporo B A m yo < Yo, Kpome Toro,

60

[PeIIONOMKAM, 4TO PYHKIHS fly) umeer MHTEPBANBHOE
pacmmupenne F (Y), ob6napammiee CICAYOIMUME CBOHCT-
BaMf). $yuxnus F(Y) onpememena u HempepsiBHA IIpu
seex Y < 4;

2) gynunust F(Y) momoTomua io BIJIOTCHAIO, T. C.
a3 Toro, uto Y1 & Yy, cmepyer F(Yy) = F(Y5); —

3) cymecrayer umcao I>0 rakoe, uro @ o =
<lo(Y) pus Bcex Y <A, a Taime cyIIecTsyer gf Y)—
purepsaibuoe pacmpenne gymxmumn f(ff” + (f) : KOTO-
poe ompejereno mpn ¥ & A 7 MOHOTOHHO 110 BRIIOUCHHIO.

Tocronbky Yy dessut B A, JUIA HEKOTOPOIO KOHEUHO-
0 ho > 0 maitperca wucxo & >0 raxoe, 4ro

Y, + & (F (4) — kW (4)/12) < A.

HnrepBambHoe pemenue moctpomyM Ha otpeske [0, E]/;
JUISL 9TOTO pazofbeM ero Ha m dacTeil TOUKaMH ;= I

i=0,1, ..., m), h==E8/m<ho. Vmeer MecTo _
i Teopema 1. Ecmmx wmmrepsarn Y(z)=Y; (i=0,
1, ..., m) onpefensaoTca QOPMyIaMI
Yo = Y(xo) = Y(O), (3)

Yipr = Y+ (R/2{F(Y) + F(Y;+ hF(Y;+ [0, Rl X
(4)
X FAY — (B3/12) ¥ (Y. -+ 10, k) X F(A))
(i=0, 1, ..., m),

to maa aoboro pemenma y(z) ypasBHeHuS ), T&K(O.I‘—(f
N i) y(O)EYo; CIIpaBeINBEL BRIIOUEHUS ylzy ey, (i=

=1, ..., m) 1 UMeeT MeCTO CIeJylIIas OIeHKAa JIA Ii-
PUHBL WETEPBANOB Vi
oY) < Nh?+ Mo(Y,), (5)

rme N u M — BemecTBeHHEIE IIOCTOSHHEIS, He 3aBUCAIMMAE

oriuh. )
JokazaTedbcTBO. DBocmoib3yeMcs MeTOOM WH

= = . Hyers ylx) =
k., Vimeem y(zo) = yo = Yo=Y (x0) ] 5
J';yYI(lxj) npu j=1, ..., k Torpa Y (zer1) € Yzpy ). Heit-
crBuTenbHO, M y(Zy11) COPaBEIUBO Mpe/CTABICHNE

h
Y (@hes) = ¥ @0 - B) =y (@) + ¥ @+ de. (O)

61



Wnrerpan » mpasoit wacrm (6) mpexcrasmm mo dopmy e
Tpamenui B BUE
R

@t 0de=L-h @) — v @+ 1) —

0
— ¥ (m FOR) B2, 00T, (T)
Berpassast y” u y” wepes ¢ymrnumio f u ee mpoumssonnwe,
B cury ypasHenns (1) ¢ yuerom (7) smecro (6) momyumy
Y (@r41) =¥ (@) + R {f (y (@) + 7 (g (2n + R)}Y2 —
— B+ P12 |y rony.  (8)

C ppyroit ¢ropount,

Yl + k) = ylz,) + bf(y(x)) + ahf(ylz, + ph)),
0<a,p<li. (9)
ylay + 0h) = y(z) + 0hf(y(x, +yR)), 0y <{.

Ilonssysce coormomenusmn (8), (9) m cmoficTBoM Molio-
roarocty ¢ysrrnuit F(Y) u W(Y) B cmay mpemmomonie-
uust naEpysnnn umeeM ¥(z..1) € Yz, 1),

JlorameMm remepn onenry (5). Iomasayach oueBHIHBIMIT
csoiicrBamu Pynrmun  o: @ld = B) = old) + o)
o(4) < 2141, w tpersmyM croiicrBom $ymrumm F, moxyuum

(Y1) < oY) + h{lo(Y) + h2e(Y,) +
+ 3RAAF(ANY/2 + BPo(W(4))/12.

(10)

YuursiBas, uaro hl/2 < hol/2 =§ uepasencrso (10) saunm-
HIeM B-BULE

oY) <1+ U+ 8)rDalY,) + chs, 1
rae ¢=3PIF(AN/2+ 0(¥(4))/12. N3 (11) nerko BHBO-

AUTCH COOTHOIICHUE

oY) <U+ U+ 8)r)ia(Y,) +
A+ 4+ U+ 8)rDI/(1+ 8)1 < k2 (12)
Bemmynna (1+ {1+ 8)kl)* onmemmsaerca cmepxy: (1+
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+ A+ (1 4+ (14 8)A™ < exp((1+ 6)IE). Cremona-
rexpHO, BMecTo (12) MOKHO BammcaTh

o(Y:) <exp ((1+6)iE)o(Y,) +
+ clexp (14 8)1g) — 1)n?/ (1 + 8)L.

Orciona, sBopa oGosmavemma N = c(exp ((1+ 8)I8) — 1)/
/(1 +8), M=exp ((1+8)IE), noayuum (5). Teopema po-
Kasama.

B cayuae cucreMbl ypaBHeHRIA

dy/dz = f(y), (13)

KOTODAA JIOJKHA YJIOBJIETBOPSATH HAYATBHEIM YCJOBHAM
70 =y S Yo="Yd{0) (=1, .., n), (4
rie y=4, y={n, ..., Ua), A=14,, ..., As), uMeeM

v = 3 3 [y + (100 (105 5

Femn F(Y)=F(Y,, ..., Y., ¥.(Y)=w(,, .., Y.
ecTh IHTEePBAJbHEIC PACIIHPEHHsI COOTBETCTBEHHO (YHK-
nuit fi Vi, onpenedennsle Ha A X Ay X... XA, TO
MOMKHO IIOCTPOMTH HEHTepBanbHoe pemenue sagaum (13),
(14) o opmynam, amamormuusM (3), (4):

Y,-o= Y.(O)
Y.-(.Z‘;H.l) = Ya,“ = Yih+ (h/2){F¢(Y1n, ey Y,.h) +
+ FAY 1+ hF(Yy, + [0, BIF((4), ..., Y.t 10, RIF.(4)),
Yoo+ hFo(Y 1+ [0, RIF(4), ..., Yuu [0, RIF.(4)), ...
very Yot RE (Y, + [0, RIF((A), ..., You t
+10, h1F,(A)))} — (B3/12) ¥, (Y, + [0, RIF5(A), ...
oy, Yo+ 10, BIF.(A4)).

Jast Y(z) = (Yi(zy), ..., Yalz:)) ocraercs cmpasepiupoit
olleHKAa, amHajJoruumasg (D), mpHueM caefyeT IOJOKUTH
o(Y)=max o(Y,), E =min(gy, ..., E), Te &: TaroBHL, 4T0O

):3
Yio + & (Fi(4) + (r3/12) ¥i(4)) = A
OrMeTuM,- YT0 TPUBENEHHBI MeTOL NyTeM BBEJeHUA

HOBBIX TNEPEeMEHHBIX MOKeT OBITh DPACIpPOCTPAHEH M HA
ypaBHeRusA p-To mopanxa [p>1):

dry/dx® = f(z, y, dy/dz, ..., d*~V/dz?~).
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§ 2. MHTEPBAJIbHLIE METOAb! S-rO NMOPAAKA THUNA
PYHIE — KYTTA

Paccmorpum 3agavy Homm:
dy/dz = f(z, y), 1)
y(0) =yo= Y. (2)

Opemmonosuy, wro ¢yuxuus f(z, y) onpepereHa i
scex (z, YA XA, tne A.={zl0<z<c, A=
={yla<y<bdl

Kparko manoMHuM c1oco6 MOJy4YeHUs pEIIeHHsA MeTO-
nom Pymre — Kyrra [41], rak kax paj mapaMerpos, om-
pefensieMbix  OPMYNAMH 3TOr0 MeTOja, WUCHONB3YeTCs
Py IIOCTPOGHWM COOTBETCTBYIONIMX HMHTePBANbHBIX (hop-
sy, Jlaa naxosmpaenus y(z -+ h), ecau ussecrno y(z), no-
jgaraeMm

q
y(@+h)~zh) =y +i§1 piki(h),

rae ki(h) =hf(z, y),
kg(h) == hf(l‘ + OLQh, Yy + lekl(h)),

Ey(B) = hf(z+ agh, y+ Baki(R)+ ...+ Ba-ikpm(R)),

a BEJIMUIEL Cg, ..., Og P1, .-+ Po Bu (0<j<i<gq)
3aBUCAT OoT BuOOpa S$-r0 NOPAAKA TOrpeItHoCTH, ¢ ¥ ca-
Moit Qynriun f.

Huske MbLBCIOAY nomaraeM, 4o gas @lk) = y(z -+ h) —
—z(h) Qyurmus f rapaETHpyer CHpaBeAAHBOCIL ITpef-
CTaBIEHUA

@(h) = Pz, Pho+t + 0 *2) = (@U+D (0)R+1)/(s + 1)1 -+
+ (@t +2 (0R)R*+2)/(s + 2)!

1 OTEHKN

lpt+2(Bh)/ (s + 21 < M <o

wpn Beex 0 <h<hg u (z, y) €A: XAy, rie ho — HEKOTO-
poe PUKCHPOBAHHOE YUCIO.

Ilyers gyurmua f(z, y) mMeeT MHTePBAJbLHOE pPacCIUK-
penne F(X, Y), obnajaiomee clegyoOIMUMH CBOHCTBAMIH:
1) F(X, Y) ompepeneno u HempepsiBHO st Beex X <A,
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YcA,; 2) F(X, Y) monoronHO T0 BKIIOUEHHIO, T. €. H3
X, =X, Y1 =Y cuenyer, uro F(Xy, Y1) =F(X, Y); 3) cy-
mectsyer mocrosHHan L >0 rtakas, uro olFf(X, Y=<
<LloX)+ oY) mix Beex X<A, YA, rre
olla, b]) = b—a. Iycrs, xpome Toro, Y(z, y) mMeer uH-
repeanctoe pacmmpennme ‘P(X, V), onpenenerHoe s
peex X< Ay, YA, H MOHOTOHHO® Ho BrioueHMi0. OGo-
3HAYHM

ki(h) =hF(X, Y),

ko(h) = hF(X + agh, ¥ + B2k (R)), 3)

k(h) = hF(X + ah, Y+ Baki(h) +... Bag~1kg—1(R)),
Mho = 0.
Bynem cumrars umeaa E2 >0, ..., § > 0 rakmMu, 9TO
Yo+ Ezple(Ax, Ay) < Ay,
Yo+ §3([531F(Ax, A+ ﬁst(Agg, AN = A,

(4)

Yot 8Bl Ay A) + ..t Beg1F (A, AY)) = Ay,

a £y — BLIOPAHHEIM M3 YCIOBHA

Yo + & (P1F (Ax; Ay) + PoF (Ax, A+ ... PoF (Ax, Ay))+
+ (¥ (A, A)) +[— o, al) o= Ay, (9)

npuuenm uHTepBaN Yo Memur crporo B Ay u Yo < Yo. Ifo-
JOEKUM

E* = min (EO; §27 [T gq) (6)

u moerpounm pemenue sapau (1), (2) ma orpesxe [0, E¥],
KOTOpBI paszobbeM Ha wacTu TOUKaMmu ;= jh, h=Et*/m
(j=0, 1, ..., m) u subepem uatepsaast X; <= [0, §*] ra-
Kue, uto z € X;.

Hanee monomuM

Ym(xo) = Ym(O) = Yo,
q ,
Yo (@4) = Y (23) + 2 pikh(0) + (¥ (X5, Ym (27)) +
+ =, al) B (T)
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Bpecs senmummst ki(h) Beramcamiores mo dopmyram (3),
B xoropeix Bmecto X um Y OGepyrea X; m Y.(z;) coor-
BETCTBEHHO.

Veaosusa (4), (B) rapaHTHpyIOT, YTO B HPOIECCE Bhi-
upegenuii no gopmynam (7) He mOABATCA HHTEPBANL:,
seixoaIe 3a obnacth ompeferenws QyHwiuin £ oa ",
I{pome TOro, HETPYAHO mOKa3ath, uto ecam y(x) — peunic-
une ypasmemuns (1) ¢ mazamsupiM yeaosuem y(0) € Yy, 10
ylz) =€ Volay) mam seex j=1, ..., m. 310 MOmKHO cjie-
JaThL ¢ IIOMOIIBI0 METOJl@ MATEMATHUECKOH HHIYKIUHH.

Crepyloniass TeopeMa XapakTepusyer MOPAIOK TOUHO
ety pacuerusix gopmya. (7).

Teopema. Ecau Y.lz) (=0, 1, ..., m) Bouue
amorea no gopmynam (7), T0 cmpaBefEBa OIEHKA

ey

rae P, Q, R — HeKoTOpHe IMOCTOAHHELE.
HoxaszarenxncrBo. B cuny cpemammBIX mpegmomc
JKeHUH nMeeM

q .
0 (Vo (2341)) = 0 (Vi (7)) + 0 ( 3 pikl () +

I (8 (X5, Vo (1) + [ 0] ) 0 (Vo (23) +

g ) ’
+ 2 pilo (B (1) + 2 (0 (F (s, Ay) + 20). (9)
i=1
Bocmonpsosasmucnh cpoiicrBom 3) fyurmum F, momyumsi
oK) <AL (0(X;) + 0 (Ym @)+ cihl +- . ..
eo. T+ Cij—1 (hL)i_l). (10)

Hoopdunmentsr ¢.» (r=1, ..., i—1), uncnoxsayembie s
(10), MOHO BBHIPASHTDL C HOMOUIBI0 PEKYPPEHTHBIX COOT-
HONIEHHI, BRITEKAIOUHX N3 HEPABEHCTB:

i-1

o (ki (1) < IL [w (X) 4 o (V) + g |Ber | 0 (&, (h»} <
< hL o (X) + o ()] {1 + hnglmi,m +oephl 4 ...
v e (hL)"~1]}‘
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Mpm sroM, no ompepenenuio, noxaraeM ¢y = 0. Temeps,
penmoabsya (10), nepermmmenm (9) rax:

0 (Y (254) < 0 (VY (2) +
1L 3 13 (0 (X)) + 0 (Vm () (4 -+ culhL + ..
o it (D) B 0 (8 (8, Ay) + 201 =
= 0 (Y (2) [1 —]—thql[pil(i +euhL + ...

. a .
oo i (Lh)"l] +hLo (X)) 3 | pil 4 cub ...

cov oy RLY T B [0 (W (A, AY)) + 200 <
< o (Y (7;)) (1 + YohL) + yohLo (X;) 4
+ B [0 (¥ (A, Ay)) + 2], (1)
e
q .
Yo = 2:,1] pil [t + culoL 4 ... - cimy (R
s (11) caemyer, uro
® (Vi () < 0 (Vi (2)) (1 + 9ok LY
+ {yth max o (X)) +[o (¥ (A AY)) + 2] k5+1}><

=1,....m~1

S+ (@ pohL) £ .o (L ph LY 7 < w0 (Vo) e¥oH8

X (e"‘)LE* — ’1) ]’LQ/YOL.
Bseaa ofosmaverus
L
P = 1[0 (¥ (Ax, Ay)) + 2a] ("5 — 1) /y,L,
Q = exp ’Y‘OL‘E*, R= Q - 17
yOeskaeMest B cnpasemiuBocra (8).
Sameuanue 1. Bo Bcex paccy)KUeHMHX MBI IO~
raxu h = const. Ho, Kax Jierko Buperb, BCE PpE3yIbTaThi
0CTAIOTCH CHPABEIUBRIMA ¥ B CIydae HEINOCTOAHHBRIX

hi= 2,1 — z:. HepasemctBo (8) Gymer BHIIONHEHO, eciu
B HeM h 3aMeHHTb Ha h* =maxh; (j=1, ..., m—1).
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SamMeuannme 2. YKaszaHHHN METOJ TMOCTPOSHHS WH-
TePBAJIBHOTO PEMICHUA CHOPABEIINB TAKKe IS CHCTEM
ypasmenuit Bmaa (1) ¢ COOTBETCTBYIOHMINME HAYAIbLHBEIMH
yCIoBMAMH,

§ 3. MHTEPBANBHLIE METOAIbI THUNA ALAMCA

PaccmorpuM mATepBaNBHENI amamor meroma Amamca.
Bynem wcrats pemenme samasm (1), (2) uz § 2 B yanax
z; orpesxa [0, El, npuvem zi=ih (i=0, 1, ..., m), h=
= &/m. Wcnoms3ys MHTEPTIONANIOEEYIO dopmyny H;:IOTO-
Ha A HHTEPIOINPOBAHMS HA33[ M NPEANONAras ROCTA-
TOYHYIO TIANKOCTE OYHKIMU f, MOMKEM BANMCATE

Y (@id-ht) = fi 4 fiygt 4 ... + e EE+1) ...
v T4 n—2))/(n— DI Lyt @) t@E+1)...
- c (B (r—1)E R, (1)
Y (t) = [xi—n—el, xiL L= (l‘— xi)/h’ .fi = f($ia Yy (xi))’
firve = fir—Tiy fi= fisi — ficdn.

Unrerpupys (1) B mpemenax or z; 1o z.,1, mMeem

1 1
Y(Zig1) ~y () =h (fi j1'dt + fisine 5 et ...
0 0

1
-t f?—‘(fz-n/zg{(t(t +1) ... @+ n—2))/(n — 1)} dt+

1
L (A Lo (tF(n—1)) yn
+ [y (o) L=t dt).

B cuny ypasmemma (1) y*9(z) mommo BBIPA3HUTH
uepes f n ee mpomsBojHEIe mOpsAKA He BEmme 7. OG03ma-
TIM 9T0 BEIpayKeHHe wepes Y(x, y) m mpepmonoEEM, TTO
OHO HE MeHaeT 3HaKa B obracrm onpegmeremma. Toraa mo
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TeopeMe O cpejHem clipaBe/ITHBLL PaBeHCTBA

[y (@) £+ 1) .. ¢+ n— D) R"/nldt =
1
= (/nt) g ) S 41) L G n— 1) dE =

= (/) ey ) § e +1) . n— 1)t
0

rae N € [@ieny1, 2l

Iycrs ¢pymrmur f(z, y) u P(z, y) uMeOT WATEPBAIB-
usie pacmmperma F(X, Y) m W(X, Y) coorseTcTBeRHO
1 OTHOCHTENHHO OTHX (PYHKHuiI CHPaBeJIMBEHL BCE YiKe
¢IleTTAHHBIe TIPeIONOMKeHNs IpefblLyliero maparpada.

Temeph MOMHO TPEIIOATH CICAYIOMINA IyTh KOH-
CTPYHpOBAHWA WHTEpBambHOro pemenus samaum (1), (2):

1) ojEEM U3 W3BECTHHIX WHTEDPBAIBHBIX Meronos (ma-
J[puMep, MeTOJoM S-TO TODAIKA) HAXONUM NHTEPBAILI

1y e Ya_y maxme, uro ylm) €Y, (=1, .., n—1),

cuntag y(0) e Yo

2) monaraeM

Vi =Y (@ip2) = Yi + o [Fi+ Fiogpe, +
e P inet] F (X [— (n— DR, 01, Vi
+—(r—=1Dh, 01 F (Ax, Ay)) cnh"“, (2)

1
rre cp = (/) § 1@t +1) . @+ B — 1) dt, 8 Flnopn
[1]

OlpefleIAIOTCA KAK M B BELIECTBOHHOM Clydae.

B cmay cleJaHHEIX TPENONOKEHMA JIerKO IIOKa3aTh,
aro upu seex i=0, 1, ..., m HEMEOT MeCTO BKIWYOHAO
y(z;) €Y, a Taxme CUPaBeINBOCTL OMEHKA

o)A max o(Yp)+B max o (X;3) - ch™,
h==0,..37t=1 J==1,0.0,M==1
(3)

rze xocTauts A, B, C He sasucAT 0T h.

O6eyauM Bompoc o0 OTpe3ke WHTETPHPOBAHES [o, gl
Boobuie roBops, MO;KHO OpLIo OBl mOCTYmaTh TaR e, Kak
g B § 2. OpEaxo HmMeeT CMEICH MEHCTBOBATL ¥HAYE,
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4 UMEHHO IIOCJE BBIYHCICHHA 0YePeJHOr0 WHTepBana Y,
IIpOBepAThL  BHIIOJHEHWe BHIKYeHHT Y;=A, V;+
+[—(n—1h, OIF(A,, A))<A,. Ecam npu =xaroM-to i
x0T OB OfHO M3 HHUX He BBIIOJHEHO, TO CYeT HA DHTOM,
©CTeCTBEHHO, IIpeKpaitaerca. PasyMeercs, cueT MoKer
OBITh OKOHYEH W paHbIIe, eCJI MHOCTHULHYTO IKeIaeMoe
suavenuwe mia E. Tawoii cmocoG seifopa orpeska mHTer-
PUPOBAHHMA NPUMEENM M B CIyIae METOAA $-TO MOPALKA
uz § 2.

B ravectBe mpumepa paceMOTpEM MeTOTH 3-T0 ¥ 4-10
IOPAJKOB, KOTAA f He 3aBHCHT ABHO OT Zz, T. e. f=f(y).
Meroy 3-ro mopska sanucHBaeTCSA B BUIe

Yip=Y:+ (W/12)[23F(Y,) — 18F (Y _y) + 5F(Y,,)] +
+ (3/8) W (Y:+ [— 2h, O1F(A,))A4,

rie W(Y) — nurepsanpmnoe pacmupenme Bymk (y) =
Ay aep ey dymxmur Py
Hna meroga 4-ro mopsamka TOJIYYNM BHIPAJKeHUe
Yisi =Y+ (B/24)[55F(Y;) — SOF(Y—1) -+ 37TF(Y,_p) —
— 9F(Y;3) + (251/720) ¥ (¥, + [— 3h, O1F(A,))h3,

rae W(Y) — nurepsansmoe pacmupenme byaxoun P(y) =
= f(f' )+ 1172(7)2f” + 7Rf § F43(f7 )2 + ffan,

JaMmMéranme 1. IIpu BuiBOmE mammwIx MeTOIOB Cy-
HECTBEHHO UCHONB30BAICA TOT (hart, uro Plz, y) He Me-
HAET 3HaKa BO Bcell obmactu ompepmenenus. B cayuae,
KOTZa 5TO YCNOBUEe HE BBINONHACTCH, MOMKHO BHIIETHTEH
00JaCTH TOCTOAHCTBA 3HAKA (YHKIUHM Pz, y) u sarem
UCTIONB30BATL ONMH U3 NPHBONUMHIX MeTO0B. B Ipome-
MyTRaX, 16 P(z, y) MeHAeT 3HAK, OCTATOUHDBI wiem one-
HEBACTCA 110 MAKCUMYMY MOJYJIA €r0 3HAUCHHHE B HTOM
TPOMEIKYTHE.

3amedanme 2. Yrazamubii MeTOJ IOCTPOeHHS WH-
TCPBAIBLHOTO PeNIeHUs JeTKO PacHpPOCTPAHACTCA H Ha CH-

creMy ypasHeHui Buma (2.1) ¢ cooTBeTcTBymmmME Ha-
MAJIbHBIMH YCJIOBHAMM,

§ 4. UHTEPBAJIbHBIK METOJ,
HCNONb3YIOWMHA KBALPATYPHYIO DOPMYAY CUMIICOHA

Meron s-ro HopARKA, PACCMOTPeHHHH B § 2, gBasercs
AOBONBHO OOIIHM, HO yiKe mpH s =4, Banpmmep, maa
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ONeEKM BeJIHIHHEL [@te+2(0R)| Heou6xonnM0 npemaaplz[:
TebHO TIPOJeIATh [0BOJBHO 0OIbIION 00beM ananmnqe_
CKUX BHLIKIANOK. Kciu Mbl mMeeM BO3MOMKHOCTE IIpOBE/e
ans BoIanok Ha 9BM, To, pasymeercs, MeTOJl MOMKHO

NeayIu30BaTh AAd CONBIINX S. .
: PaCCMOTpKM MHTEePBAIbHBIU METOJ{, HCIIOML3YIONIHMI

xBapaTypHyio dopuyry CHMICOHA, O3BOIAIONIIL B PAAC
cayuaes u30emarh OONBMINX AHATATHUCCRUX BBIRTIATIOK.
Jna smo06oi mMOCTATOUHO raagKoil (QYHKIUM CIPaBe/INBO
cOOTHOIeHI{e

b

| (2) dz = (b — @)/6) (8 (@) + 4g (¢ + B)/2) +
' + g (b)) — gV () (b — )*/2880, (1)

rge n < [a, bl. Ilpegnoxaras, 4To 3ajata (1), (2) ma § 2
pemaeTcA Ha HHTEpBAIe [0,-&], woropeii pasbur HA

IOBIHTEPBAJLL TOUKAMH x;=1ih, h=%8/m, i=1, ..., m,
13 (1) momyamm
®it1

[y (0) do = (/6) ' (@) + 40" (@ 7200)/2) +

x3

4y (@) — YV (2 - BR) k5/2880 = (4/6) [ F (i ylan)--
(), (2] Gy )] -
— A (&; + Ok, y (x; + Oh)) h%/2880
(i=0711'-"m"—1; 1'0:0, xng) (2)

rne 8 [z, zipl, $(z, y) ectdb BrIpameHue y M (x), mo-

ay (1) m3 § 2.
qu]%ﬁﬁ]?lel? (}(?i[ 13;) n (X, Y) — unrepBaibHble pacimmpe-

mua pymxmmit f(z, y) m Pz, y) ¢ yHOMAHYTHIMI B §e2-
CBOf;ICTBaMH, TO0 MBI MOHeM HOCTPOUTH I/IHTepBaJIbHOC P

mennme clIefyomuM o6pasom:
Y(O) = Yo,
Yipr = Yizi) =Y+ (R/OIF(X, Y + LF((X:+Y)/2,
T + 2:51)/2) + F( Xy, V@) = V(X +
+ [0, RIF(A,, A,))h5/2880.



Bemmuunst ¥((z:+ 20,1)/2) m ¥{z:y1) peramensorea wepes
Xi, Xipy u Y, ofHEM W3 H3BECTHHX MeTONOB TpeThero
HOpPHAKA.
Herpyamo nokasars, uTO MpH YKasaHHBIX CBOMCTBax
¢yurmun F o ¥
y(r,) = Yi (i= '1, Cey m),

oY) < Aa(Y,y) + Bmz;x o(Y;) + cht,

rie nocroauusie A, B u C me 3aBucar ot h.

§ 5. METOl MYPA

Pacemorpum sagauy Kommn
dy/dz = f(y(x)), (1
y(0) = yo, (2)

rae ¢ynknus f ompepenena ua untepBane A =[a, bl u
Yo € (a, b).

Iycrs ¢ynrnua f(y) umeer nuTeppambHOe pacuImpeHie
F(Y), o6napgaromee crepyomumu cpoiictBamu: 1) F(Y)
onpefieNleEa ¥ HellpepHBHA mpu Beex Y <= A4, 2) F(Y) mo-
HOTOHHA II0 BRKAIYEHHWIO, 3) cymectsyer uuciao [ >0 ra-
roe, uto0 o(F(Y)) <lw(Y) pgua Bcex Y < A4,

Tax wax yo<(a, b), cymecreyer k>0 raroe, uro
min z < [0, hl

Yo+ 2zF(A4) < A. (3)

Ilyers p — momoskutensmoe memoe umeno. Pasobben
unrepsan [0, k] ma mommmrepsammt X, =I[(s~1)h/p
shipl (s=1, ..., p). a

Paccmorpum merop pemermsa samaum (1), (2), momye-
KaioIiuit HETOYHO B3ajaHHbIE HavaJbHble JAaHHBE, T. €.
IPeANONIOKUM, UTO CYIECTBYET WUTEPBAJ Y, TaKoif, 410
OH JIGKUT ¢IPoro B A m yo = Y,.

i KajIoro HOMOMUTENBHOrO TENOT0 UMCIA p Ml
ONpefleINM HHTePBANBLHO-3HAUHYl (yaruuio Y,(z) mpn
z< [0, k] cmepyromum o6pasom: Y,(0) =y, u npn 2, =

=sh/p, s=1, ..., p, momomUM
Yolz,) = Yplzey) + HF(Z,), (4)
rae Z, =Yp(z,~1) + [0, h/plF(4). (5)
Hast 2oy < 2 <z, DOMOMRHAM
Yo(z) =Y, (zc)) + (2 — 2, )F(Z,). (6)
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BaMeTHM, UTO Z; — Ze—1=h/p W, cllefoBaTeIbHO, ypaBHe-
ans (4)—(6) Bmecre ¢ ycmosmem Y,(0) = yo ompenensior
KYCOUHO-THHEHHYI0, HENPEPHBHYI0 WHTEPBAIEHO-3HAYHYIO
Pymarmuo Yy(x) pas Beex z & [0, Rl.

Teopema. Bagasa Kommu (1), (2) mpm yciosmn, uto
QyHKIA f MMeeT MHTEPBATLHOe PACIIMPEHUE, Y/IOBIETBO-
pAoIIee yCIOBUSIM 1)—3), uMeeT eIUHCTBEHHOE peHIeHHE
ylz) mia z< [0, k], tme h ompemenserca ycaosueM (3)
n yx) €Y, (x) pia Bcex p=1, 2, ... B, KpOMe TOroO,
cymectsyer ; > 0 Takoe, 9TO JMA BCEX T & {0, Al

o(Y,(2)) < L,(1/p). M

Noxasareanncrso. Teopema Oyner AOKa3ama, ecan

00
Myl moxaskeM, uto [} Y, (%) ompemenser BemecTBEHHYIO
p=1
JyHKOU0, YAOBIETBOPAONIYIO YPABHEHLIO (1), wupuuem
eIMHCTBEHHOCTD CJIEyeT U3 CBOMCTBA 3). IlpepsapureabHo
moKasKeM, uto mMeer Mecto mepaseHcrso (7). M3 (6) cie-

Ayer, 4TO

oY, () < 0(Y,(z.-1)) + (. — 2, Do (F(z,)). (8)

Henouansys pasenctso (5) u csoiictBo 3), HOMydnM

o(F(Z,) < Ua (Y, (z,-1)) + 3RIF(A)]/p}, (9

IpH BTOM HCMONB3YeTCs TOT (arr, YTO JNIA A106BIX TH-
tepsaso Ij, 3 WNMEHT MecTO HepaBeHCTBA w1l <
<|[1|0)([2)+Uz‘0)(]1), 0)([1)<2l111, Thae |[a, b”=
= max (lal, |b]). Uz (8) u (9) unpyxumeir mo s maiigeM,
wro win x < [0, hl

o(Y,(e) < {1+ UW+hl/p)+...+ U+R/p)P-1} X
X 32| F(A)/p? < 1(U + hl/p)? — 1/((L + Bl/p) — DI X
X 32| F(A)/p2.
Tax rax (1-+ hl/p)* <exphl, To
o(Y(2)) < 3h|F(A) | exp hl — 1)/p. (10)
Orciopa u caemyer (7).
Yro6H [0KA3aTh, YTO MHOMKECTBO 061 Y, () me mycro,

p_
nokaskeM, ur0 Yo(z) <A maz p=1, 2, ... u BCeX TE
€[0, k] u wuro mepeceuenme Y p; (2)1Vp,(z) me mycTo
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ana mwboii mapel mednx wmcesx pi, pp == 1. CemeiicTBo nn-
tepsainos {Y,(x)} oGmamaer CBOICTBOM KOHEYHOI'O Tepece-
YeHHs, T. €. mepeceuenie J0GOT0 KOHETHOTO YHCJIA Uie-
o He mycro. Tak Kak A — KOMHOART, MHOKECTHo

o0
N Yp(z) me mycro.
p=1

W3 oupepenesna (3) mas kb um coormomenmit (4)—(6)
10 WHIVKOHE ciefyer, uro Z, <A pus Bcex s=1, ..., p
n Yy(x)=A mua scex z<=1[0, hl. AmamormuneiMz pac-
CYKIeHHAME MOHO mokasaTh, uto z < [0, k] osmavaer
BrII0YeRNEe Yop(z) © Vu(z) mias aw060ro MONOMKUTENIBHOTO
nexoro uncaa m. Torga mid ABYX IENBIX YHCeX pi, pg == |
uMeeM

Yp1p2 () =Yy, (2), Yplpz () = ng (),

g rag Kak Yp{(z) He mycro mis Bcex p==1, mepeceueHue
Yy, ()N Yp, (2), comepmamee Yp,p,(2), =He mycTo.

00
TaxnMm o6pasom, Muokectso [) Y, (r) me mycTo,
p=1

a HepasenctBo (10) o3mavaer, 4TO DTO MHOMKECTBO MMeCT
uynesylo mupuny mis z < [0, k]l u, caegoBarennHO, OI-

pemensier BemecTsennyio gyHkmuo ¥ (z) = [} Y, (@)
p=1

YroGsr moKkasaTh, yro y(z) yHOBIETBOPAET YPaBHEHIIO
(1), samerum, uro wu3 cBoiictBa (1) o HempepsIBHOCTI
QYHRIUE caeyer HempepulBHOCTH Yp(x) mis Kammoro p.
Tax xak ylz) € Y,(z) u f(y) € F(y), ro

{tware | ra,@)a. (11)

{0,x] fo,x]
I3 (5) u (6) caenyer, uro Yz =Z, min z <[z, 2l u
pt+ | FO@)dteY,@. (12)

[o,x]
Ha (11) 1 (12) mweem yo+ | Fy (@) dt e Y, (2) mn
[o,x]
p=1, 2, ... u nosromy ’

Bt ) fW@di=y@ =0 Y.  (13)
o, x] p=1

Torpa ypasmerue ¥ (x) =l + 5' f(y () dt osmauaer,
fo,x}
4T0 y yooBAeTBOPAeT ypapHeHHWDO (1),
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JloxaskeMm eauECTBeHHOCTDH. IIpeamonosKmm, uTo mMeeM
gpa pemteunn yi(x) u y2(z). Torpa us (13) moxyunm

X (F (&) — T W () dt =y (2) — p(2).  (14)

[0,4]

Tar Kak ycaosue 3) osmauaer, uro |f(y) —fly)l <
<y —y2!, o (14) me pummonmaerca mua yilz) # yala),
ecin zl < 1. IloBropas 310 mia Rasporo mara 1/1, MuI
moAydYuM ejuHCTBeHHOCTH aua  z € [0, hl. Teope-
Ma OKasaHa.

Jlia Toro uTOGHI MPOAOAUTH WHTEPBATIBLHOE permienue
Y,(r) Bue orpesra [0, hl, mocrynawor crenyomum obpa-
soM. Bwrumenmws Y,(z), mafimem wunrtepsax B rtaxoif, uro
Y,(2) memumr BEyTpm B um ompepenena ¢yrums F(B).
Torna us (3) ompenesumm HoOBoe K, samenas Yo Ha Yp(h)
B KauecTBe HOBHIX MaHHBIX u 3ameHas A ma B. Torna
gopmyapt (4)—(6) MoKHO TpPHMEHATH K HOBOMY HHTEp-
BATY 3HaueHuit u Hepasemctso (10) mpumer Buj

w(Y,(2)) < 3hIF(A)[(exp bl — 1)/p + o (yy) exp kl,

[0 (yo) = 0.

Tarny oGpasom, (7) 6ymer BepHo, moxa ®{yo) < b/p pas
Hexroroporo Iy >0, KoTOopoe He 3aBUCAT OT P. ToaTomy
unTepBaTbHOe pelreHne Yo(2) MOMHO IOCTE0BATENHHO
npopomkats ga umrepsanst [0, kul, hy+1{0, holhyt+hot
+ {0, hal, ..., IOKa Haligyrca mHTEpBAIBL Aj, Asg, ... TO-

;
Kne, UTO MHTEpBAIBL Y p > ha> geskar BHYTPH Ariq.
=1

Dopuyanr (3)—(6) BMecTe ¢ TpOIEAYpOIl IPOHOIIKe-
Hilfl, OMHCAHHON BbHIIIE, ONPEeAeNAI0T MeTO] IePBOr0 II0-
Pk UL WHTEpBAJBHOTO permenus sagaun Homwu, npu-
maremanmii Mypy. 3aMermM, UTO YKazauHbIi MeTOH
MOJLLO MCIOAB30BaTh W TOTAA, KOTAA HaYalbHOE 3HAYe-
Hie sanaun Komm ecTh HeBBIPOMKIACHHBIL mETEpBAT Yo,
o(Yy) > 0. B sroM ciyuae HHTePBANLHOE peIleHUe Y, ()
Syner cofepiarh Kadmoe BemlecrBenHoe pemenme y(z),
oTBevaOIEe KAKEOMY Yo € Y.

B KauecTBe VIPayKHEHHs YUTATENIO IPeIaraercd Io-
KazaTh caMOCTOATENbHO, UTO B aToM cayuae o(Y, (r)) <
<U)/p+ Lw(Yy), rae mocrogHusle l; u !> He 3aBHCAT OT
p, HO 3aBHCAT 0T 00lacTH W3MEeHEHHd Z.
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SaMeTHM TAKMKe, 4TO IONYYaeMOe NHTEPBALBHOS pe-
meane Y (z) copep:kur TouHO® pemenwe sajaum Homu
(1), (2) paa Bcex x ms mmrepsanos [0, hil, [hy, hy)
[hz, ha], cen ‘

Jlerko woHcTpympyercs Merox Mypa k-mopsapra,
IMyers y(z) umeer HempepsiEHBIE IPOUBBOAHMIE N[O IOpsy-
xa k Brmounrensso. Torma mo teopeme Teitxopa '

k-1
y(z) =y (0)+ g}l (F-D/it) 2t +
- (FR=D (y (8))/k!) z*,

Ecan nrrepBanbHeie pacmumpernsa FY dypxomi f ompe-
nexensl jua uHTepBasa A u y(0)eY0) =4, 1o ylx)e
e Y(z), rme

0= 10,4,

kR—1
Y (@) = Yo+ 3 (F (v (0) &)/t + F* (4) abih
(15)

npu  yeaosum, uro Y([0, &l <A,

o(FO(Y)) < Lio(Y), norydnm

Cumram, ur0

o (7 @) < s (A 81 1 {1 -3 L/ itfo (v )

Bumecro pasOuenusa ummTepBada [0, k], xax B Merome mep-
BOTO IOPAAKA, MCHONB3YEeTCA Jpyrag MeTomuka: k u A
BeiGupatorcs w3 (15) tax, uToGH IMEpHHA WMHTEPBATA
Y(z) Gbmia maumenbpmieit. YKasamuelit Metopx oGoGmaercit
Ha CIOydvail cHcTeMsl YpaBHEHIIR,

§ 6. METOL KPYKEGEPTA

Tpexmarossit meron HKpyxeGepra [42] umenenmoro
pemernus safgauu Homu mis o0bKHOBeHHBIX Aungdeped-
UUATLHBIX YPaBHEHMWH I03BOJNAET MHOIYYATH MHTEPBAJHL,
cojlep;Kallye pelIeHHUs WCXORHOH 3agaunm. B mem mpepsa-
PUTEIBHO CTDPOMTCA HHTEPBAJbHOE pelleHme i (urcH-
POBaHHOH BeHmIeCTBEHHON 3ajaudl ¢ HEKOTOPHIMH HAYalb-
HEIMH 3HAYEHUAME N3 3aJaHHOT0 MHOMecTBa (mHTepBasa),
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a 3aTeM MeTomoM BOBMYIICHHAN HAXONATCHA HHTEPBANBHEIC
BKIIOYEHUSA JUIA BCEBO3MOMKHBIX pemienuit,
Ilycts ypaBHeHHe IepPBOro IIOPHAKA

dy/dz = f(z, y) (1)
¢ HAUATBHBIMO YCIOBIAMM
y(zo) = ¥y (2)

gMeeT efuHCTBeHHoe pemenme §(z; Zo, Yo) Ha [z, zil.
Fean HavaibHBe JAHHHE BaJAHEl HETOYHO, T. €. Yo € Yo,
e Yo— Hexoropsiil mETEpBAN B R, TO peINeRmA 3afata
(1), (2) B rakoil mocraHoBKe 0o0pasyior HEKOTOPOe MHO-
smectpo Y () = {zlz=jla; m, yo), Yo=Y} Tpebyerca
HafiTH MHTepBT Yi=2Y,, me Yi=Y@), ocy=xth,
peqMUMEA INATa h OIpejielsAeTcs B IpoIecce ajiropuTMa.
Kparxo ommmreM Kasjslii ua oramos Merona. Ha mepsom
g3 INX HAXOAWM IHAr s U WHTEDPBAJNBHEIA IOIHHOM K-#
cremenn Pulz — o) rawoif, 4uro 1mpum x=xot+h,
Pz — z0) 2Y (), z = [z, 211, Jlna sToro MoKEO HCIONB-
30BaTL Metox Mypa, KOTOpHIl Mo3BONAET HOXYyYaTh MOMH-
mom 1yuesoit creuenu Polz —xo0) 2Y, a2 =[xy, z1). To-
AMHOMBI (o0jlee BBICOKOM CTemeHs MOryTr OBITH HONYYEHB
mo arepanumoHHoMy anroputMy Ilmkapa
x

Popn=Yo+ | Flz+8dE  (k=0,1,2,...),
0

rie ¥ — unrepsanbroe pacmupenue @ymxnum f. Ha mpax-
THKe OTPAHMIMBAIOTCH TIOJMHOMAMII HYJIeBOI CTemeHH po.

Ha sropoM orame HAXOANTCH WHTEPBANLHOE pELIEHME
ypasuernusi (1) ¢ BelfecTBEHHBIMU HAYAJBLHBIMH JAHHBIMU
ylag) = dy = Y, pumenns gopmyray Teitmopa, B rKoropoi
BelleCTBEHHBIE ApPryMeHTHl 3aMelieHBl NHTEPBAJILHBIMI,
uMeeM WHTEPBAJ

2
D, = dy + hF (20, dy) -+ 2 ' (12, 711, Py (10, 2).

Hewno, uro dy = z1; zo, do) € D,

Tperuit aram npefcTaBiIfseT WHTEPBANLUBIE BapHant
Merona Bosmymenmit, Hurepsan Up= Y, — do — MHOMKe-
CTBO BCEBO3MOMKHBIX BOSMYIIEHWIT HAYAIBLHOIO 3HAYCHUS
do. Hepennmrem ncxoguyo 3aavy B BHEJE

dlu+d)/dz=fz; u+d),
(3)

u(.’L‘o) = g & Uo.
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Ham ussectmo, uro u(2)) = dy =§(z1; zo, do), TPeGyercy
onpenenuts uy =z o, wo). Pasmaran upasyo waey,
no ¢popmyne Teiopa B oxpecrnocrm pemennsa j(z;; z,
dy) = d, m yHep:RUBasg WIEHH HEPBOTO TOPHRKA OTHO:j.
TeNBbHO h, HMeeM ypPaBHEHHe

du/dx = u 0f/0y )
¢ navanpubiME yenosmamu (3). Torpa uatepsan U= (17
K R
rne QhE 7T F=F" — uurepsansuoe paciin;je-
=1

mue gymxmun f,, ecrp mcroMoe MHTEPBANBHOE DPELLe e
sapaum (4), (3). Ouwernmmo, uwro Uy +D =Y Meroy
Hpuyl{e6epra ecTecTBeHHBIM 00pasoM oGolmmaerca Ha cay-
Yail CHCTeMBI YDaBHEHHH, Ipu HTOM df/dy 6ymer marpn-
1ell, KOMIOHEHTH KOTOPOii HBIAKTCH WHIEPBAIBHLINN
pacmupeHuEAMu QyHRUmE 0f/dy;.

Metonsr Mypa u HpyxeGepra ycmenino. HPEMeHSIMCH
AN pelleHus 3aflay, HO OHU ABIAIOTCH albTEPHHPOL:H-
HBIMM, YTO 3HAYMTENBHO BaTPYRHAET HX MPAKTHIECIVI)
peann3anuio,

§ 7. METOlbl PELLIEHUA KPAEBbIX 3ALAY
AN9 OEbIKHOBEHHOIO AUMMEPEHLMANIBHOIO YPABHEHH

1. Muorue mHTepBANBbHBIE ATITOPHTMBI HOCTPOEHSBI il
pelrenns OOBIKHOBEHHBIX AnddepeHNUaTBHBIX ypaBHe: i
¢ 3aJlaHEBIMH TpamuuyHbpIME yeaoBusamu. Merox Xamcoia
{43] ppexmcrasmser NHTEPBANBHEIE AHAIOr KOHEUHO-pA3-
HOCTHOTO IIOAXoAa X pemenun AuddepeHIUATBHBIX y]iil:
HeHHI.

Pacemorpun sagauny

d?y/da? = {(z, y, dy/dz),

yla) = yo, y(b) =yn.

IlpenmonmosxumM, uto ma unTepsaie [a, bl samaua mmcer
eJITHCTBEHHOE DelIeHNe, YeTHPERAL HelpeprBuEo Audde-
pennupyemoe. PasoGbem umurepsax [a, bl ma uwacrmymbe
nnrepsansl X; = [z;, 2:11], A6 20 =10, . = b, u sauumeM
B KaJK[0il BHYTPeHHEH TOUKe X; KOHEYHO-DPA3HOCTHHEIE Al
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[pOKCHMAINT [UTs TPOU3BOJHELX, BXOIAUINX B VPABHEHHHA,
yUITBIBAA TIPH 3TOM ommbru amuporenmanun, Mmeem

yi = iz — y)/2h — (R*6) y" ()6,
i = Wip1 — 24 + yi_y)/hE — B2V ()12,
g ME Xi=X;UXiy=lzipa) (@=1,...,n—1)

AnpuOPUBIE ONEHKH OMAGOK AUTPOKCHMAIIIL 1T03BONIIOT
[0CTPOHTH WHTEPBAILL, cofepsramue ux. BymeM cunrars,
gro ¥y (&)= 4, yTV(nd € B maa g, e X, Top-
crapifif MOMY4eHHBIe BHIDAKEHHA B HCXOJHOC YPaBIeHWE,
yaigeM

(yis1 — 20+ Jic)/ 12— B2Bi/12 =
= f(.’[i, Yi, (yi-{—l - yi—l)/Zh e ]L3A1/6) (2)

ToCKOABKY BCAUYHHEL Yy W Yn MBBECTHBHI, TIOIYYEHIYIO CH-
cremy us (n—1) ypasmemmii ¢ (n—1) HeuwsBeCTHEIME
MOYKIIO PEIINTH KAKNM-J00 HATePBANLHBIM METOOM B 3a-
BICHMOCTH OT TOTO, JHHeiHAs UIM HeluHeiiHas (yHKUUA
flz, y). Tarum obpasoM, HaiijileM UHTEPBALH i ¥i & Yi
(i=1,...,n=—1). Beck airopurM MOMKHO 3aHCAThL KAk
WOCTetOBATEIBHOE BHIMOJHEHNEe OT/ENLHBIX BTANOB, T. .
HEKOTOPBI MTEPAIMOHHBIH METOT.

1, BajaeM upWOIMKEHHO SHAUEHHA NHTEPBANUB Y,
Yiranux, uto ylz) €Y,y (z) = Y npu z<=X.

2. Nz ypasmenus (1) pnupdepenmupopanneM Buluuc-
aseM

V' =+ Yy =@y y), ¥V =q(= .y

BaTe.\[, lTaMeHAsd BeIJ_[eCTBeHHBIe apl‘yMeHTBI HHTepBaJIaMI'I,
nonyuaem

A= p (XY, Y Up (Xict, Vi, Viea),

[g‘i ={ (Xiv Y‘i» Y”i) U q (Xi-—lh Yi-=12 57’2“1)‘

3. Pemaem cucreMy anrefpamdyecKux ypaBHeHHH € WEH-
TeppanpEEIME Koddpunmenramn (2), HAXOmMM HHTep-

BaEL Y-
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4. VrounseM BeIHYNHB WNHTEDBAJIOB Y}, WCHOmB3ys
QopMyIHL
y () = (gip1 — Y/ b+ [z — 2)2y " (0)) —

— (z— 2% " (DI]/2h,
¥ (01, ¥ (D) e Y: =f(X;, Y3, Y3)
y (@) e (Vi — YD/h 4 [z — X)? Y5 +
L (X — 22 Yi)/2h = (Y — YD/h+ R 0,112 Y; —
— 10,112 Y3)/2 = (Vi — YI)/h +
+hol0,Y)[—1,11/2=Y

’ [
5. Ionyuyenusie 3gavenus Y; MOSBONAIOT HAUTH YiIy4-
illeHHBIe 3HAYCHNHA Y

y@ e+ Y14+ Yo+ @ — X)Yi— (Xi—2) Vil =
= (YI+vL)/2 4+ (0, 1Yi—(0,11Y3)/2=Yi (3)

OxonuareNbHO B LauecTBe Y; OcpeM Tepeceuenme pauee
3ajaEHBEX 1 moxydenuwx us (3) Y.

3areM 5TOT BHIMHCHHTEIbHBI IPONECC IPOMOIKAETCA
IO Tex Iop, TMOKA 3HAYEHHS MHETEPBAJNOB C MIBYX cOCeJ-
HUX HTAlOB He CTAHOBATCA [OCTATOYHO OIM3KHMH.

!
Hauanpmele maTepBanbl Y; u Y ; BHOHpaoTCa B BAAC

Yi={y(@)+y@Y2+[—unul, Yi=@®—
—y (@) (®—a) +{—v,v]

BolancieHHsle jKe WX 3HAYEHWA MOMKHO 3a8IHACAThE KaK

Yi=lpu gl + eil— u, ul + di [— v, v} = [y7, 7],

Yi = [pi, gi] + ¢i [— u, ul - di [— v, v] = [9i%, 9i®].

st Toro uro0Hl MTEPaNWOHHBIA WPOTEcC CXOMMiCH,
Heo0X0ONMO BHIMIOIHEHWE YCIOBHA AyF=>0, Ayl <0,
APE>0, Ayt <0 (i=0, 1, ..., n—1). Dru orpann-
YeHHUA MO3BOJAT HANTH CBA3L MeMAY IepeMeHHBIMHA U,V
M HU3BECIHBIMU BEeIMIXHAMI.

2. B pabore Ommseiipn [44] mpemnoxxeno aBa mATEp-

BaTbHBEIX METOAA MJA pelmeHnsa oOLIKHOBEHHHIX Amdgepen-
IUAJBLHBIX YPaBHEHUHA ¢ KPaeBLIMHE YCHAOBHAME: mePBHIE 13
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AnX mpejcTaBifeT MATEPBANBHEIA BapHAHT MeTona daxro-
PH3AINA; BTOPOH — MeTON THIA KOPPEKTOD, Gasmpyromuii-
¢ Ha OIIHCAaHHOM BBIIIE METOAe XcheHa.

Tycts 3amamo nmmedimoe pmuddepermuanbEOe ypas-
neHae

(pl2)y’ (2)) — q2)ylx) = f(z), z=la, b] )

¢ TPAHAYHBIMHA VCIOBHAMI

oy’ (a) — pryla) = 11,
oy’ (B) + Bay () = 1o, (5)

Tpemmomoxum, uro p(z), p’(z), ¢{z) n f(z)— mempeprrs-
prle QyErmmm m Takme, urto plz) = po>0, glz)=q>0,
o, 8:=>0, o;+B:;#0, p1+pB2+0. Torma pemrenme sa-
naunm (4), (5) cymecTryeT m eNMHCTBEHHO.
Tuddepernuanbublii ONEPaTOp BTOPOTO IOPANKA MOM-
HO TpeiCTaBMTh B (DAKTOPH3OBAHHOM BHAE, T. €. Kak
npomsBesieEne AByX AUPHEPeRTHATLHELIX OIePaTopPoB Mep-
poro mopsnka. Torga pemeHme Kpaepoit 3amadnm CBOAUTCH
K TI0CTENOBATENHHOMY DENIeHNI0 Tpex 3a7aw ¢ HAJANbHBI-
Mz namneiMu. CyMIeCcTBEHHO OTINYAIOTCA HBA CAVIAS
1) o; > 0. Torna cmcTeMa HPUHEMACT BUJ

a) ¢’ (2) + ¢?(2)/plx) = qlz),
gpla) = Bipla)/ay,
6) z'(z) = (p(x)/plz))z(z) = f(x),
z(a) = yi1pla)/ e,
8) y'(z) — (p(x)/plaNy(a) = z(x)/plz),
oy’ (B) + By (b) = vy;

2) oy =o0y=0
a) ¢’ (z) + gla)p?(2) = 1/plz),
Pla) =0,
6) u'(z) + gla)plz)ulz) = fa)plz),
ula) = ’Yl/ﬁl,
B) p(z)y (z) — ylz)/ plz) = ulz)/pla),
y(b) = Yz/ﬁ].

B mo6om ciyuae 3ajaga B) pellaeTcs OPE H3MEHEHHH
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apryMenta ot b mo a, sToro TpeSyor ycmoBHA yeToHTH-
BOCTH.

Bagaum a), 6), B) paspemmue, dpymrmmn ¢(z) T Plx)
momuo oneHuts cHmay. [us P(z) momosxuTenbHAT HMK-
nss rpammna W = V1/Qopotg e YQo/po mns z=late, bl,
e >0, po=plx), Qo= qlz). Taa ¢lr) mmwxELA TpaBEmIA
® =7Vpogotge Vqo/po ma la, bl, ecmm ola)>0; D=
= Vpogotg e Vqo/po Ha [a + &, b), ecin gla) = 0.

Jlns pemenms 3a7ad ¢ HAYATHHBIME NAHHBIMA IPHMe-
HUMH MHEOTEE HHTEDPBAJLHEIE METOALI, HampuMep MeTOJE!
Mypa, Tpexmarossiit Merop IpyreGepra.

PaccMorpum caywaii 2), mbo cryqait 1) mommo pea-
JIM80BaTH AHANOTMYHO, PasoGrem wnTepBax la, bl ma n
9aCTHYHBIX WHTEpBaNoB [, Zivll, To=a, To=0b, hi=
= 21— Z; [ TPEJUOIOKAM, UT0, HPUMEHAA Kakoii-nbo
WHTepBAXbHBIE MeTON, MBI mocrpomnm mETepansl Wi Ta-
xue, uto Plz) € ¥y, zicle, bl m Wa) = Wi=I[}q, Piol
mis Beex z < (x—y, 2] (i=1, ..., n+1). Torga MoxHO
maiitn nETepBamel A; = lai, an], copepmamume P(z) mpn
ze [z, z). xa »TOoro J[OCTATOYHO IONOMUTH & =
=min(pi_iy, W1, V), a=max($i_12, i), rHe ¥ — mo-
JOSKUTeNbHAs HIKHAS TPAHAmA, HalijjeEHas Bime. Ilepe-
nueM ypapHenme §) B CIefywineM BHIE:

u'(z) e [flz) — qg(x)ulz)14,,
ula) = v/p1, z<la, zil;
u'(z) e [fx) — q(@ulz) 4y,

wlzdeU, r= [z, xi+1].

Wnrepsansroe pemerue (i — 1)-ro ypasHemma mIa Ti-1
CIY/RUT WHTEPBAJOM, CORep:KAITEM HadalbHbie 3HAYEHIT
nas i-ro ypasmemus, i =1, ..., n. Ilocaegosarensuo pe-
mas n guddepeHnaNTbEEX YPABHEHUN ¢ WHTEPBATHHBIMI
rosPuireHTaMI, HAXONUM UHTEPBAJHI

Uy =Ilula), ula)], Uy=Tluy, upl (G=1,...,n" +1,
Tprp1 =Ty =0, u(z)=U;, z;<la,b], ulx)eU;,
zE [Zj—1, xj]'
Rampapie nBa cocenmmx wmarepsana Uj-i, U; TO3BOIAIOT

CKOHCTPYyUpOBaTh HOBHI wmmTepBan B;= (b, bp), THE
by =min(u-y,1, up), bp=max(u1,2 un), =1, .
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.., n'+1, n’, BooGme rosops, He pasHo n. MmomecTsa
B;, A; Ecnonb3yeM UpH 3amECH 3394 B) B CIEAYIOUIeM
Buje:

y’ (x)e [y('x) +Bn'+1]/p (x)A‘n+17 x = [.Z'm, bL (6)
y (b) = Vﬁfﬁw m = max (n7 n')’
y'(z) e [y(z) + Bl/p(x)4;, z = [z, z]],
yz)e¥; (G=mm-—1,...,1). (7D

Kax m npesje, mETepBajJbHEBE pemeHma sajgaum (6) mis
Tm CIYRAT HAYANBHBIMI JAHHBEIME JJS IIEPBOTO M3 YpPaB-
mernnmit (7), a pemenna samaum (7) miA z; — HATAILHEIMU
mamasivu s (j — 1) ypasaemus B (7).

IMonyuennsie maTepBansl Y; OyayT npuCAMKeHHBIMI
peLICHUsIMM IIOCTABICEHOE 331Ul B TOM CMEICHE, UTO
y(x) € Y= lya, yol, z:< la, bl. Beruunnsr yu, Yo aB-
TAIOTCA COOTBETCTBEHHO HIDKHell m BepxHeH rpammmaMn
JJis TOYHOTO pelleHHs Ha {-4aCTHYHOM HHTepBale.

Tlopcrasnaa B (7) Bmecro y(x) mafinennnle 3HaueHmA
Y, Haiimem wuHTepBamsl C; cofep:Kantde IPOE3BONHYIO
y'(z) nua xz = [z, 2504,

Bropoit 3 MeTomoB mpencTaBiIger MOTUPHKAIAIO Me-
toga Xamcena. Ilycts sagamo nmddepenmmanbroe ypas-
werne y” = f(z, y, y’) ¢ rpammsERIME yeropaamm y(a)=
=1y, y(b) =1,. IIpegmomoxum, aTo mocTaBIeHHAA 3aa9a
uMeeT efUWHCTBeHHOE pemendme Ha [a, bl, a y” m y™™
cymecrsyior u orparmdyensr. OGosmaumm uepes Flz, y, y')
WHTepBaAbHOe pacmupenue Qyukmum f(z, y, y') @ samm-
IIeM PasHOCTHYI0 alOPOKCHMAaNWi0 JJIA BTOPOH IpOHM3-
BOJIHOM

Yi = h7? ags — 29 + Yima) —RYEV) (8,)/12,

rme yi =¥"(z), 0 [z, 2], h=z— 2,1 = const.
Vunrssag, uro y“"Nz:) €R(z, y, y’'), tne R — mATep-
BaibHOe pacmupenme ¢ymemum r{z, y, y'), momyuerHoit
H3 ypaBHEeHHS BYKPATHBIM nn(i)(bepennnpOBaHueM,l a mas
0;= [xi—'ly xi+1]y(lv) (91) = A‘i =R ([x‘i—la x‘i+1]1 Yis y‘i)7ﬂaﬁ"
meMm
4 /
Yitr— 24 HYia € 7 Ai + B°F (%1, ¥4, 73),
i=11'-’-7n’ (8)
y(@ =9y, yO®)=vys xy=a, Tna=0>.
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Oumeeiipa NpeJIOMKEI pemaTs CHCTeMY airefpamve-
CKEX ypaBHeHHH ¢ MHTEPBAIBPHEIME Kodddunuenramm (8)
crenylomuM ob6pasoM. BygeM paccMarpuBaTh He BCIO Cu-
cTeMy, a IOCIef0BATENbLHO MO fiBa ypapHemusA. Mmeenm

Yi=47'B;, Yiz(yi ) A—lz(l‘m] l—1/31)’

; Yiy1 [—1/3] [—2/3]
Bi=|. |=
(bm)

— Yic1 4 A2 + BF (21, Y1, y3)
— Yiyo + PAA M2 + BPF (@i41s Yivn, Yira)
i=1,2,...,n—1.

¥

HaxonA B KaxAslii MOMEHT BPEeMEHH IO ABAa 3HATEHHA Vi
MBI TOZyYUM ONpefieleHHEe HpemMymecrsa. Bo-mepsrx,
pellenRme BHIECHIBACTCH CPasy B ABHOM BHJe, HE npube.
ras K HHTEPBAILHOMY OODAImIeHEI0 MATPHOHL BBICOKOIO
nopAfKa. Bo-BTOPHIX, IPH 8TOM HPOHCXOJHUT KOPPEKTHPOB-
Ka SHAYGHMI IpH IIepexofie K CHeXyIOm(edl mape ypasHe-
MUl ¥ MCHOAB30BAHUE IPH 9ToM (ojee TOYHOrO 3HAYEHHA
yi, BXOAAMeEro B B

Jlanee, Kask[asg KOMIOHEHTA Y; HHTEPBAJBIOr0 BEKTO-
pa ompefelseTcs IPH IOMOI(E He Gojee deM ABYX HHTED-
BANLHEIX YMHOJKeHHif, B MeTofe jXe XaHCeHA 9IHMCIO UX
MOMKeT HOCTErarh (n— 1) m CIYMATH MOITOMY HCTOUHI-
KOM JOLOJAHNTEeNBHON HOrpemuocTd. [t momydeHHbIX M-
TepBaJ0B Y; COPABEIEBE BRIOYCHAA yadel, u<
&la, bl, rne y(z)— TouHOe pemeHEe HCXONHOHE 3ajadl.

§ 8. METOAbI AN AMDGEPEHUMAJIBHBIX YPABHEHWH
C YACTHbIMK NMPOMU3IBOAHLIMH

{. MeTonsl HMHTEPBAILHONO AHAMH3A MOTYT OBITH HC-
[OJb30BAHE OPH DelleHMH yPaBHEHHH B FaCTHBIX [OpOU3-
BOJHBIX. PaccMOTPEM pellenue NepBOi KpaeBoil 3afadl
mwia ypapaennsa Jlammaca Au=03 D, u= f ma 8, maTep-
panbHO-aHanmTmIecknM Meromom Tocra [45]. 3mecs D—
IpAMOYTOJBEAK B maockocr: (z, y), 6 —ero rpaHuNy
f — BempepriBEag Ha D ¢yHEROEA. Ecam oty 3agady pe-
HIaTh MeTOJOM CeTOK Ha IATETOYedHOM mafxoHe, TO BO3-
HIOKaeT HeoOXOAHMOCTh B DEINICHHH OOJNBINMX  CHCTEM
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anreGpamueckux ypasmenuii. fcmo, uTo musa momywenus pe-
[meHHs ¢ TADAHTHPOBAHHEIM BRIYEHNEM HEOGXORUMO yau-
THIBATH OMIMOKM ANMpPOKCEMATIME ¥ OMUGKA OKDYINIeHUI
[OpHE pelleHAW CHCTEMEI alre6pamvecKux ypPaBHEHWUI.

VHTepBanbHO-aHAIATAIECKAE METOJEL UO3BOJAT YUH-
THIBATDH JIOKAJIbHEIE OIMUOKHA ATNMPOKCUMALAA M BOSHIKAIO-
mpe B TPOIecce FMCACHHOrO DENIeHHA OMUEGKH OKpyTie-
guil TaK, YT0 B TOYKAX CETKA MOKHO DOIYYATEH JOKANb-
HEle TPAHMILL PemieHHsd, T. €. VA KaKEOH TourE (z, y)=
€ D, apagomeiics TOYKOR CeTKH, BCARUN Pa3 IMOMYYAGTCE
maTepBan J raxoi, uro ulzr, y) €. lorameMm Kak aro
cHAeIaTh,

Tycrs 3aMKHYTHIA OPAMOYrOIbHMK D IIOKPHT HpAMO-
yrombHOH ceTko# ¢ maramu hy m hy Mo ocAM x B Y co-
OTBETCTBEHHO, KCIM HpOH3BOJHEIE, BXONAIMWEe B ypaBHe-
gme Au =0, saMeHHNTb, HCIOIB3YS Psm Teilnopa, pasHoO-
CTHHIME OTHONIEHHAME, TO B HEKOTODOH TouKe OymeM
nMeThb

du(x,, ¥
__(5‘—22_—02 = {u (xo - h17 y()) -+ u(xo + hl, yO) -
4
— 2u (o, Yo)} /h} — b {_f?_u(xoﬁ-;__f’l_yg) N
62 I —_— ,
i et Vi,
u (z,
_—;y_(;-y_O).Z{u(xo) y0+h) —-l»- u(xo, yo-—h)_.

94 N
— 2u (zy, Y)Y/ — 13 {_@ﬁ_ﬁﬁg
y

du (2,4, — P
——'(‘0—01/%_9—}/241 0P Py, 0P, Pa<C Ay

Tax wxax B Touke (zg, yo) =D Qymrmua ulz, y) ymos-
feTBOpAET ypaBHEHMIO Jlamiaca, mMeeM DaBeHCTBO

h: {u (xy — hy, Yo) + 1 (xy + Py, Yo) — 2u (2o, yo)}/hg +
+ {u (xo, yo - hﬁ) + u (xm yo —l" hz) - 2u (x07 yo)} -
o { 2% (z, -I—4Pl, Y) n 0% (2 — Pgs ¥p) ”24 _

_I_

oz axzt

a*u (z,, y, + P, o%u(z,, ¥, —
—hé{ (an‘g 9 u(xoayy: Py) }/24__:0.

85



Bosmuraomasa IpHA TOM CHCTEMAa ypaBHeHmi MMeeT BuJ
Au=>b+d, (1)

rme A — TpexjmaroHaNbHAsA O0IOUHAH MATpUIR, U — BEX-
T0p, KOMIOHCHTHI KOTODOTO €CTb MCKOMBIO 3HAMEHHI DO-
[IeHHT B TOUKAX CETKH, b — BEKTOD, KOMIIOHEHTEI KOTO-
POro COCTOAT U3 3HATEHMI 3aj[aHHON IPAHEIHOE QYHKIMNI,
d — BEKTOp, KOMIOHEHTHL KOTOPOTO YIUTHIBAIOT omuOKY
AUIpORCHMAMH, JTH OMMOKM B TOUKe oBmacTH COCTOAT
u3 claraeMbiX, KOTOpSe IIPOIOPIMOHAJBHBL YETBEPTHIM
4ACTHBIM IPOM3BOJHBIM II0 HEH3BECTHBIM IPOMERYTOUHBIM
rourkaM, Eeim WMeIOTCA OIEHKM STHX HPOUBBOAHBIX 110
peefi 0GIACTH, TO MOMKHO ONEHHTH I OMUOKE AMIPOKCH-
Mamu 1o Beeit ofmactm. Jlasa pemenus mocTaBIeHHOH 3a-
magy, a TaKe sajiadm [lMpuxie s yPABHEHUA Tlyacco-
HA WMeIoTcs OLEHKIM, 3aBUCAINNe OT MaKCAMyMa ¥ MUHM-
MyMa TpaNmEHOll (PYHKNUE ¥ MUHEMAIBHOTO DAaCcCTOAHRNA
COOTBETCTBYIOIIEil TOYKH [0 TIPaHUIEL Mn me Gymem
KOHKDETHO PACCMATPHBATL DTH OUEHKH, & TOLBKO 3aMETUM,
aro ¢ memodbzopammeM mx m3 (1) moxywaerca cHCTEMa
WHTE PBAIBHBIX YPaBHEHUI

Au=1, (2)

re mpapag dacTh I COCTOWT M3 MHTEPBANBHLIX BOJMINH,
prmogaomux morpemuocrd. CuoreMa ypaprernmii (2)
pemmaercsa oGpamienEeM MaTpPHILL B HHTepPBATBHO-apHPMe-
rmaeckoy meamenenn: Ha 9BM. Merton ofpammenus 6asn-
pyercs Ha cuenyioueii Teopeme.

Teopema 1. Hycrs S, — monmeEoM YeQpimena BTO-
poro poma u A = (A;)— GmoyHas MaTpHUA © DIeMeHTAMH

Buopui=j (i, j=1,...,0)
Ay ={E mpm i—j=1,
0 B OCTAJNBHEIX CIy4asX,

rie E — eguEMYAAA MaTpuma IOpAAKa mXm, ©, B—
HyIeBas ¥ HeHyJIeBaji MATpunbl DOPAMKA m X m. Toraga

N A'=(Zy) G, j=1,..., n),tne Z;= [S.(B)1' X
X S (B)S,—i(B) mpu i <], Zy=1Zu= Zpi1-i, nt1-3

9) 14-1l = max[S,(B)]-1[Sn(B)— Sa-a(B)— Spt (B X
X [B —2E1-1;

3) B = B*=Zij = Zji;

86

4) ecnim B cmMMeTpAYHA OTHOCHTENBHO TIIABHOH mAma-
TOHANH, TO Z;; CEMMETPHIHA.

B ciyuae ypasmemms Jlammaca, paccMaTpEBAeMOrO B
TPAMOYTONBHIKE, TceT mOKasal CHPaBeIMBOCTE CIEAYIO-
reit TeopeMHL.

Teopema 2. Ecnim B cmereme ypapmemmit (2) mar-
paa A yIOBUETBOPAET NMepBOMY YCNOBHIO TeopeMsl 1 m
B =0QDQ, rne D — pnaromalbHAas MATPHN, COCTOSIIAST
u3 COGCTBEHHHIX 3Havemmit matpumsl B, m Q —Marpuma,
OpTOrOHANLAAS COGCTBEHHEIM BeKTOpaM Marpumsl B, To
A= (Zij) (i, j= 1, ..., n), Z = Q[Sn(D)]‘lSl_ﬂD) X

m+1]
2

XS D@ u A= 2 X g (= D
- k=1

2(m-+1)"
rre g — QYEENmA oT cOOCTBEHHBIX 3Hauenmii B BHpa
g, = ('1 - ']./COS((n + 1)9k(2)))/(dh— 2), 2 cos ek = dk, d}; —_
cobecTpenmble 3HaueHua B.

TIpennaraemoe B TeopeMe nmpasmio Bhiamcienmsa A~! u
HaXOKeHnsa depes A~! pemenus cHCTEeME WHTEPBANLHBIX
ypaBHEHN MMeeT CleAyII[Ue NpenMymecTBa. Bo-mepsHXx,
obpamenne A cpopures K ofpameHnio MaTpun 6oiee Hm3-
KOTO HOPARKA, TaK 9TO HTOT mpomece mopxoput ams 9BM
¢ Majoit pabouei maMATHIO M MAarHWUTHHIME Oapabamamn
B KayecTBe BHEIIHEro 3amoMUHAIOIero ycrpoicrsa. Me-
HONB30BAHNEM CTPYKTYPHBIX CBOMCTB HMCXONHOH MaTpHIEL
MOZRHO OTPAHNYNTH BPEMSA BHUHCHEHHNA U 00beM TpeGye-
Moit mamsrm. Bo-BTOpHX, mpomecc o0pamieHEs A BHIG-
PAmHOrO WIATA NPOBOMUTCA AWINEL efmEOKAH. Ilpm mame-
HeHUW TPAHUYHEIX YCJIOBUil BCAKMI pa3 MOKHO HCIONL-
30BaTh paHee MONYYeHHYI0 OODATHYI0 MATPHUIY, HOCKOIBKY
MAS PeNIeHES 3aHaud HeoGXOMMMO JNHIIb JOMOIHATENBLHO
YMHOHTD MATPULIY Ha BeKTOD.

2, HO(‘:'TPOGHI/IB HATEPBANLHEIX METOMOB [JIA PpemieHus
ypaBHeHMii ¢ JaCTHHIME HPOEBBOJHEIMII CONPAMEHO C P
NOM TPYRHOCTEH HaXOMTEHMS YNOBIETBOPUTENLHHIX OIfe-
HOK Ha IIAPUAY TMOIYIAEMBIX HHTEPBAJOB,

B pa6orax [46, 47] ymamocs mocTponTh mETEpBANBHO-
AHANUTHYOCKAN METOR JJIA PelIeHds 3a7ad ¢ HadalbHBEIMU
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NAHHBIME I8 O6HKHOBeHEHX aAnddepennnajbHLIX ypan.

Henmit @ sajaum I'ypca JuiA THIepGONHIECKOTO YpaBHe-

HAA ¢ OOMONBI0 HEKOTOPOr0 HTEPANHOHHOTO MeTofa,

Gasmpyiomerocs Ha OPHEENANG HENONBIKHOW TOIKH n

IIePeHECEeHAOT0 Ha CIyuail MHATEPBAIBHEIX IPOCTPAHCTB.
Mycrs sajano ypaBHeHHe

ulz, y)/dxdy = f(z, y, ulz, ¥)) (3)
¢ HAUaIbHHIMU JaHHBIMEA

ulz, 0) = @i(z), ul0, y) = galy),
(4)
@1(0) = 92(0) = o,

nprueM QYHKINE (¢ ¥ @y HETPEPHIBHO muddepeHTADYE-
Mt B [0, b]. TIpemmonosxum, aT0 HAM H3BECTHO npubin-
JReHHOe PeIIeHme U 5Toi 3afaydm. Torja BOSHUKAET 3a/ata
OTMEHKN GIM30CTH BTOr0 MPHOIIIKEHHOTO peeHds K Tod-
pomy pemenmio z sagaan (1), (2).

OyHKOEA TOTPemIHOCTH € = 2z — U 3ABHCHT KaK OT am-
IPOKCHMAIAN MCXOM(HOA 3a/iaTn HeKOTOPOH IPHEGIMKERHOM
IS HAXOYKEeHHs U, TaK M OT OmmGOK MaIIEHHOK peamn-
sanunm ApHEMETHIeCKEX Omepanmi. Tostomy GynmeMm mc-
kath waTepBanbEyo dyrrmmo H(z, y) rakywo, iro

elz, YeHlz, y), z=v+esv+H. (5)
OGosnaunm wepes CC,(A) MHOmECTBO BCEX HEHPEPHIB-
HBHIX WHTePBATbHO-3HAYHHIX (YHKUHH, OIpefeNeRHbX A
smosxectse A = La, b] X e, dl = R?, roropoe moser GHITH
MEeTPH30BAHO ¢ IOMOMILIO METPHKH 11 s CCLLAYXCC,(A)—~
— R*,
rra (u, v)= sup ((exp(—a(lz—a|+|y—c]PX
(x,))EA

X max max|uy (z, ¥) — Vi, N
1<h<n =12

Tlonaras naiee n = 1, moxyauM
9% (1, 1)
DDe (ty, t5) = —Gian DDz* (ty, t5) —
— DDu (ty, ty) = f (ty, ta 2% (b1 ts)) — (1, tay u (4 1)) +
+ d (tlv t2)7
dlty, t)=ft1, &, ulty, £5))— DDu(?,, t5).
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Pasmaras 8 paxg Teiimopa no mnepememsoft z=1v+e
nMeeM '

DDe(tl, t2)=ft(t1, to, u(tl, t2))e(t1, to)+
+fzz(t1, to, ulty, t2)+ velty, tz))ez(tl, 12)/2 + d(tl, tg),
v e [0, 1].

Bynem cumrars A =1[0, b1 X [0, b] u chopmyrnpyem
cnegyomue ycaosusi: 1) maa samaum (1), (2) cymecrnyer
dyexnus Y uz CC(4), onpenensieMass HeupepsiBHO AHQ-~
¢epeHIEPYEMBIMA TPAHUYHbIME (YEKIAAMA Y B Y2, Ta-

Kas, 9TO YacTHBEle HPOWSBOLEHE f mo z, f, m f,, Hempe-
PHIBHEL B

DY) ={(2y, ty, 2(t;, D)t ) € A4, 2(8;, t)= Yy, 1)},

rie D(4)— muOmecrBo Beex pudepernmupyeMbix Ha A
BenlecTBeHHBIX (YHRUME, rpadEKE KOTOPHIX Jemar B
Dy(Y); 2) ma [0, b] sapmamsr mempepsisEO pmuddepennm-
pyemble QyEkmmzm z, y, u < D(4) (opuuem ¢ymrrmma w
ABIsAeTCA HpUOMGKEeHHBIM pemenmeM samadm (1), (2))
a TAKKe HHTOPBAIbHEIE ¢yarnua G, H » D, ygonneTBo:
pAIIAe CBOMCTBAM:

i

(10) I, (84, t) = 5‘ G (51, 83) dsy, I, (0, ) =0, 0],
0

ty

I, (ty, ty) = 5. G (t1, sq)dsy, I, (84, 0) =10, 0],
0

tg 4y
La( t) = § G sy, 00) dsids,,
0 0

de (t,, 0) - da (t))  u(ty, 0)

6t1 dt1 ﬁtl -+ 11 (O’ tz)’
de (O, i dy (¢ au (0, ¢
2 € (a) (3‘2 2) + 15 (2, 0);

0t2 dt2

(1) H(ty, t2)=z(t)— ulty, 0)+ y(t2) —ul0, 22)—yo+

+ ug + Im(t], tz);

(i2) f(t1, to, ulty, ta))— DDulty, t)= D(¢y, t5);
(3) pmus LH(t, t,)=/[(t, &, ult, )H(E, )+
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+ (4, &, ut[0, 11H)H t,,)/2+ D(t,, ;) BHITONHA-
etes coormomenne LH(Ey, t2) = Gy, ts);

(i4) ulty, t2) + [0, 1 H(ty, t2) < Y (¢, t2).

VimeeT MecTO ClIeRyioliee yTBepHjeHHe.

Teopema 3. Ilycrsb BHITOTHEHEl YCIOBUA 1), 2),
Torga IS DeIIeHHs z* sajatin (1), (2) cumpasefiuso
elty, 1) e H(i,, t2),

de (2, t,) oz (1,) du (¢,, 0) N
;tlg & atll B 1y (81, ),

LACIRECIEL AR ATAAY
2

ﬁe(tl, t2) =
a1, dt,
BameruM, 4T0 OpE (HOPMYIHPOBKe YCIOBHA (i3) Mm
memob3oBat oGozEadenme F., A HATEPBAXBLHOrO pac-
mmpenns QYHKIAR fz.
JloKa3aTeNBCTBO BTOTO YTBEDPIKACHUA MOMKET OLITH I10-
JIy4eHo TPH PACCMOTPEHRY MHTErPAIbHOTO YPABHOHMA
de(t,, 0 de (0, ¢
e (b, 1) = (0, 0) + (0;1 ) 1 (atz D)

1 1,

|- ‘s‘ S {f.e(ty ta) + foz (b1s Boy u 4 Ve (t1) t2)) e (Iyy )2 +
°t L (ty, ta)) b,

KOTOpOMY YROBIOTBOpAeT (YEKIAL omunbrn e(ty, to)=
= z*(¢, t2)— ulty, t2). .

OnpmreM KpaTko HTeDAaNHOHHEHE mpomecc, Ipeayarae-
sbiit B [47]. IIycTh BHIIONHAIOTCA BCO YCHOBHSI TEOPOMEL 3.
OGosmaunmy depes Ho HeKoTopyno (QYHENMIO, KOTODaA
prmoTaer B cebs e(dy, a): Ho> elty, ) m M — Mmomect-
8o Beex Takumx (ymxmumit, H = Ho. Jlamee mpefumomd0iIM,
4TO0 CyImIeCTBYeT KOHCTAHTA k>0, ynosxersopsaomas He-
pasencrsy rr{LH,, LH,) < krr(H,, Hy), H, HzruEA. Tor-
na omeparop T : M — M = CC(A), onpepeneHsblit cllelyno-
M 00Pas3oM:

TH (b, &) = & (t) — u(t1, 0) +y(t) — v (0, t5) — Yo -
i, ty
+ g + X S LH (s, $5) ds,d8s
0

0

. == H*
[MeeT HemOBIKEYI Toury H*: TH* = %,
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Venosme k<1 3mech OTCYTCTBYET, HOCKONLKY MBI MO-
jReM BHIOPATh KOHCTAHTY O IPH OLpefielloHNN MeTPUKK
tar, aro k/oe <1. TlocmemoBarenbHOCTh WHTEPBATLHHIX
¢ynrumit Oyger MOHOTOHHON II0 BRIIYEHHO, T. e.
H, (4, t) c H, (¢, ts) mua seex (fy, t) € A, mpuuem
cxomameiica B Merpmke 17 Jmmeitno: rr(H,..,, H*) =
=r(TH,, TH*)< krr(H,, H*)/a. 3pmecv H,.,=TH,,
H, 3apano.

§ 9. NIPUMEHEHUE MHTEPBAJIbHO-3HAYHBIX Z-CMAAHWHOB
AN PELUEHMA OAHOTO KJIACCA
ANDODEPEHLUMANBHBIX YPABHEHUA

PaccMoTpuM HaXOKeHWe WHTEpBaNbHOR QynKnum,
comepameli Touroe pemenme u=u(z) ciepyomei 3a-
Aaud:

Lu=flz, u), z=10, 1], )]
Du(0) =Du(1) =0, 0<k<m-—1, (2)
rie

3

. ; ;4
Lu = ¥(—1yD(pi(#)D'u}, m>1, D'=—, pi®>0,

i=o0

B npepmonoskenum, uto Qymxnuu Pyz) m flz, u) mssecr-
HEL He TOUHO, a 33/[aHEl HEKOTODHIE MHTEPBAJILHO-3HATHEIE
¢ynroun P; u F raxue, ato p; =P, f&F.

Ha npumepe samaum (1), (2) moxasxeM, Kak MeToJ
NPEGIKeHN A NHTEPBANBHO-3HAYHHIX (PyHKOM diIeMenTa-
ma SL(P, A, z) (1. e. oneMeHTAME IPOCTDAHCTBA HH-
TepPBANbHO-3HAYHMX Z-CINIAHOB) MO{eT GHITH MPHMEHEH
IS TONYIeHWS WHTePBANBHEIX pemennii. B kawectre
KOHETHOMEDPHOT0 MOAIPOCTPAHCTBA B Merofe I alepKEHA
[34] Bospmem mpocrpamcrio P-cmmaitmos. Torga HaXomK-
meHme <«npubnmmennoro» pemenms samaum (1), (2) cme-
AeTCA K OIpefeleHNI0 KO3QPUOuenToB Ga3MCHBIX CILIAM-
HOB U3 Sf,(S” , A, 2), T. e. HaXOMITEAWI0 HEKOTOPOTO WEH-
TepBaIbHOTO BeKTopa B = (B, ..., B,).

JeficTBATOIbHO, TYCTh MBI BHIGpasdm GasmcHble cmiaii-
ot Sp(z) = Sp(Z,A,2) (k=1, ... n). B cuny ommo-
PONHOCTH HAa9YaJdbHBIX YCJIOBHH pemenme 6ymeM HCKaTh
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B BHME
u(x; B) = 1§1 BiSy (2).
Pacemorpum pyBRKOHIO

O (@;B) = 3 3 BP; (2)| DSy (2) — F (@,u(a, B))-

R=1 j=1

Eomn Ulz; B) — roumoe pemresue sagaun (1), (2}, To

n m .
k=1 j=1
rge omepamusa © o3HagaeT BHUYATAHNG B R”U. Ipyramn
cosamu, s ao6six pi(z) € Px) u feF maiigerca Ta-
woit Bextop b = B, dT0

n m d
> D bp; (@) Rs D'Sp (x) — | (x, D b Rs Sy, (x)) =0,
h=1 j=1 k=1
T. e. HeBA3KA CTAHOBATCH MUEWMAIBHBIMA. Y9HTHIBas
5T0, IO AHAJOTWA C BEMIECTBeHHBIM CIyIaeM, KOrja mpuo-
NMKeHHOe pemleHMe WIMeTcs MerojoM I'amepkmma, HaM
HeoGXOEMO OXIPeJenTh WHTEPBANBHBIA BeKTop B Taxoi,
qTO0

B=lb=(bl,...,bn)

(Rss, (@) (é jg bup; () Rs X

x (DS}, (z)).— f(:c,é}lbh Rs S, (x)))dx: 0 (I=1,...,n)

Ilycre @'(z; A) ectp QopMailbHAA MPOM3BONHAS OT
O(z; A). Torna dopmanbHO OUPeJeTEHHHH NHTETpax OT
®’(z; A) ma mpomessytre [a, b] ompememmm mpasmiIoM

b b
[ @ (2, ) do = O (z, 4)| =D (b 4) — D (g; A).

a a

OugesunHO, 4TO, QOPMAILHO WHTETPAPYA B YPaBHeHHAX

{5, ( 3 3 BuP; (9) DS (o) —
0

k=1 j=1

n
—F(x; ZBhSh(x))>dx=O (=1,...,n), 3
=1
MBI HOJIY‘I]ZIM cacreMy ypasnenm‘i VI ompeJlelIeHAA Be
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TTocnegume ypaBHEHHWSA, BOOOIN® TOBODA, (HEKODPEKT-
HHI», MOCKOIBKY JIETKO JOKA3HIBAETCA CIEYIONMee yTBep K-
meHue: JuHeliHag KoMOWHAOWSA WHTEPBAXBHHIX YHCEN,
xoTa 6B ONHO M3 KOTODPHIX HEBEIPDOMKICHEO, HE MOIKeT
6HITHL meircTBUTensEEIM YmcaoM. IloaTomy Bmecto (3) cmpa-
BeIJIHBO HAIIHCATH

{51 ( 3 35 @) Disito) —

—F (x; > BiSs, (x))) dz = [e!, e8],
k=1 /
e D= [ai, &f,].

IIycrs pemiemme mociemHedr CcHCTEMB eCTh Be =
1 .1 2 o2 n n
== Bg([el, 32], [81,.82], .,[81, €y ]) Ouesmnno, 4TO, yCT-
1 e
peMmB IAxXMax || & |, & |) ® HEymO, TONYIAM WMCKOMBI
1

BerTOp B,

Jlns HaxoIeHEA WHTEPBANLHOTO DeNIeHHsA, TapaHTH-
POBAHHO COflepsKAMIero TOYHOEe pellleHme, He0oGXOXIMO
JIOTIOTHATENBHO Y9eCTh OMUOKA ammpokcmmanmu. Ilocien-
nee TpefyeT HAJIWYMA AaNPHOPHHIX OINEHOK HAa peNIeHHme
sapagnm (1), (2).

Jlemma. Ecam B samawe (1), (2) flz, u)=f(z)>0,
To u=0,

Hoxazarexbcrso. Ilyers ma [e, dl =0, 1]
({ynkous orpunatexsra. BeiGepem ¢dyrrmmo W (z) =
e W3 [0, 1] raxywo, uro:

) (W@ 7i@dz<o,

2) DW(x)Dulz) =0 (0<j<m).

IOTmM TpeGOBAHNAM MOMKHO  Y/IOBIETBODHTH, IOJNOKAB
W(z) =ulz) ma [c, dl, W(2) =eulz) ma [0, &, rme
e1>0, &1 <c, W) =¢eulz) ma [E, 11, rme & >d.
€2 > 0, a ma orpeskax [§;, c] u [&, 1] 3a W(z) mommuo
OPHHATH COOTBETCTBYIONIWE MHTEPUONANUOHHEEN MOIHHOM



Opmura. Torfa B cury mPOW3BOJLHOCTH &1 U €2
1 1
{ Lu@W (2) dz = [ W (2)  (2) dz <O,
0 0
HO
1 1 % T
{ Lu@W (@) dz = § 3 p; (@) (D' (2) D'V (2) dz >0,
(1] o 7

nockoasry p;(z) > 0. Ilomyuennoe mporuBOpedme HOKa-
3HIBAET JIEMMY.

Teopema. Ilyers P(z) ecrs KIaccHIecKoe pemeHye
3a1aqu

Lu(x) = 1,
(4)

DMu(0) =DPu(b) =0, 0<k<m-—1,
oS0k M= swp (1@0) —H>v>—

()
Torga, ecan ¢(z) — Kiaccmaeckoe perienue 3afavn 1), (2),
lole, < Mo/(1 + vp)- (6)

Noxaszatennctso. Iycrs y=0. Tax Kak cor-
macmo xmemme P(xz) >0, cymecryer ¢>0 Taxoe, €ro
W, = (M + e)plz) — plz) > 0. IIpegmonomum mPOTHBHOE:
myers W.= (M +e)plz) — ¢lz) <0. Torma LW.=
=M+ ¢ — flz, ¢(x)), orkyna LW.>¢e m B CHily JeMMH
W, = 0. Cmemosatensno, @(z) < Mp. Amamormano moiry-
waercs omenka camsy @lz) = —Mp.

Feam ¥ < 0, 1o cremyiomee ypasHeHnue

Lu = f(z, u)— yu+ yo(z) (M

¢ xpaepsMm yeaouamu (5) mMeer To jKe permeHue plz).
Ilockonpky mis aroit samaum Y* =0, momxyiaeM ONEHKY

(8). Temeps, memoxsays (6), omermy u B mopme Wy [0, 1.
Jlas 5TOT0 YMHOMKEM DABEHCTBO

20D (m@D) = 1w
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1
na u(z) u npounterpupyem or 0 go 1. Umeem j-z p; X
0o J

f(z,v)udr =

oful Moy = [O’Z (D'u)? + u2] dzr <

J

1
< | 17 @@ w) + vl uda,
0

j=1,...,m x&[0,1]
MOKHO OIeHMTH, HCIONb3yA omeHKy (6).
Ilo Teopeme 4.2 m3 paGorst [34] ¢ memombzoBammem
HOMYUeHHOH OMEHKH CTPOUM HHTEPBAIBHOE DeHIeHHEe

1
rae ¢ = min inf p;(z). Harerpan 5 If (x, u) + ul udx
] 0

n

00 3 B+ Kl

e S;(z) = S3(Z, A, z), K— Hexoropas BeIjecTBeHHAT
KOHCTAHTa, TOYHee, KOHCTAHTA BIOMEHHA. B cmmy mocr-
poerus mpu J0buix p;(z) & Pz) m feF cuopasegunBo
sxmovenne ul(z) € Ulx).

nasa IV

NMPOBNEMA PEANU3ALIMM
MHTEPBAJIbHBIX METOAOB HA 3BM

B macrosmieit riaBe MEI OCTAHOBHMCA Ha BOWIPOCAX
pealnsannuy WHTEPBANBHHX omepanuit Ha 9BM, mocrpoe-
HEA TAKeTOB IPOrPAMM HMHTEDPBAJBHBIX AJITOPUTMOB H
TECHO TPHUMBIKAIOMIEr0 K HAM BONpOCA TPaHCIOpTafelb-
mHoctu mporpamMM. G KOHKDETHBIME AJCOPETMAME MAalIyMH-
Hoit umHTepBanbHOH apufmermrm miaz IBM BICM-6
MOJKHO TIO3HAKOMHUTHCHA B paborax [14, 151,
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§ 1. NPUHL ML NOCTPOEHHUA
MAKETA MHTEPBAJIbHbIX ONEPALIMHA

1. Cosgamme HaKeToB LPOrpaMM [Jis PemIeHHs IIHPO-
KOTO Kpyra 3afai HayKH U TeXHUKE ABJIAETCA B HACTOA-
mee BpeMs OfHOH W3 AKTYaIbHBIX NPOOIeM BBHMUCITH-
TeIbHO MATEMATHKM. B O0CHOBE TAKHX [AKETOB JIGHKT
MofyabHAA cTpykrypa [48, 491, B macroamiem maparpade
MBI OCTAHOBEMCA HJ NPHHIHUIAX, KOTOpble MOTYT OBITH
3aj0jKeHBl B OCHOBY CO3[AQHUA IIaKeTa UHTePBAJbHBIX
omepanuii.

2. Kag MBI yme OTMeYalH, WHTEPBAJIBHBI® MeETO[bI
BOSHHKJIE KAk CpeficTBO ABTOMATHIECKOro yuera ommGox
OKPYTJeHHA B BHIYUCAUTENBHBIX Ipoueccax. IIpmmererue
UETePBATLEEIX METO[0B [O3BOJIAET 3AKIIOYATH B MHTEP-
BaJBl DeIIeHHsA 3a/ad, O BXOJHBIX [JAHHBIX KOTOPBIX H3-
BECTHO JIWING TO, ITO OHE 3aJaHbl He TOYHO, ¢ HEKOTOPOW
morpemmHocThio. Ilpm 5TOM B IOAyYEHHBIe HHTEPBAJIEL
BKJIIOYAIOTCA U BCTPeUAIOINUecs B HPOMecce BHIYHCIGHUI
omubku okpyrieHuil. OCHOBHEIM DIEMEHTOM B MHTePBAIb-
HOM MCUHMCIeHHN fBisercs maTepsan la, bl, ompepeise-
MbIii KAK MHOMeCTBO BemjecTBeHHHX umcex ' {z|z € R,
a<z<b} Ipn sagamum umcra z 3 IBM B Bujme Ma-
IMIXEHOTO WYHCIA Iy = [b° Jomyckaercs, BoolIie roBopsd,
[OTpeIIHOCTH OTHOCHTENSHO HCXOAHOro Jmeia z. Bemmanmma
OTHOCHTeNbHOR morpemuocTa |£—yl/|z] obsimo HE mMpe-
BOCXOAUT O[WHHULE! IOCIEHET0 paspsafa MAHTHUCCHL T,
410 TpEBOJAT K abcomorHOf morpemsoctu (Y/2)b°F, mim
b*~?, B 3aBHCHMOCTH OT TOTO, OKDYIJIeHWe HJIH YCeIeHU®
mociaefHero paspAafa ApPoGHON vYAcTH IIPOMSBOAUTCA A
paccmarpmpaemoro tuma 9BM. B repMmEax mHTEpBAIB-
HOrO AHAJM3a DTO 03HAYaer, 9TO UHUCIO Z, BBeJeHHOE B
Mamuey B dopMe Xy = f-b°, B HeficTBHTEIBHOCTH IPHHA/-
mesur unTepsany Lf-b°—b""?, f-b°+ b°"*], a orTHOCHTEND-
HAs IOTPeNMIHOCTD IPM 3aNHMCH MAIIWHEOIO YHCIA -— WH-
repsaxy [b~?, b1~?l.

Hcmonbsys IyiA pelIeHHs HEKOTOPOH IIOCTABIEHHOHX
3a[QYX HTHTEPBAIBHEIA aJIrOPUTM, MOKHO IOIYYUTh HH-
TepBATLEYI0 (DYHKIINIO, CONEPIKAIYIO ee TOYHOE perneHHe.
Ilpn »TOM [OCTEIAaeTCA ABTOMATHYECKHI ydYeT TOTHOCTH
HOMYIeHHOTO PEeIIeHHs M BOBMOMKEH ANPHOPHBIE aHAIH3
BINSAHEUA omu00K OKPYIJIeHHA.

VarepsampHbI aHamus, Ge3ycioBHO, MOMKHO PaccMaT-
puBarh Kak dQQeKTHBEbI MOTOA PeIIeHHA 3ajaTH KOHT-
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podiad 32 TMOTPEINHOCTAMM MAIIMHHBIX OIepamnwi, a claejo~
BAaTeIbHO, W TpaHcmoprabembHocTu mporpamm. ITpoGmema
TpaHCHOpTabeNbHOCTH MK HENOCPeACTBeHHOIO IIepeHoca
IPOTpaMMEI, COBJAHHOL A ofHOE OBM, Ha pasmnumsle
IBM cBasama ¢ TeM, 4T0 MAUIMHEO-HE3aBHCUMELA ajro-
PETM 33aJa4u IpH pealus3anuy IOPOKIAET MHOMECTBO
MAIIHHEHO-3ABUCUMBIX AJFOPUTMOB, ONPEHENAIIINXCA 0CO-
0eHHOCTAMH KaSKTOH BBHIYHCAUTCIALHOM MAIIHHEL, B TOM
YHCTe UAPAMETPAME K dopMoil sammeu umcenm, a TamRme
OTHOCHTENBHOH TOYHOCTHIO BEINOIHEHHA MAIIMHHEIX OIle-
panuit,

I'maBEHIM DpemATCTBUHEM HA OYTH HCHOONL3OBAEUA WH-
TEPBAJABHOTO AQHAJIN3a ABIAKTCA HEOPHUCIOCOGIeHHOCTE
MaTeMaTHieckoro ofecmedenus copeMeEnsx 9BM, orcyr-
CTBHE KaK B AJTOPUTMHYECKUX SBBIKAX BBICOKOTO YDOBHSA,
TAK W B TPAHCIAATOPAX JUIA HUX - CPEMCTB, YIUTHLIBAIOIIX
coenuuyeckne TpeboBaHVA WHTEPBANLHOr0 UCYNCISHM,
YuursiBasg 5T0, XOPOIIMM BapHAHTOM DEANM3ATHH WHTEP-
BaIBHEIX MeTofoB Ha IBM wmoer cayKuTh IaKeT WH-
TepBaIBLHHIX omepaunmii. llssecten psam padoT mo co3maHMIo
MAIIMEHOH peaju3anuy WHTePBAILHHIX OIepanuil, Hampu-
Mep passuraa cucrema Tpumnexc-Aaroax [50], mporpam-
MBL MOTEPBANLHEIX  ApH(PMETHUIECKHX OIepamumii HA
BOCM-6 [14, 15], maxer mmreppamsHo#t apudpmerurm [51,
52]. Bosmukaer sajaua cO3JaEHA FHTePBAJILHOTO IIAKETA
I oTedecTBeHHEIX OBM,

3. OnmmeM oCHOBHBIe NpPUHIUNE, KOTOPEIe MOTYT
OBITH 3aJI0/KeHBI B OCHOBY LpPH CO3[AHNH TNAKETa WHTeP-
BaubHBIX omepanumit Ha gssike Poprpam mia peammsammm
ma 9BM BICM-6. IlenecooGpasHo KOHCTPYyHpOBATH HAKeT
KaK KOMIUIEKC B3aHMOCBA3AHHBIX IIPOTPAMM-MOyJIei,
peanusyiomux HEKOTODHle 3aKOHYEHHEE (DDAFMEHTHl BHI-
HOJHEHUA ONepandil Haj{ WHTEPBAILHLIMU BHIPAKOHEAMI.
Ilo xaparrepy BsamMofmeiicTBUS Memmy coboit, MOAYIH
00pasynT uepapxmuecKyd CTPYKTYPYy, THe BXOMKICHIe
B Golee HUBKMil YPOBEHD 03HAYAET BO3MOKHOCTH BEIZ0BA
IDOATIPOrpaMMoil ¢ BEICIIero yposHs. Ilepesiii ee ypoBeHb
BRIIOYaeT B ce0f MOMYJNH [ BBIYUCICHES BHIPAKEHHI,
COCTABJICHHBIX W3 PesyJbTaTOB omepanuii Kak Hapx meli-
CTBHTEIbHGIMY YHCIAaMH, TAK U HAJ WHTEPBANLEEIMH, Ha-
mpemep sin ([a, b]) +6la, bl XIc, dl. 9tn momysm BH-
SBIBRIOT HOADPOTPAMMEI, Peanm3yioIime MAIIWHHLIE OI6-
pamum HAj 4YHCIAMH, 33/]AHHBIME B HOPMAIH30BAHHOM
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dopme ¢ mrapatomeit sanaroi. Mojyan, - BEITHCITIONITE
sHAUEHHS DICMEHTAPHBIX (QYHKIUA ¢ HOCTATOTHO ' BBICO-
KOfl TOYHOCTHIO, He BHOCAIIeil IpU Mepesofie MU OKpyIr-
JeEHN IONYUeHHBIX BHATCHUN B ¢opMaT, DPUHATHIE [
IpefcTABIEHNA TDAHUN HHTEPBAIOB, MOTMOIHATENBIYIO
[OTPeIIHOCTs, MOTYT OBITH BEIZBAHHL C a06oro. pacmono--
JKeHHOTO BHimie ypobua. [lIA yCHeIHON peansanul mi-
TepPBANBEOTO IIAKETA JKeJATeNbHO MMETh B cOCTaBe ero
HTeMEHTOB 60K, MOTOOHEIL B HEKOTODOM CMBICIE (TPAHC-
JIATOPY € A3BIKA UHTEPBAILHOTO HCUMCIEHUAY, Ha A3BIR

DopTpaH, 410 IO3BOIMIO OHL BBOAMTL HOBEE THIBL TEPE-
MEHHEBIX, B YAaCTHOCTH INTERVAL. Mo B pmaapHedINeM
6yjieM IOTaraTh, 910 BKIOYEHHE MHTEPBATLIOTO maKeTa
B OCHOBHYIO IIPOTpaMMy — 3a/iada IO0Jb30BATeNH, ROTOPHII
pellaet, KaKLe MOMJIH I B KAKOM HOPANKe OH BLI3BIBAET.

BassmsiM BoIpocoM mpu (QOPMUPOBAHHE MaKeTa ABISI-
ercsi ompefenenue (opMaToOB 3a/[AHUA [AHHLLX, Mopyeit,
0CyIIEeCTBIAIIUX BBOJ| 1 o0painenne Meay PasIIHEIMIL
ramamu JaEHEEX. IIpefionaraercs NCI0NH30BATH B TAKETE
ommcamns REAL, INTEGER n DOUBLE PRECISION;
WHTEpPBANbHEIE qucTa GYyAyT PAcCMaTpHBATLOA HAK neii-
CTBUTENDHEIe MACCHUBHl JUIMHBL 2, omucaane — DIMEN-
SION.

Moj[ysb, OCYIIECTBIAOMu{ IePeBOS JHCeT, 3aIaHHbIX
B crnenupuramuax REAL uim INTEGER, B unTEepBAJIDL-
HEIe WHCIA, CYIMEeCTBEHHO 3aBMCHT OT crocofa OKpPYTe-
myist. Peaimaanuy 1 WCCIe[OBAHMI0 CBOMCTB ONepamuu OX-
PYTAGHAS TOCBATMEHB PaGoTH! [53, b4l, M1 Oymem wuc-
[HOAB30BATH IpHUBeieHHBIE TaM 0003HAUCHUS.

Oro6pasxenne @ :R—~M, rr1e M — MHOKeCTBO = Ma-
[IMHHO-IPECTABIMBIX YICeN, Ha3BIBRETCA oKpyeaeHueM,
ecnt @(z) =z mas z € M.

Bo3MOJKESI CIeAYIOITMe THIH OKPYTIeHUEA: MOHOTOH-
Hoe, HATIPABJIEHHOE BHU3 OKDYIJICHH® — eplz)=Vzr=<z,
MOHOTONHOe, HAIpaBJIeHHO® BBEPX oxpyraenne — @(z) =
= Az >z 160 OKpyINeHue, YYHTHBAIONIee apaMeTphl
CHCTEMBI CUMCIeHNT —

(0, zelo,bp77), '
"P (.’L’) = Dux ={ V&, T& [vxs Su (.’L')], re [bel_liB]’
Az, z<[sulx), Azl, =z [p7T, B,

Az —
rge sp(2) = V& + = bw

B (H,_—.;',l,...,b—i),
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b — ocHOBaHEE CHCTEMSI CUNCHOHHASN, €] — MIENMANBHBIL
MAIMIMHER IOPAMNOK IIOKAa3aTedfA cremenwm, B — Maxcu-
MallbHOe MamiMEHOe UHClNo. B cayuae, eci:m b — wermoe
ypeno, To Ob/2 osmavaer OKRpyINIeHHe K Ormmaiirmem

qmeny m 0b/2 = (Az — Vz)/2. Beepennasie Qyrrman oﬁnas—r

- JaT MHOTMMHE WHTEPeCHBIMHI CBOMCTBAMHU X Tpe6onT

TanbHEANIero U3ydYeHHA, HO MH He 0ygeM KacaThCH ITOTO
BOLPOCA. g

‘Oqenmmo HCHONb30BaANNe (PyHKNuil OKPYIVIEHHS B MO~
Iyfe mepeBoia MEHCTBETENBHHIX UHCEXl B HMHTEPBAIbHLIE:
z— X =1[Vz, Az]l, z = R. llognporpaMMHl BBOJA HADALY
¢ obsuEBIME cofepskamumuca B (Doprpame omeparopaMm
BBOfA GYAYT BKIIOWATH W NPUBEJeHHYIO BHINIE ONEPALUIo.

Onepanum, KOTOpHIE CIeyeT DPealum30BaTh B IIAKeTe,
MOKHO Pa30uTh HA TakWe IPyNObL: apudMeTHIecKde ome-
pamus, ONEpANuy BETMCICHHs 3HAUCHUA DIEMEHTAPHEIX
QYHKIOUE, clenuadbHble HHTEPBATIBLHEIE OMepanud, omepa-
IUU TIepeBofa JAHHEIX C PA3HEIMU CIenmpmHanmaMm.

B 4mcio, peaimsyeMBIX —~HMHTePBANLHBIX  ONePAIMil
prmoueHs: Qymsnus paccrosmms max {|4,—A4l, |Bi—
Byl}, pmmmer |B—Al, moaypmmmst -|B—Al/2, max |zl,

XEX

Ymax |zl - min |z|, mmpnasr nrrepsara (141 +

min |z,

rex

+ |BI)/2, apudmernyecrne MHTEPBANbHbIC ONEPATUH, JO-
IEvecKue omepamud, MPOBEPSIONYEe CPABeTHBOCTE OTHO-
IMeBNi, BBOAUMSEIX HAJ NHTEPBATIaMH.

tUBbI‘{I/ICJIeHI/Ie olmacTell sHaYeHWA DIeMEHTAPHEIX QYyHK-
nuii 7a OBM umeeT GoIbImoe 3HAYEHUE, TIOCKOIBKY I06as
ImporpaMMa COJEDKHT ~HAXOMKIeHHe TaKkux - obmacrei,
a apryMeHTHl, KaK yie YIOMIHAIOCH, MOTYT OHITH 3a/[aHbl
amms npubmmmenno.. B [5, 18, 551 paspaGorama meropm-
KA HaxoMgeHms ofmacTefl 3HAueHWS PANMOHANBHHIX WH-
TepBambAbIX (PyHRUUiE IyTeM pasfHeHMsa obmxacTm ompe-
HeJeENA Ha HOMOGIACTH ¥ BHIENCHWS TaM WX JKCTpe-
MaJbHEIX 3HAUECHHIH.

B umciensomM aHaNW3e OCHOBHBIMEU METONAMH HJIA BBI-
ypeaennsa diemeHTapEbX ¢gyHrmuit ma IBM aBasioTca
CHEAYIONINE: CTEIeHHOTO PA3I0KeHns, MHOTOWIEHHOTO H
PaIMOHAIBHOTO - IPHOIKEeHNS, DABIOMKEHAA B IemHEe
Ipo6H M HTEPAIMOHHBIe Ipomecchl. 1[0CKOIbKY Hamboiee
HAC WHTEPECYIT MeTONbl, He -3aBUCALNINE OT CrIocoda
npeacrasiennsa gncex B IBM, memecooGpasHo mpmMeBATH
ATEPANOEHELIC MOTOME: i
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TouHOCTH, MONYIeHHAA OT PEANH3aNUy IaKeTa, MOCTH-
raeTcs IpHW NPABAILHOM OIpefielleRNH Omepandii ¢ Ma-
IMUERLIMA Yuciama.. B ¢Bsm ¢ 9ruM ynoMaHeM O BajKHOM
Tpe6OBAHEE K HaKeTy — CBOHCTBE TPaHCHOPTAaGeTbHOCTH.
Ing rtoro uwroGer moGmrTheda THOKOCTH NAKeTa, CHEIyer
pasMeIiaTh MONYJH, 3aBucamue oT paspapEoctm IBM,
Tax, YTOOH WX MOKHO OBLIO JIETKO 3aMeHNTH. I mx wmery
OTHOCATCH ONOKE BBOJA UYMCed W OOpAINeHHWS MEMOY pas-
JUIHBIMI TUDAMK JAaHHBIX.

o0 § 2. 3AJAMYA TPAHCMOPTABEJILHOCTU

1. TIpo6neva TtpamcmopraGeTpHOCTH IPOTPAaMM B MO-
clefHee BPeMs TUPHBIEKIA BHUMAHNE MATEMATHKOB, 3aHM-
MapIIXCA YHCICHHHIM AaHANH30M. JTO CBA3AHO € TeM,
YTO WYHCIEHNEHI MeTON pelmeHus 3afgadd, He BaBUCAMUA
oT mapaMeTpoB Kakoii-muGo IBM, mpm ero peanmsanum
DOPOKIAeT MHOMECTBO MAITHHHO-3aBACEMEIX ANTOPHTMOB,
OIpefeIAI0IMUXCA 0COOEHHOCTAMA KaMIOH BHYHCIATENh-
moit Mamwmesl, CrapmapTHble TOMMPOTPAMMEL AAsA apud-
MeTHdecKuX OIepamnuil Haj uucIaMy\ ¢ IIaBalomed 3alsa-
TOlf, KOTMa WX NUITYyT HA MAMAHHOM f3BIKE, B 0YeHb
GOIBINGH CTEIleHH 3aBUCAT OT KOHKPETHONl MAMINHH W HC-
IIOAB3YIOT MPUCYMIUe eif 3HaYeHus MapaMeTpPoB BEIIHCIH-
TenpHON cpensl. OrpaHmYeHHOCTH MHOMKECTBA UYHCEd, KO-
TOpHe MOTyT OBITH sammcambl’ B mamarm IBM, a Bcuep-
CTBHE HTOr0 HemszOeKHoe TOsBIeHHe OMNOOK BHIIOTHOHHA
apndMeTHIeCKAX ONePAaNyil W BHIXON 32 TPAHUIEL 00IaCTH
MAMWHELIX Y@ced, T. €. IepemodHenme nu0o HAIAIHE
MalIUHHOTO HYJIA, YCAOKHSIOT 3alady pealn3aldd IIpo-
rpaMMel Ha pasamamsix OBM.

2. lnsa woopmuHAMWM nelicTBHE B 00MACTH TPaHCIOD-
taGexsHocTm B pamrax IFIP (International Federation of
Information Processes) cosmama cumemmainmas paGouas
IpyIma, Ba PACCMOTPEHH® KOTOPOH BHECEHHI DA3THUHEHIE
IIPOEKTH, KACAIOIMMECA CIIocoGOB 3ammcu dYmcel, Ompefe-
NeHus MANMMHEHBIX apu@MeTHYecKuX olepamuii m OKpYyI-
JIeHHA WX pPesylnbraroB. MoKHO BHIeNUTH pPAa3NTAYHEIS
TMOAXONEl K CO3MAHAI TPRECHOPTA0EIBHBIX IIPOTPAMM.
Opmaxo o0IMuM ANA HWX gBIAETCS BBEJEHOe ITAPaMeTpoB
IV MHHIX CPEJICTB, MO3BOJAKIIEX IPOBOMUTH HE TOIBKO
aUPHOPHEI amamW3 TOYHOCTH, HO H AaBTOMATHIECKHH
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'KOHTPOJL 38 OMHOKAMH  BHIONHEHNT  MAIIMHHEX
omepammit. '

3. Heo6xofmMOCTs YIATHIBATE OTHOCHTENBHYIO TOY-
HOCTH BHINOJHEHWA MAIIMHHEIX ONePAmuil A Kamuoi
9BM mpuBoinT MHOTMX MAaTeMATHKOB K MHICIE 00 maMe-
HeHHM cIoco0a 3ammeW 9UCeX M ONpefeNeHHN HOBHIX
PYHEIOUA B ANTOPUTMHYECKEX f3HKax. Hak chemcrsime
9TOTO BBeJeHHl HOBHIE MaPaMETPHl B 3AIMUCH MANIMHEBIX
qucer (byngmzm, XapaKTepHSYOINEe TOYHOCTH MAIIMH-
HHX Omepaunuii.
~ Ilpm mOpManusoBamEOM WpeJCcTABICHAN WYHCEX ¢ IUTA-
BAIOMIEH 3aMATON

z=fb"=£(fib='+ ...+ f,b?)be,
| (1)
fi=1,..,b—1; fi=0,...,0—1 G=2,..., p)

9BM xakmoro THIA XApPAKTEPU3YETCS CBOMMH 3HAUEHHA-
MHE CIe[yIOIAX HapaMeTpoB: b = 2 — 0CHOBAHHE CHCTEMEI
CYMCTEHHS; P == 2 — 9UHCIO pa3pPAMOB, OTBONAIMMUXCA IIOJ
3a0HMCh MAHTHCCHI, €max > 0 — MAKCHMAIBHBIA IIOKABATEND
CTeNIeHN B 3alMCH MATIHHHEBIX YHCEN, €nin < 0 — MUHH-
MaJBHBIA TMOKasaTens cremenu. M3 (1) merxo BmmeTs, uTO
IpE W3MEHEHMH MAHTHACCHl HA [MHUIY IOCTETHEr0 pas-
pAda CaMo YWCIO M3MeHAeTcA Wa Beamauuy b°~?. Vauisn-
Basg OuYeBHAHOe HepaseHcTBo b~! << |fl <1, mra ormocu-
TexsHON morpemmoctw |b°7?|/|fb°| = A, umcma z momy-
yaeM omenKy b~? < A, << b!-?,

Mosxmo BBeCTH B KauecTBe NApaMeTpPOB HPH 3aMUCH
MaIIEHHBIX 9YHCEN BEINIUHB; € = b!"? — maxcuMambHAA
OTHOCHTENBHAA IOTPEeIIHOCTh, O == bmin™ _ ypmyvamy-
HOe TONOMKETeNsHOe wHeao; A = b'max (1 — b™®) — yagcm-
ManmbHOE YHCNO0. OTH IApaMeTPH CYINeCTBEHHO XapaKTe-
pU3YIOT NPOIIeCC PeaNM3amUM YACIeHHEIX MeronoB. Ha-
OpEMep, €CTH B DO3YINbTaTe BEIMHCIGHUN IIOMyTaeTcs
9MCNI0, MEHbINeE O, TO OHO 3aMeHAeTCH HYIOM W OTHOCH-
TeIbHAA IOTPEIIHOCTE PE3KO BO3PACTaer.

Jlnia oDpepmemeRuVs IOKA3aTeNsi CTEIEHH W napobHOi
YaCcTH MAINHHBIX 9HCEN CIysKaT (yHEEmmE exponent (z),
fraction (z), o6parayio samauy, T. e. KOHCTpYyHpOBaHZE IO
3aJAHHBIM BeJIMYNHAM — IOKA3aTeN0 CTeNeHN W JpoGHOi
UaCTH CaMOTO0 YHCJIA, BHIOONHAeT QyEROUA synthesi-

b 20(2): = fraction(z)b?, Yrobm omemnts peamsmylo TOu-
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HOCTD BBHIYMCANTEILHOTO AITOPUTMA, HCIONB3YIOTCH Cleny-
omue QyEKNuE: QYHKOES abCONOTHOM MOrperrHoCTH

) 7P, |z|=0le,
o (z) = o, |z|<ole

u QYHKIUA, XapaxkTepusyiomas OTHOCHTENHHYIO IOrpent-
Hocth: p(z) = b7?/|fl,  # 0. Boxee ynoGHO#E mpwm BEITMC-
menusx seagercs P(z) = 1/p(x). . }

Hpocrefimuii TpuMep WCHOMB30BAHMA HTHX QYHRIUI
JaeT cHeAyloMas YCHOBHAA CXeMa  HTEPAMOHHOTO
mporeceas

X = z,,
{BHHOJIH}ITB {6 : =D (), vt =z} 8}, noxa | 8| < ka ().
3mecs § mpefcTaBiger PAsHOCTH MEKAY BHAYCHUAMI BEI-
YHCHOsIeMOH BeJIWUYMNEL HA JBYX WTEPANUOHHBIX CIOAX,
a yeaosume 8] < ka(z) mospomser yduuTEIBATH OMUORH
oxpyrienna. Ilpu TOM Ionaramor, 4TO OIMMOKA BHITONHE-
HuA Kaxmoil apudmernueckoii omepanun na 9IBM ompepe-
JfeTcs JUINL 3HAYCHHEM MOCHeFHETO PaspAfa MAaHTUCCHI,
70T (PAKT MCHOMB3yeTCs TpW TocTpoennu PyHrmum olz).
OpHaxo, Kax 3aMeueno B pabore [56), mus GompimmmcTBA
9BM ommubra Gonbmie, yeM o0baciseTca HEOOXOAMMOCTHIO
OKOHOMUE 0GODPYHOBAHWA B apmPMeTHUIECKOM yCTPORCTBE,
nopermenusa OwurcrpogeiicTeuss OBM. Ilosromy scmo, 1ro
$yuroua o(z) He Beerpa jaeT PeajpbHYI0 OLEHRY OMUOOK
OKpYTIEeHNs, TAK KAK OHA OPMEeHTHPOBAHA HA BeJUINHY
morpentHocTH, He mpeBocxonameit b!~?. TIpsamoit MeTon ana-
In3a OMmMOOK 10 KaMIoi omepanmm He Bcerfia Hafle/ReH
0 NpHYMHe, WTO omepanuu o0HYHO He SBIAKTCA He3a-
BUCHMBIMHE. OTO 03HAYaeT, 4T0 OMMUOKI WMEIOT TeH[IeHIINIO
ROMOEHCUPOBATh WIN YCHIMBATL APYI APYyra HeoOBITHEIM
o6pazoMm. ‘
4. Kpome BpefieHus (PYyHKIUIA, XapaKTepusyoOIMX TOY-
HOCTH, B PeINeHMN IIPoOJeMBl TPAHCHOPTaGelbHOCTHA CY-
IMeCTBYOT METOJMKA MCIONB30BAHNS PasImYHHX (PopMaToB
sammen unced. Ha mmormx 9BM B KadecTBe OCHOBHOM
dopMEI 3ammcm umces UPHHATA yiKe yNOMUHAeMas HAMA
HEOpManm3oBamHAas opma sammenm x = fb°, mpuueM B 33-
OUCH MAHTUCCH [ 3HAYeHWe CTapOiero paspafa OTIAIHO
OT HYJIA.
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Crpareruio mopMaXusamum BCeX UHCEX ¢ INIABAIOMeir
3aIATO# MOKHO ONEHHBATH HO-PA3HOMY: ¢ OAHOHE cropo-
HBI, KaK JAOOIYI0 BO3MOMKHOCTH IOJIYYUTh MWHHMAIbHEBIE
TIOTPENIHOCTY, AOCTUKUMEIe A NAHHON CTeIleHH TOYHO-
cru (T. e. AJA KoJWYecTBA PA3PHAOB, OTBOAUMBIX IION 3a-
OUCh 9HCIa); a ¢ [PYroii — Kax MOTeHIHWAILHO (O0Iac-
HYI0O» B TOM CMBICHE, YTO UMEeTCA TeHICHIUs BHIZABATH
pesyinbraTel 3a (ojiee TOYHBIE, UM OHH eCTh HA CAMOM
gexe. Ilorma MbI, HopManusysa pesyabrar omepamum 10X
X0,31428571—10'-0,31415927, norygaem 1072-0,12644000,
MHL TepsieM WHQPOPMAmUI0 0 MAKCHMAIbHOH CTENeHH TOod-
HOCTH MoclefHell Benmuymubl. Taras mudopMamuma coxpa-
HUJAch Obi, ecau OBl MBI -OCTABIAIM OTBET B BHUJIE

10'-0,00012644.

TogHOCTH BHIIONHEHUS MAIMAHOBIX ONEPAalMit cyme-
CTBEHHO 38BMCHUT OT KOJIHYECTBA PA3PANOB, OTBOJUMBIX IIOJ
3aIHCh YNCeJ, HO OYeBUIHA HEBOSMOIKHOCTL €€ yJIyulile-
HUA B BTOM HAUpaBIeHUNW (e3 CYIIECTBEHHOr0 BO3PacTa-
mua satpar. Hampumep, B crampapr smmoxmenus apud-
MeTHUeCKUX OIePAlMH BIIOYEHB! CJIeAYIGIOHe THIB TOY-
HOCTH: IIPpOCTasd U ABOMHAA ¢ JIUHON AYEEK, OTBOXUMEIX
oJ, 3amHCh uuced, 32-to u 64-ro paspsAa COOTBETCTBEH-
HO, OIlepupywollie ¢ HOPMATU30BAHEHIME YHCIAMH, K
pacliupeHnas IpocTas, W paclINpeHHAA ABONHAA, OmepH-
pywoiue ¢ HeHOPMaIu3oBanHeIMu yuciaamMa. Ofimas gopma
3ammCK YHCeN BO Beex orux (popmarax z = (—1)°2%F, rpe
§ — NpHE3HAK 3HaKa wmciaa, £ — moxasarean cremenm, F —
MaHTHCCA.

Jlas BeHOPMANB0BAHEBIX YUCEX B OTJIHYHE OT HOPMA-
JAM30BaHHON (POPMBI 3HAYEHHE CTAPIIET0 PA3PAAA MAHTHC-
CHL MOMKeT DABHAThCA Hyd0. MoKHO oxapaKrepuszoBaTh
nofpo6HEo0 cBoiicTBa 2TuX OPMATOB, HO MBI OTPAHHYEMCH
KoHcraTanueit Qaxra, 4TO pacHIHpeHHAA TOYHOCTH IPH
OlMIIAKOBOM WYucle KCIONB3YeMEIX paspAfoB IO3BOJAET
IpejicTaBUTh B MaIlnHe CYIMeCTBEHHO Gosee IMHPOKHil Ama-
IIa30H UHCeX II0 CPaBHEHWI0 ¢ HPOCTOil TowHOCTHO. Of-
HaKO apuMeTHKe HEHOPMAIM30BAHHBIX UHCEJ IPHCYI[M
He)KenareJbHble cBoiicTBa. Hampumep, mpm cromenun
TPUOIU3UTeNLHO PABHBIX MalbIX BeMWYMH YKA3HIBAEGMAs
5T0ii apuMeTHKONl TOYHOCTH HE COOTBETCIBYET eilCTBU-
TeJbHOMH. :

Pacmupenne fuamazoHa MAIMHHO-TIPECTABHMEIX UH-
ceJl JaCcTHYHO YCTPAHAeT KOABIeHUE IEePEeIQIHCHUA HIH
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MammEHOTO Hyuid. HampmMep, ecll €me = 126, To wmeno
z=2-1%0.1 01101... yme He MoeT OBHITH S3aNHCAHO B
DBM, HO mocie JEHOPMANN3AIWN IONyIaeM 2-126 X
X 0,000101 ...

5. YcTpaHeHMIO WIH IPeOTBPALICHMIO IIePerONHeHN
8 9BM caysar Tax HashBaeMbie HEYHCHEOBble CHMBOJBI
I 0G03HAYEHNA HCeN, BHIXOAAMUX 3a 001acTh MAIIMH-
HO-IIpeficTaBUMBIX. MBI MOKeM cuUTarh, 4T0 IpH mepe-
HONHEHUY Pa3PAMHHEIX sAIeeK HoaydaeM o0, —oo, M BOI-
poC CBOFHUTCH K BBEJCHMIO HAJ HUMU Pa3yMHEIM obpasoM
onepanuit. Ilpm ammporcuMaruw NeACTBATENLHEBIX IHCEN
MANIMHHHIMI clIeflyeT AelicTBOBATH TAKUM 0GpasoM, 4TOOH!
HOIYyIHTh HamGojiee HONHYIO CHCTEMY AKCHOM MHOKeCTBa
MAIIMHEEHX uncex. IIpm aToM ocofyio poib mpuoOperaer
ompefelenne OKPYIICHUA KAK OTOOparKeHHe IO meti-
CTBUTENLHEIX YHCell B €r0 HEKOTOpoe HOXMHOKecTBO, yH0B-
JeTBOPAIONTee ONPEeeIeHHBIM cBoficTBaM. Mmorue uHTe-
pecHBIe ACHEeKThI TAKOTO HOJXOfA IOKA3AHEI B [54].

6. Paccmarpusas TpaHcIoprabelbHOCTE IPOrpaMM Kaw
CTeICTBHEE ABTOMATHUECKOTO yUeTa OIEHKH HOrperIHoCTH,
HeIb3S HE OTMETHTH BO3MOYKHOCTH HCIOJNb30BAHUA A
5T0fl sKe Ieid MHTePBAJBHOTO HcdYuciaenus. BosHEKHYB
KaK CpeJCTBO IONYdeHHS BEPXHUX U HIGKHAX ONHOK
BEIUHCIACMEIX BeINUNH, WHTEPBAIBHBIA aHAJIN3 B HACTOA-
Imee BpeMs IpPefiCTaBIAeT [OCTATOYHO IONHYH MaTeMa-
THYECKYIO CHCTEMY, JONYCKAWINY0 aKCHOMATH3AN@I0 X
crysamyio 5QQEKTUBHEIM METOAOM UYMCIEHHOTO AHAIM3A.

QueBHIHE MPEeNMYIECTBA WHTEPBAABHBIX METO/OB UL
OMEHKE TOMHOCTY BBITHCINTEIBHBIX amropuTvos. Hak u
17IA OOBIYHBIX METOROB, JJIA MHTEPBANLHBIX BBOJATCH IO-
HATHA CXOJUMOCTH ¥ ATIPOKCHMAIMHN, HO 37eCh OMHOKI
OKDYTIIeHUs y/Ke YUMTHBAIOTCA IPH KOHCTPYHPOBAHMU
ANTOPATMA H B CJIydYae CXOAUMOCTH MeTofia He TpelyoT
[OMOTHUTEILHOTO HCCHefoBaHUA. BaKHBIM darxToM AB-
aAseTcs M TO, YTO WMCHOAH30BAHEE HMHTEPBAABHBIX YHCEI
[03BOJIAET (HOPMANM3OBATH HCCIENOBAHEE PEANBHOTO BHI-
YHCANTONBHOT0 IpoHecca B OTIMYME OT IIOLydMOApHIe-
CKOTO TOJXOJa K BHIUMCICHHAM B MAIMIMHHOR apudmern-~
Ke B HacTOAIlee BpeMs.

ITpupefeM MpoOCTOH, HO JOCTATOYHO yGeuTeabHEIA
mpumep. Ilyers Tpebyercs BEIYMCIRTS 3HAYeHMe QYHKMUL

{1, eciz 1—3x>0,
ry.(x)—— 0, eciu 1—3z<CO0.
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T IUOEL IIOCTPOEHUA KOTO

ITomosknm z = 1/3, torn ;
, Torga y{x) = 0, Ho
Brrancienue y(x) Gymer mpousBogmThes fa;c{: wrorx 9BM

1—-34(1/3) = 1-3(0,33...3) = 0,00...01 > 0,

noaromy y{1/3) =1.

03 3Hepe3n!f]eM K UHTepBANBHEIM wmemam: 1—3[0,33 33
M 33 . ..
33...341 =[—0,00...02; 0,00...01]. Samermry. o
[a, ] >0« a>0. B s
o b >0 . B aroM cryuae smawemme y(1/3) = ()
amo Ml2éT ¢ €ee TeopeTHYECKHM BHAYEHHEM. I[n;:,
II;TM TeHns 9QQPeRTUBHEIX MCCIeTOBAHM CIOHHIX aJro-
gam, ;:ﬁ n(::[egoz«l?;nmo UHTePBANBHOTO aHANA3A TpeGyerces
PasBuTHe, BHIACHEHHMe airTed 7
amgecK
CTPYKTYDHI, TOIONOTHIECKHX CBOMCTB, Tie ., o

0 PeHeCceHua ps
pesyJIbTaToB M3 JEUCTBHTENHHOIO0 aHAJXN3A. b

.nmaul?r;ml{a HHepaBPBIBHO CBA3AHA 3ajlava MAIIHHHOMN pea-
TePBANLHBIX ANTOPITMOR :
CO3[IaHMe MaKe
I , TOB
POTPaMM, pealusylOmMuX HHTePBAIBHEIE onepanuu, MpuH-
PBEIX DACCCMOTDEHEI B IIPOBITYINEM

naparpade.
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