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�(�	� $& ��!"�4!2 64 ?2"1� �2@24!7 "!"126  A.�4 �244.� 8!992�24;
B!�034.� ����424!7 ! !� C� 0DB!!&

E$&$& 	�0D/24!2 �2@24!7  A.�4 �244.� 8!992�24B!�034.� ����424!7& F,

E$&F& �2� 1 �.2 !412���034.2 621�!�! !  " A244 "1! !� ��!62424!5 805
 B24�! !412���034.� ��0D/24!7& G#

E$&G& ����41!� ��44.2 !412���034.2  B24�! " � ���4 "1! �2@24!7 "!"126
 A.�4 �244.� 8!992�24B!�034.� ����424!7& >F

�(�	� F& �2@24!2 :�8�/! � @! 805 "!"126  A.�4 �244.� 8!992�24B!;
�034.� ����424!7 " !412���034.6! 8�44.6!&

EF&$& 	0!54!2 C992�1� ���� H�������� �	�
�� 4� � �2824!2 !412���034.�
 B24 �& ##

EF&F& �4�0!1!/2"�!2 �.��?24!5 "�0�74;���� �"!6�B!7 �2@24!7 ! "8�!I � 
1��2�1 �!!& '#

EF&G& �21 8. � "1� 24!5 �2��4!� ! 4!?4!�  B24 �<  "4 ��44.2 4� �4�0!;
1!/2"� 6 ��28"1��024!! ��!A0!?244.� �2@24!7& JF

�(�	� G& � 6�3D12�4�5 �2�0!:�B!5 !412���034.� �0I �!16 � ! � �� ;
". 4�82?4.� �./!"024!7&

EG&$& 	 �� ". �2�0!:�B!! !412���034.�  �2��B!7 !  �2��B!7 " 4�����024;
4.6!  ���I024!56! H8!4�6!/2"� 7 1 /4 "13DK& %,

EG&F& ��!62424!2 "!6� 034.� �0I �!16 � 805 4�� ?824!5 9 �6�0 ��!A0!;
?244.� �2@24!7& $+,

���(�*
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����������  ! �!6� 034.2 9 �6�0. "�0�74;9�4�B!7< ���� �"!6!��;
DL!� �2@24!2 "!"126.  A.�4 �244.� 8!992�24B!�034.� ����424!7& $G+

���������� "! �2:�031�1. ��"/21 � ! I��9!�! !412���034.�  B24 �
64 ?2"1� 1 /4.� �2@24!7& $G#
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	�2824!2

�4 I!2 :�8�/! 4���! ! 12�4!�! ��!� 851 � 42 A� 8!6 "1! !:�/�13 6�;
126�1!/2"�!2 6 820!<  �!".��26.2 8!992�24B!�034.6! ����424!56!& � ;
0�/244.2 6�126�1!/2"�!2 6 820! /�"1 � 88�D1"5 !""028 ��4!D 1 03� "
� 6 L3D /!"0244.� 621 8 �& �84!6 !: "2�32:4.� � �� " �< � 1 �.7 � :;
4!��21 ��! C1 6< 5�0521"5 � 41� 03 1 /4 "1! � 0�/244 I /!"0244 I �2;
@24!5< � 1��?2 I���41!� ��44 7 1 /4 "1!<  A2"�2/!��DL27 �/21 �0!54!5
�"2�  @!A �< � 1 6 /!"02  @!A �  ���I024!5& �028�21  1621!13 1��?2 42 A;
� 8!6 "13 �2@�13 :�8�/!< � � 1 �.� �58 ����621� � :�8�4 0!@3 421 /4 <
"028 ��12034 42 A� 8!6  �!".��13 64 ?2"1�� �2@24!7& �!� �!7 ���I � ;
8 A4.� :�8�/ �.:��0 ��:�!1!2 621 8 � � "1� 24!5 �2��4!� ! 4!?4!�  B24 �
!0! 621 8 � ��0D/24!5 �2@24!7 H��

����� ��������&

���!2 621 8.  A./4  "4 �.��D1"5 0!A 4� !"� 03: ��4!! 12 �26 "���;
424!5 �2@24!7< 0!A 4� �2�0!:�B!!  "4 �4.�  �2��B!7 " 42� 1 �.6! 64 ;
?2"1��6!< ��0D/�DL!6! �"D " � ���4 "13 �2@24!7 !"� 84 7 :�8�/!< ��;
��00202�!�28�6! H!412���0�6! � RnK< C00!�" !8�6!< @���6! � 42� 1 � 7
4 �62 ! 1 6� � 8 A4.6!& ��! C1 6  �2��B!! 4�8 C1!6! 64 ?2"1��6! 8 0?;
4. "1� !13"5 1��< /1 A. �.� 0450"5 ��!4B!� 6 4 1 44 "1! � ��0D/24!D
M$N< 1 2"13 I���41!� ��0 "3 " ���424!2 � �2:�031!��DL26 64 ?2"1�2 �2:�03;
1�1 � �"2�  �2��B!7 4�8 �2L2"1�244.6! /!"0�6! H1 /��6!K !: 64 ?2"1�;
 �2��48 �&

�05 "!"126  A.�4 �244.� 8!992�24B!�034.� ����424!7< � 1 6 /!"02 "!;
"126< !62DL!� 421 /4 :�8�44.2 ����621�.< �./!"024!2 �2��4!� ! 4!?4!�
�2@24!7 ��28"1��0521 A 03@ 7 :4�/!12034.7 !412�2" � ��!�0�84.� :�8�;
/��& O1  AP5"4521"5 � :6 ?4 "13D "1� !13 4� !�  "4 �2 I���41!� ��44.2
 B24�! �2@24!7 ! 64 ?2"1� �2@24!7&

��""6 1�!6 :�8�/� " 4�/�034.6! 8�44.6!

y′ = f(t, y), H$K

y(t0) = y0, t ∈ [t0, tf ], y ∈ Rn,

1 /4 2 �2@24!2 � 1 � 7 ���4 y(t).

�. � 1!6 �./!"0!13 !412���034�D 9�4�B!D Y (t) =
[
Y (t), Y (t)

]
< 805

� 1 � 7 y(t) ∈ Y (t) ��! �"2� t ∈ [t0, tf ]. ��4�B!5 Y (t) �/!1.��21 1��?2 I�;
��41!� ��44.2 I��4!B. I0 A�034 7  @!A�! �2@24!5 :�8�/! H$K& O1 1 � 8� 8
��"@!�521 621 8!��  B24�! /!"0244.� �2@24!7 " �/21 6 �"2� 1!� � � I�2@;
4 "127&

�



�028�21  1621!13< /1  84!6 !: �2��.� �/24.�< � 1 �.7  1621!0 42 A� ;
8!6 "13 � "1� 24!5 8��"1 � 44!�  B24 � �2@24!7 8!992�24B!�034.� ����;
424!7 A.0 ��""�!7 6�126�1!� ! 62��4!� �&�& *��0.I!4 � $%$% I 8� � ��A ;
12< � "�5L244 7 4 � 6� 621 8� �2@24!5 8!992�24B!�034.� ����424!7& � ;
8� A4 2  �!"�4!2 C1 I 621 8� !  A: �4�D "1�13D ���826!�� �&�& (�:!4�
6 ?4 4�71! � "A �4!�2 1��8 � �&�& *��0.I!4� M,N& ��03427@22 ��:�!1!2
621 8 � � "1� 24!5 8��"1 � 44!�  B24 � ! !� !"� 03: ��4!5 805 �4�0!:�
�2@24!7 8!992�24B!�034.� ����424!7 " 82�?!1"5 � ��A 1�� MG< J< $>N&

� 1�2A4 "13 " :8�4!5 A 022 4�82?4 I �� I��664 I  A2"�2/24!5 805
621 8 � /!"0244 I �2@24!5  A.�4 �244.� 8!992�24B!�034.� ����424!7
��!�20� � � 5�024!D !""028 ��4!7< 4�����0244.� 4�  B24�� I0 A�034 7  @!A;
�!& �412���034.2 621 8. �2@24!5 8!992�24B!�034.� ����424!7< ��2��.2
��280 ?244.2 ��� 6 M$N< 5�05D1"5 0 I!/2"�!6 ��:�!1!26 C1 I 4�����02;
4!5< � "� 03�� ��! C1 6 �� !:� 851"5 � "1� 24!5 I���41!� ��44.� �2��4!�
! 4!?4!�  B24 � 64 ?2"1�� 1 /4.� �2@24!7< !4�/2 4�:.��26.� !412���03;
4.6! �2@24!56!&

��022 �"D8� � 8!""2�1�B!! A�8�1 !"� 03: ��13"5 ��"�� "1��4244.2 8 "1�;
1 /4 @!� � 12�6!4. !  A :4�/24!5 !412���034 I �4�0!:�< 4���!62�< [a, b]
805 !412���0 � {x|a ≤ x ≤ b}< f(X) = {f(x)|x ∈ X}< F (x) = [f(x), f(x)] =

{f(x)|f(x ≤ f(x) ≤ f(x)∀x ∈ X}& � 451!2 !412���034 I �2@24!5 1�2A�;
21 "� 2I  "6."024!5 � � 412�"12 !412���034.� �0I �!16 �& �412���034�5
�20!/!4� 6 ?21 � 5�!13"5 � :�8�/2 H$K ��� !412���034 2 4�/�034 2 :4�/2;
4!2< !0! ��� !412���034.7 ����621� � ���� 7 /�"1! f. ���!2 !412���0.
 A./4 ��28"1��05D1 42 ��2820244 "1! ! 42  A5:�12034 5�05D1"5 6�0.6!
�20!/!4�6!& ��8�/!< � � 1 �.2 ��!"�1"1��D1 !412���0.< 6 I�1 ��""6�1�!;
��13"5 0!A ��� 8!992�24B!�034.2 !412���034.2 ����424!5 H����424!5< �
� 1 �.2 �� 851 !412���034.2 � C99!B!241. ! ��""6�1�!��D1"5 !412���03;
4.2 9�4�B!!K< 0!A ��� ����621�!: ��44.2 "2627"1�� 8!992�24B!�034.�
����424!7&

*1 A. �� !00D"1�!� ��13 C1  10!/!2< ��""6 1�!6  A.�4 �244 2 8!9;
92�24B!�034 2 ����424!2

y′(t) = −y, y(0) = [1, 2]. HFK


"0! ��""6�1�!��13 ����424!2 HFK ��� 8!992�24B!�034 2 !412���034 2 ����;
424!2< 1 �2@24!2< �� � 85L22 /2�2: 4�/�034�D 1 /�� (t0, y0) = (0, 2) 6 ?21
!6213 1�4I24" �I0� 4��0 4�<  I��4!/244.7 "�2��� /!"0 6 −1< �2@24!2< �� ;
� 85L22 /2�2: 1 /�� (0, 1) 6 ?21 !6213 1�4I24" �I0� 4��0 4�<  I��4!/244.7
"4!:� :4�/24!26 −2.

�



��1!6�034 2 ��0D/24!2
[
Y (t), Y (t)

]
1 /4 I �2@24!5 y �8 �021� �521 "!;

"1262
Y

′
= −Y , Y (0) = 2

Y ′ = −Y , Y (0) = 1

�028 ��12034 <

y(t) ∈ [Y (t), Y (t)
]
=
[
(3e−t − et)/2, (3e−t + et)/2

]
,

	 /�"14 "1!< �2@24!2  A.�4 �244 I 8!992�24B!�034 I ����424!5< !412�;
��21!��26 I ��� !412���034 2 8!992�24B!�034 2 ����424!2< 42 6 ?21 !6213
�6243@�DL�D"5 @!�!4�&

� 8��I 7 "1 � 4.< 2"0! 6. ��""6�1�!��26 ����424!2 HFK ��� ����621�!;
: ��44 2 "2627"1� <  �1!6�034.6 ��0D/24!26 A�821 [e−t, 2e−t] - " �2�@244 
8��I 2 �2@24!2&

� 8 A4 2 � �2824!2  A4���?!��21"5< 2"0! :�8�/� H$K ��0D/�21 !412���03;
4 :4�/4.7 ����621�& ����!62�< � I8�

y′ = −ay, y(0) = 1, a = [1, 2]

��""6�1�!��21"5 ��� !412���034 2 ����424!2< 2I �2@24!26 A�821⎡⎣1 −√
2

2
e
√

2t +
1 +

√
2

2
e−

√
2t,

−1 +
√

2

2
√

2
e
√

2t +
1 +

√
2

2
√

2
e−

√
2t

⎤⎦ , t ∈ [0, 0.623].

��""6�1�!��5 �2@24!2 ��� ����621�!: ��44 2 "2627"1� < 6. 6 ?26 � 0�;
/!13 I��4!B�

[
e−2t, e−t

]
.

	 ��A 1��< "1� 5L!� !412���034.2 621 8.< !62D1 62"1  A� C1!� � 8� 8�<
� 15 805 � 4B2�B!!< � � 1 � 7 6. " � "1��0526 "!"1262  A.�4 �244.� 8!9;
92�24B!�034.� ����424!7 ����621�!: ��44 2 "2627"1� < � :4!��D1 "0 ?4 ;
"1! " 4�� ?824!26 C992�1!�4.� /!"0244.� �0I �!16 �& ����!62�< 2"0! �
:�8�/2 H$K ��0D/24. ����621�. � 9�4�B!! f <1 ( 42� �������� MGJ< G%< >+N
"/!1�21< /1 ��?8.7 ����621�-C1 8 � 04!12034�5 :��!"!6�5 �2�26244�5<
�� !:� 84�5 � 1 � 7 ���4� 4�0D&

��?8.7 !: 621 8 �  B24�! I0 A�034 7  @!A�!<  �!"�44.7 � ��A 12 MG#N
6 ?21  A��: �.��13 A�:!" !412���034 I �0I �!16�& ��� ?824!2 ��0D/24!7
805 y(t)  "4 ��4 4�

• 8!992�24B!�034.� 42���24"1���<

• � 42/4 ;��:4 "14.� ���� �"!6�B!5� "  B24� 7 � I�2@4 "1!<

�



• ��:0 ?24!5� � �58. �270 �� H!0! 8��I!2 �58.K "  B24� 7  "1�1 /4 I 
/024�<

• ��!4B!��� � ��2�B!! 8292�1�<

• !12��B!5� �!���� !0! �3D1 4� � "  1�21"1��DL26 9�4�B! 4�034 6
�� "1��4"1�2&

	�?4.6 6 6241 6 805 �"2� C1!� � 8� 8 � 5�0521"5 1�2A ��4!2 � !"��
��0D/24!5< ��� 6 ?4 A 022 A0!:� I � 1 /4.6 �2@24!56& �05 8 "1!?24!5
C1 I < 621 8 8 0?24 ��2 8 0213 �0!54!2 1�� 4�:.��26 I C992�1� ����
H�������� �	�
�K< � 1 �.7  :4�/�21 "!034 2 ��20!/24!2 @!�!4. ��0D/24!7<
��� ����!0 C�"� 424B!�034 2&

��!@26 � � 1� �0I �!16 4�� ?824!5 ��0D/24!5 �2@24!7 :�8�/! " 4�;
/�034.6! 8�44.6!& O1 1 �0I �!16  "4 ��4 4� ��!4B!���< :�0 ?244.� �
12 �262 "�L2"1� ��4!5 ! 28!4"1�244 "1! �!����& �05 �� "1 1. "9 �6�0!;
��26  84 62�4.7 "0�/�7&

�2 �26� "�L2"1� ��4!5 ! 28!4"1�244 "1! �!����&

��"13 R = {(t, y) ∈ R2 : t0 − a ≤ t ≤ t0 + a, y0 − β ≤ y ≤ y0 + β.}
��28� 0 ?!6< /1 � R f(t, y) 42��2�.�4� ! �8 �021� �521 �"0 �!D (!�@!B�&
� I8� :�8�/�

y′ = f(t, y), y(t0) = y0

!6221 28!4"1�244 2 �2@24!2&
��26� 8 ��:�1203"1��& ��56 �I 034!� R  ��2820521 ��28� 0�I�;

26�D ���! �4 I��4!B� �2@24!5 y. 	4�/�02 6. 4�7826  ��2"14 "13 t0, �
� 1 � 7 "����280!� 42���24"1� < :�8�DL22 ���! �4�D I��4!B�& � "� 03��
f 42��2�.�4�< |f | 8 "1!I�21 "� 2I 6��"!6�034 I :4�/24!5 M � R. ���282;
0!6 h = min{α, y0+β

M }& � I8�
805 t ∈ [t0 − h, t0], y(t) ∈ [y0 + M(t − t0), y0 − M(t − t0)]

805 t ∈ [t0, t0 + h], y(t) ∈ [y0 − M(t − t0), y0 + M(t − t0)]

�028 ��12034 < ��!

t ∈ [t0 − h, t0 + h], y ∈ Y (t) = y0 + [−M, M ](t− t0) ⊂ R, HGK

�  �2��B!! �!���� "� 851"5 ���4 62�4 � y 4� !412���02 [t0 − h, t0 + h].
� ��:�1203"1� 12 �26. "�L2"1� ��4!5 ! 28!4"1�244 "1! �!���� 826 4;

"1�!��21 "�L2"1� ��4!2 �0I �!16� 4�� ?824!5 ��0D/24!5 QHRK< 1�� I < /1 

�



y(t) ∈ Y (t) I82 y(t) - �2@24!2 ����424!5 HGK& �84�� � ��/2"1�2  B24�! y

�20!/!4� Y 5�0521"5 42�8 �021� �!12034 7< � "� 03�� ��0D/24!2 �2�4 4�
"���4!12034 � � 1� 6 !412���02 [t0−h, t0+h] ! 42  A0�8�21 "� 7"1� 6 6�0 ;
"1! @!�!4.& �4 I!2 !:�2"14.2 !412���034.2 �0I �!16.  A AL�D1 ��:0!/;
4.2 �"�2�1. C1 I 8 ��:�1203"1�� ! �"1��45D1 64 I!2 !: C1!� 428 "1�1� �<
4 � 04 I �2@24!5 :�8�/!  � "1� 24!! C992�1!�4.� 621 8 � !412���03;
4.�  B24 � 42 8�D1&

	 ��A 1�� MG< JN " 82�?!1"5 8 "1�1 /4 � 04 2 !:0 ?24!2 12 �!! 8!992;
�24B!�034.� 42���24"1�& 	 4!� ��!�2824. ��!62�. "!"126  A.�4 �244.�
8!992�24B!�034.� ����424!7< 805  B24�! �2@24!7 � 1 �.� 6 ?21 C992�;
1!�4 !"� 03: ��13"5 12 �!5 8!992�24B!�034.� 42���24"1�&

��4�B!5 f(t, y) 4�:.��21"5 ���:!6 4 1 44 � :��"1�DL27 H�A.��DL27K
� y< 2"0! 805 ν = 1, . . . , n, fν(t, y) ≤ f(t, z) H"  1�21"1�244 ≥K 805 y ≤ z
� � 6� 42414 < yν = zν . (DA�5  84 62�4�5 9�4�B!5 n = 1 ���:!6 4 1 4;
4�& � C1 6� !412���034.2 �0I �!16. 6 I�1 � � @ ��A 1�13 805 "��05�4.�
����424!7 !< ��� "028"1�!2 C1 I < �.:.��13 ��28� 0 ?24!2 < /1 C1! �0I ;
�!16. "028�21 ��!624513 � "!"126�6 ����424!7&

�� @�I2 !412I�!� ��4!5 i 6. � 0�/�26 ��0D/24!2

y(ti) ∈ Y (ti) =
[
Y (ti), Y (ti)

]
,

I82 Y , Y ∈ Rn. 	  AL26 "0�/�2 6. 8 0?4. �2@�13 :�8�/� H$K " !412���034.;
6! 4�/�034.6! 8�44.6! y(ti) ∈ Y (ti). �84�� < 2"0! f(t, y) ���:!6 4 1 44�<
6.  1"02?!��26 :� 2n− �2@24!56! "!"126. ����424!7< !62DL!� /!"0 � 2
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y(ti) = 9 �6�0� + Cyp(ξ), ξ ∈ (ti, ti+1), H>K

I82 9 �6�0� H>K 6 ?21 "  1�21"1� ��13 5�4 6� !0! 425�4 6�  84 @�I � 6�
H64 I @�I � 6�K 621 8�< ��0D/�5 �./!"024!5 f(t, y). 	�0D/24!2 y(p)(ξ) ∈
y(p)([ti, ti+1]) �./!"0521"5 " !"� 03: ��4!26 ��!9621!�! 8!992�24B!�0 � M$<
FN&

� I8� �./!"024!2 ���:�44 7 9 �6�0. � ����424!! H>K  A2"�2/!��21 ��0D;
/24!2 �2@24!5 � 1 /��� tiS

y(ti+1) ∈ Yi+1 = 9 �6�0� + Cy(p)([ti, ti+1]). H#K

��4�B!5 ��0D/24!5 6 ?21 A.13 "� 4"1��!� ��4� !: !412�� 0541 �< !";
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��!9621!�!< ��!� 8!1 � � 5�024!D !412���034.� 9�4�B!7< @!�!4� � 1 ;
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H��0D/24!5K< � 0�/244.2 � 8��6 ����!0�6 "028�21 �2�2"2��13< /1 A. 4�� ;
8!13 A 022 �:� 2 ��0D/24!2&

��� � "� !� ��A 1�� M$< FN !"� 03: ��0 ��!9621!�� 8!992�24B!�0 �< /1 ;
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��DL!2 ��0D/24!2  "1�1 /4 I /024� �58 �&

��"13 Ti = [ti, ti+1]< ŷi  A :4�/�21  B24�� �2@24!5 y(ti) = yi. ��� ��:0�I�0
ŷ(t) � �58 �270 �� � 1 /�2 t = ti " @�I 6 h = t − ti :

ŷ(t) = ŷi + ŷ′ih + ŷ′′i h
2/2! + . . . + ŷ

(p)
i hp/p! + ep

�� !:� 84.2 ŷ
(j)
i = ŷj(ti) �./!"05D1"5 !: 8!992�24B!�034 I ����424!5 "

� 6 L3D ��!9621!�! 8!992�24B!�0 �

ep = ŷ(p+1)(ξ)hp+1/(p + 1)!, ξ ∈ Ti
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"0! Yi- !412���0< 1�� 7 /1 yi ∈ Yi< 1 y(t) ∈ Yi(t) 805 t ∈ Ti< I82

Yi+1(t) = Yi + Y ′
i h + Y ′′

i h2/2! + . . . + Y
(p)
i hp/p! + Ep. H'K

	 ����424!! H'K Y
(j)
i �./!"050 "3 " !"� 03: ��4!26 1 /4 I �2����2414 ;

I "  14 @24!5 1�� I < ��� 805 ŷ
(j)
i "  162/244.6!  �2��B!56!< �2�0!: ��4;

4.6! � !412���034 7 ��!9621!�2& �@!A�� �"2/24!5 :��0D/24� � !412���0

Ep = Y
(p+1)
i (Ti)h

p+1/(p + 1)!

� I8� 805 Yi+1 = Yi(ti+1) 6. !6226 yi+1 ∈ Yi+1.
����424!2 H'K �./!"0521 !412���0.< !62DL!2 ��20!/!��DL�D"5 @!�!4�
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8 � 04521  A./4.7 ��:4 "14.7 621 8 �2@24!5 "!"126. 8!992�24B!�034.�
����424!7 4�� ?824!26 �.��?24!7< ��28"1��05DL!� I0 A�034.2 � I�2@4 ;
"1!& O1� 621 8!�� 6 ?21 A.13 �2�0!: ��4� 1 03� ��! �.� 0424!! 8 � 034 
"0 ?4.� �� B28�� 8!992�24B!� ��4!5 9�4�B!7 � "!6� 034 6 �!82< " :8�;
4!26 � 1 �.� :�4!6�0"5 !4"1!1�1 ��!�0�84 7 6�126�1!�! ��! �4!�2�"!1212
I& ���0"��C � 12/24!2 42"� 03�!� 021&

�21 8 ( 42�� � :� 0521 "1� !13 !412���034.2  B24�! 805 64 I!� "!"126
8!992�24B!�034.� ����424!7< 4 @!� � ���I :�8�/< � � 1 �.� C1!  B24�!
"0!@� 6 @!� �!& 	 0DA 6 "0�/�2  4 1�2A�21  /243 64 I � 6�3D12�4 I 
��2624! ! � 6�3D12� � A 03@ 7 �� !:� 8!12034 "1!&

�0I �!16 �58 � �270 �� � :� 0521 � 0�/!13 42��2�.�4.2 !412���03;
4 :4�/4.2 ��" /4.2 � 0!4 6. 4� !412���02 [t0, tf ]< I82 Y (t) = Yi(t) 4� Ti.

	�0D/24!2 y(t) ∈ Y (t) �.� 04521"5 805 �"2� t ∈ [t0, tf ]< 8�?2 2"0! t !0! y(t)
42 5�05D1"5 6�@!44 ��28"1��!6.6!& � "1��024. �0I �!16. 4�  "4 �2 ��:;
0 ?24!7 � �58. �270 ��< � :� 05DL!2 �./!"0!13 ��0D/24!5 805 y(t).
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	 :6 ?4. 64 I!2 ���!�41. 621 8� � ��2�B!! 8292�1�<  84�� �"2  4!
!62D1 "028�DL�D  AL�D 9 �6�S

• �./!"0521"5 ���� �"!6�B!5 �2@24!5 ŷ(t) 805 y(t)<

• 8292�1  ��2820521"5 ��� d(t) = ŷ′ − f(t, ŷ(t))<

• !"� 03:�21"5 �2@24!5 ŷ :�8�/!< � C99!B!241. � 1 � 7 A0!:�! � � C9;
9!B!241�6 !"� 84 7 :�8�/!< ŷ′ = f(t, y)+d(t) H"�L2"1� ��4!2 �2@24!5K<

• �./!"0521"5 ˆ̂y- ��!A0!?244 2 �2@24!2 :�8�/! y′ = f(t, y)+d(t) � 1 6�
?2 �0I �!16�< /1 ! ŷ(t),<

• ��28� 0�I�21"5< /1 ˆ̂y− ŷ(t) ≈ ŷ(t)−y(t), 1 2"13 � 0�I�26< /1  @!A�!<
"820�44.2 ��! �2@24!! A0!?�7@27 :�8�/!< ��!A0!?244 ���4.  @!A;
��6< "820�44.6 ��! �2@24!! �2�� 4�/�034 7 H!"� 84 7K :�8�/!<

• 1 I8� y(t) ≈ ŷ(t) − (ˆ̂y − ŷ(t)).<

• �� !:� 851"5 !12��B!! @�I �&

�412���034.7 ���!�41 621 8� � ��2�B!! 8292�1�< ��280 ?244.7 �121;
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"0! [a, b]- "  1�21"1��DL�5  ��2"14 "13 1 /�! t0< � CI [a, b]  A :4�/�21
64 ?2"1� 42��2�.�4.� !412���034 :4�/4.� 9�4�B!7 4� [a, b]< 1 I8�  1 A;
��?24!2 Φ : CI [a, b] → CI [a, b]< :�8�44 2 9 �6�0 7

Φ(Y )(t) = y0 +
∫ t

t0
f(s, Y (s))ds, H,K

5�0521"5 α− "?�1!26< I82 Y ∈ IC[a, b].

�028 ��12034 < 2"0! Φ(Y )(t) 4�� 8!1"5 "1� I �4�1�! Y (t) ��� 64 ?2;
"1��< 1 "�L2"1��21 28!4"1�244 2 �2@24!2 y :�8�/! H$K ! y ∈ Y. � "� 03��
Φ 5�0521"5 "?�1!26< 6. 6 ?26 � 0�/!13 ��0D/24!2 �2@24!5< 8 "1�1 /4 
A0!:� 2 � 64 ?2"1�� 1 /4.� �2@24!7 " � 6 L3D !12��B!7

Yj+1 = Φ(Yj).
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h(A, B) = max{|a − b|, |a − b|},
	�



I82 4!?4!7 4�8/2��  A :4�/�21 4!?4DD I��4!B� !412���0�< �2��4!7 4�8/2��-
�2��4DD I��4!B� !412���0�& �A :4�/!6 /2�2:CI([t0, tk]) �� "1��4"1� 42��2;
�.�4.� !412���034 :4�/4.� 9�4�B!7<  ��2820244.� 4� !412���02 [t0, tk] "
621�!� 7

hI(F, G) = maxtmax
{∣∣∣f(t) − g(t)

∣∣∣ , ∣∣∣f(t) − g(t)
∣∣∣} .

��2 A��:�26 ����424!2 $&$ � !412I��034 6� ����424!D

u(t) = u0e
−L(t−t0) +

∫ t

t0
[f(u(s)) + Lu(s)]e−L(t−s)ds == u0e

−L(t−t0) +
∫ t

t0
g(u(s))ds

H$&>K
I82

g(u(s)) = e−L(t−s)[f(u(s)) + Lu(s)], H$&#K

L = max
t∈[t0,tk]

{∣∣∣∣∣∂f

∂u
(u(t))

∣∣∣∣∣
}

.

(2I� �!8213< /1 �� !:� 84�5 ∂g
∂u

≥ 0 805 0DA I t ∈ [t0, tk]. �2@24!2 :�8�;
/! H$&$K C��!��02414  1."��4!D �"2� 42��2�.�4.� �2@24!7 !412I��034 I 
����424!5 H$&>K 1��!�< /1 u0 ∈ U 0.

�05 �2@24!5 !412I��034 I ����424!5 H$&>K !"� 03:�26 !412���034.7 62;
1 8 � "028 ��12034.� ��!A0!?24!7 H621 8 �!����K& �6226

V n+1(t) = U 0e−L(t−t0) +
∫ t

t0
G(V (n)(s))ds, H$&'K

I82
G(V (n)(s)) = [g(v(n)(s)), g(v(n)(s))],

V (n)(s) = [v(n)(s), v(n)(s)], n = 1, 2, ...,

5�05D1"5 2"12"1�244.6! !412���034.6! ��"@!�24!56! 9�4�B!7 g(v), v<

V (0)(s) = [u(0)e−L(s−t0), u(0)e−L(s−t0)],

V (0)(s)-42� 1 � 2 4�/�034 2 ��!A0!?24!2< " 82�?�L22 U t& ��! C1 6 V (1)

�.A!��21"5 1��< /1 A. V (2)(s) ⊆ V (1)(s)< ��! C1 6 6 I�1 � 5�!13"5 42� 1 �.2
 I��4!/24!5 4� :4�/24!5 s& �1621!6 1��?2< /1 !412���034 2 ��"@!�24!2

G(V (n)(s)) = [g(v(n)(s)), g(v(n)(s))]

�8 �021� �521 42���24"1��

hI(G(V (n), G(V (n+1)) ≤ L hI(V
(n), V (n+1)),

	�



��! 42� 1 �.� 2"12"1�244.� �"0 �!5�&
�2"0 ?4.6! ��""�?824!56! 6. 6 ?26 � ��:�13< /1 621 8 $&' � �� ;

"1��4"1�2 I(R)) !6221 42� 8�!?4�D 1 /�� V ∗ < � 1 ��5 " ���8�21 " U t ��!
0DA.� ��26244.� :4�/24!5� t& �05 8 ��:�1203"1�� C1 I :�621!6< /1  �2��;
1 � Pic(V ) ≡ V 0+

∫ t
t0

G(V (s))ds �2�2� 8!1 42��2�.�4.2 !412���034 :4�/4.2
9�4�B!! � 42��2�.�4.2 !412���034 :4�/4.2 9�4�B!! ! 5�0521"5 "?!6�D;
L!6 � 621�!�2 hI ! 42� 1 �.� 22 �4�0 I��& 	 ��/2"1�2 C��!��02414 7 27
621�!�!  ��2820!6

ĥI(F, G) = max
t∈[t0,tk]

max
{
e−L1(t−t0)(|f(t) − g(t)|, |f(t) − g(t)|)} H$&,K

:82"3L1 ≥ L.

�:�2"14 < /1  A2 621�!�! hI ! ĥI  A0�8�D1 !4���!�414 "13D  14 "!1203;
4 "8�!I�& �� 62 1 I 

ĥI(V
(n+1)(t), V (n)(t)) = ĥI(

∫ t

t0
G(V (n)(s))ds,

∫ t

t0
G(V (n−1)(s))ds).

�412���034.7 !412I��0 � "!0� 42��2�.�4 "1! � 8.412I��034 7 9�4�B!! G

:��!@21"5 1��∫ t

t0
G(V (n)(s))ds = [

∫ t

t0
g(v(n)(s))ds,

∫ t

t0
g(v(n)(s))ds].

� I8� !"� 03:�5  A :4�/24!5 Ce = e−L1(t−t0)< Cs = eL1(s−t)e−L1(s−t0)< � 0�;
/�26 42���24"1��

ĥI(
∫ t

t0
G(V (n)(s))ds,

∫ t

t0
G(V (n−1)(s))ds) =

max
t

⎧⎪⎨⎪⎩Ce max

⎛⎜⎝
∣∣∣∣∣∣∣
t∫
t0

g(v(n))ds −
t∫
t0

g(v(n−1))ds

∣∣∣∣∣∣∣ ,
∣∣∣∣∣∣∣
t∫
t0

g(v(n))ds −
t∫
t0

g(v(n−1))ds

∣∣∣∣∣∣∣
⎞⎟⎠
⎫⎪⎬⎪⎭

≤ max
t

⎧⎪⎨⎪⎩e−L1(t−t0) max

⎧⎪⎨⎪⎩L
t∫
t0

∣∣∣v(n) − v(n−1)
∣∣∣ ds, L

∫ t

t0

∣∣∣v(n) − v(n−1)
∣∣∣ ds

⎫⎪⎬⎪⎭
⎫⎪⎬⎪⎭

≤ max
t

⎧⎪⎨⎪⎩L
t∫
t0

Cs max(|v(n)(s) − v(n−1)(s)|, |v(n)(s) − v(n−1)(s)|)ds

⎫⎪⎬⎪⎭
≤ L max

t

∫ t

t0
e−L1(t−t0)dsĥI(V

(n), V (n−1) ≤ L

L1

(
1 − e−L1(tk−t0)

)
ĥI(V

n, V (n−1)).

� "� 03�� 6. �.A��0! L1 ≥ L< 1 ��! k = L/L1 !6221 62"1 
(
1 − e−L1(tk−t0)

)
<

1& �028 ��12034 � 0�/!6 �"0 �!2 "?!6�26 "1!&

�




O1  :4�/�21< /1 !12��B! 44.7 �� B2"" H$&'K !6221 42� 8�!?4�D 1 /��
V ∗. ��! 8 ��:�1203"1�2 6. !"� 03: ��0! 1 1 9��1< /1 

ĥI(g(v(k)), g(v(k+1))) ≤ ĥI(G(V (k)), G(V (k+1))) ≤ LĥI(V
(k), V (k+1)),

� 1��?2 �4�0 I!/4 2 42���24"1� 805 g(v(k), v(k+1)). 	�0D/24!2 U t ⊆ V ∗ "02;
8�21 !: 6 4 1 44 "1!  14 "!12034 ��0D/24!5 9�4�B!! g ! !412���034.�
 �2��B!7& �����5 I��4!B� !412���0� V ∗ 5�0521"5 ��282034 7 1 /� 7 � "02;
8 ��12034 "1!

vn+1 = v(0) +
∫ t

t0
g(v(n))ds

� "!0� 6 4 1 44 "1! 9�4�B!! g,  A�"0 �0244 7 �.� 0424!26 42���24"1��
∂g
∂v ≥ 0. O1  :4�/�21< /1 V

∗
5�0521"5 1��?2 6��"!6�034.6 �2@24!26 "!;

"126. 8!992�24B!�034.� ����424!7& � 8 A4.2 ��""�?824!5  A "4 �.��;
D1</1 V ∗ 5�0521"5 6!4!6�034.6 �2@24!26 & � C1 6� U t = V ∗.

�412���034.7 ���!�41 621 8� � "028 ��12034.� ��!A0!?24!7 � 02:24
126< /1  A0�8�21 "� 7"1� 6 "� 8!6 "1! � !412���0� 1 /4.� �2@24!7 4� �"26
!412���02 ��2624! t ��! �.� 0424!! 8 "1�1 /4  /2�!84.� ! 42 A�2624!;
12034.� �"0 �!7& �028�21 :�621!13< /1 621 8 � "028 ��12034.� ��!A0!?2;
4!7 � "0�/�2 "!"126 ����424!7 42  A0�8�21 "� 7"1� 6 A0!: "1! � !412���0�
1 /4.� �2@24!7 4� �"26 !412���02< � 0!@3 4� 42� 1 � 6 6�0 6 � 8!412�;
��02< � 15 ��0D/24!2 " ���4521"5&

�05  �!"�4!5 C� 0DB!! 64 ?2"1� �2@24!7 8!992�24B!�034.� ����42;
4!7 6 ?4 �2@�13 A 022  AL!2 :�8�/!  B24�! 64 ?2"1�� 8 "1!?!6 "1! �2;
@24!7 8!992�24B!�034.� ����424!7< ����621�. � 1 �.� !:6245D1"5 4�
42� 1 � 7 " � ���4 "1! :4�/24!7& ����!62�< � 8 64 ?2"1� 6 8 "1!?!6 ;
"1! " 4�/�034 I 64 I  A��:!5 R0 � 4!6�21"5 �"2 64 ?2"1� ����.� � 4B �
x(τ) 1��2�1 �!7 x(t), t0 ≤ t ≤ τ, 4�/!4�DL!�"5 4� R0, 1 2"13 x(t0) ∈ R0.

�21 8. !412���034 I �4�0!:� 6 I�1 A.13 C992�1!�4 !"� 03: ��4. 805
!""028 ��4!5 " � ���4 "1! �2@24!7 8!992�24B!�034.� ����424!7& �"4 �;
4.6 !4"1��6241 6 !""028 ��4!5 ��! C1 6 5�0521"5 ��!� 8!6�5 4!?2 � "02;
8 ��12034 "13  ��282024!7 ! �1�2�?824!7&

��"13 U ! Un - C1 !412���0. ��! n = 1, 2, . . . . � I8� Un "� 8!1"5 � U

��! n, "1�265L!6"5 � A2"� 42/4 "1!< 2"0!

lim
n→∞Un = U ! lim

n→∞Un = U.

��"13 P-  1 A��?24!2 !412���0 �< :�8�DL22 621 8 � "028 ��12034.�
��!A0!?24!7& �9 �6�0!��26 "028�DL22 �1�2�?824!2&

�	



��"13 "�L2"1��21 !412���034�5 9�4�B!5 U0 1���5< /1 PU0 ⊂ U0. � I8�
� "028 ��12034.2 !12��B!! Un+1 = PUn  A��:�D1 �A.��DL�D � "028 ��;
12034 "13 !412���034 ;:4�/4.� 9�4�B!7 ! limn→∞ Un(t) = U(t), I82 U(t)-
!412���034�5 9�4�B!5 4� I. �� 62 1 I < 2"0! u- �� !:� 034 2 �2@24!2 ����;
424!5 pu = 0, 1 u(t) ∈ U(t) 4�  A0�"1! "�L2"1� ��4!5 �2@24!7 J.

��""6 1�!6 :�8�/� " !412���034.6! 4�/�034.6! 8�44.6! 805 "!"126.
 A.�4 �244.� 8!992�24B!�034.� ����424!7< ����.2 /�"1! � 1 � 7 �8 �02;
1� �5D1 �"0 �!D (!�@!B�& � 0�I�26< /1 ��?8�5 :�8�/� " 4�/�034.6! 8�4;
4.6!

du

dt
= f(t, u), H$&JK

u(t0) = u0 ∈ K

 84 :4�/4 ��:�2@!6� ��! 8 "1�1 /4 6�0.� �20!/!4�� 4� !412���02

K = {u : |u − u0| ≤ r1, r1 > 0}
���2820!�  �2��1 � T <  1 A��?�DL!7 � 864 ?2"1� 64 ?2"1�� �2L2"1�24;
4.� /!"20 � "2A5

Tu = u(t0) +
∫ t

t0
f(s, u(s))ds, H$&%K

6. � 0�/�26< /1 �2@24!2 :�8�/! $&J 6 ?21 A.13 ��!A0!?24 � "028 ��;
12034 "13D :4�/24!7 !12��B! 44 I 621 8� � "028 ��12034.� ��!A0!?24!7

uj+1 = Tuj , j = 1, 2 . . . H$&$+K

I82 u(t0) = u< u1(t) ∈ K< u1 ∈ R - �� "1��4"1�� �2L2"1�244.� /!"20& ��62;
1!6< /1 621 8 � "028 ��12034.� ��!A0!?24!7 $&$+ �����12�24  1"�1"1�!26
!412���034.� �20!/!4 � ��/2"1�2 ����621� � ! 64 ?!1205 e−L(t−t0), � 1 �.2
 A2"�2/!��D1 "� 8!6 "13 621 8� $&' 805 0DA I t.

� ?4 � 0�/!13 I��4!B.  @!A � 621 8� H$&$+K<  A2"�2/!��DL!2 � :6 ?;
4 "13 � "1� 24!5  B24 � ! C� 0DB!! C1!� I��4!B

|uj+1(t) − uj(t)| ≤
∫ t

t0
L |uj(s) − uj−1(s)| ≤

≤ Lj−1ε
(t − t0)

j−1

(j − 1)!
,

I82 |u2(s) − u1(s)| ≤ ε 805 s ∈ [t0, t] ⊂ I,

��



E !"! ��/�'��2� ��'��(%�5�2� &�'��/� � �$�1����$'� �+
#��&�����7 3�7 �.��/� ��'��(%�5�2+ (/�-0���*!

��!62424!2 !412���034.� 621�!� ! !� "� 7"1��  "4 ��4. 4� �0�""!;
/2"�!� � 451!5� 1 � 0 I!/2"�!� ! 621�!/2"�!� �� "1��4"1�<  A��: ��44.�
��� 805  A./4.�< 1�� ! 805 !412���034.� /!"20& �/243 /�"1 � :�8�/�� !4;
12���034 7 6�126�1!�!< ��""6�1�!��DL!� � �� ". "� � "1! "� 8!6 "1! !
621�!/2"�!2 "� 7"1��< !"� 03:�21"5 621�!�� t��"8 �9�& �� 7"1�� 621�!�!
t��"8 �9� 6 ?4  �!"�13< �� 85 �4�/�02 "  1�21"1��DL22 1 � 0 I!/2"� 2
�� "1��4"1� &

��� 64!6< /1 1 � 0 I!/2"� 2 �� "1��4"1� 4�:.��21"5 ���"8 �9 ;
�.6< 2"0! 805 0DA.� 8��� 2I ��:0!/4.� 1 /2� a ! b !: A 4�78�1"5  ��2"1;
4 "1! U � a ! V � b< �2�2"2/24!2 � 1 �.� ��"1 (U ∩ V = 0)& �4 ?2"1� A

4�:.��21"5 �� "1��4"1� 6 1 � 0 I!!&
�A��:�26 !412���034�D 1 � 0 I!D< �� 85 "!"126�  1��.1.� ! :�;

6�4�1.� !412���0 �& t 15 4�" !412�2"�21 � �� ". "� 8!6 "1! � !412���03;
4 6 �� "1��4"1�2 " 621�!� 7<C1� 1 � 0 I!5 � :� 0521 0�/@2 � 4513 42� 1 ;
�.2 � 4��214.2 � �� ". "� 8!6 "1!&

��826 4�:.��13  1��.1.6 H:�6�4�1.6K 0�/ 6 64 ?2"1�� �!8�

{x ∈ A : a < x}({x ∈ A : a ≤ x}),
�  1��.1.6 H:�6�4�1.6K !412���0 6-0!A  1��.1.7 H:�6�4�1.7K 0�/< 0!A 
64 ?2"1� �!8�

(a, b) = {x ∈ A : a < x < b}([a, b] = {x ∈ A : a ≤ x ≤ b}); a, b ∈ A

	 4�@27 "!"1262 64 ?2"1�  1��.1.� H:�6�4�1.�K !412���0 �- C1 
4�!6243@�5 " � ���4 "13 � 864 ?2"1� 64 ?2"1�� A< :�6�4�1�5  14 "!1203;
4 � 42/4 I �2�2"2/24!5 ! " 82�?�L�5 �"2  1��.1.2 H:�6�4�1.2K 0�/!& ��;
022  ��2820!6< /1 !412���0 6 � A 4�:.��21"5 64 ?2"1� < � 1 � 2 5�0521"5
0!A  1��.1.6< 0!A :�6�4�1.6 !412���0 6< 0!A 64 ?2"1� 6 �!8�

[a, b) = {x ∈ A : a ≤ x ≤ b}
��826 4�:.��13 !412���034 7 1 � 0 I!27 4�!6243@�D "!"126� � 8;

64 ?2"1� 64 ?2"1�� A< :�6�4�1�D  14 "!12034  AP28!424!5 ! � 42/4 I 
�2�2"2/24!5 ! " 82�?�L�D �"2  1��.1.2 0�/!& � ?4 8�13 C��!��02414 2
 ��282024!2S !412���034�5 1 � 0 I!5- C1 4�!6243@�5 "!"126� � 864 ?2"1�
64 ?2"1�� A< :�6�4�1�5  14 "!12034  AP28!424!5 ! " 82�?�L�5 �"2  1��.;
1.2 !412���0.& (2I� � ��:�13< /1 !412���034�5 1 � 0 I!5 ���"8 �9 ��&

��



�27"1�!12034 < ��"13 a, b ∈ A ! a < b& 
"0! "�L2"1��21 C026241 c ∈ (a, b)<
1  1��.1.2 !412���0.< 5�05DL!2"5  1��.1.6! 0�/�6!< 42 �2�2"2��D1"5
! " 82�?�1 C026241. a ! b "  1�21"1�244 & 
"0! !412���0 (a, b) ��"1< 1  1;
��.1.2 0�/! H 1��.1.2 !412���0.K< " 82�?�L!2 a ! b< "  1�21"1�244 < 42
�2�2"2��D1"5& ��� "028"1�!2 C1 I 9��1� ! 1 I </1 !412���034�5 1 � 0 I!5
���"8 �9 ��< ��?8�5 � "028 ��12034 "13 !6221 42 A 022  84 7 ��282034 7
1 /�!&

�05 621�!/2"�!� �� "1��4"1�  ��282024!2 ���"8 �9 � 7 621�!�! ��!;
621 "028�DL!7 �!8& t��"8 �9 �.6 ��""1 54!26 62?8� 8��65 � 6���14.6!
42��"1.6! � 864 ?2"1��6! A, B 621�!/2"� I �� "1��4"1�� X " 621�!� 7
d 4�:.��21"5  1 A��?24!2

h(A, B) = inf{ε : Aε ⊃ B, Bε ⊃ A},
I82

Cε = {x ∈ X : d(x, c) ≤ ε}
805 42� 1 � I c ∈ C.

	 � �� "��  B24!��4!5 !412���034.� �20!/!4 /�"1 !"� 03:�21"5 621;
�!��

h : I(Rn) × I(Rn) → R

h(A, B) = max
1≤i≤n

max{|ai − bi|, |ai − bi|}. H$&$$K

	 /�"14 6 "0�/�2 n = 1 !6226 �0�""!/2"��D 621�!�� 805  B24�! ��""1 54!5
8��� !412���0 �

h(A, B) = max{|a − b|, |a − b|}
(2I� �!8213< /1 h 5�0521"5 ���"8 �9 � 7 621�!� 7 h∞< "  14 "5L27"5

" 621�!� 7 6��"!6�6� d∞ : Rn × Rn → R< I82

d∞(a, b) = max
1≤i≤n

|ai − bi|,
1 2"13

h(A, B) = h∞(A, B) = max

{
sup
a∈A

inf
b∈B

d∞(a, b), sup
b∈B

inf
a∈A

d∞(a, b)

}
H$&$FK

� "� 03�� C026241. H!412���0.K � �� "1��4"1�2 I(Rn) � 6���14.< 621�!;
/2"� 2 �� "1��4"1� (I(Rn), h∞) A�821 � 04.6&

�6221 "6."0 821�03422 ��""6 1�213 "� 7"1�� ���"8 �9 � 7 621�!�!< ��!;
624526 7 805  A./4.� 64 ?2"1�& 
"0! X - A�4�� � �� "1��4"1� " 4 �6 7

��



‖ · ‖ ! � � ?8244 7 27 621�!� 7 d0< 6 ?4  ��2820!13 �"2�8 621�!�� t��;
"8 �9�

p(A, B) = max

⎛⎝sup
x∈B

d(x, A), sup
y∈A

d(y, B)

⎞⎠ ,

I82 d(x, A) = inf{d(x, y) : y ∈ A}, A, B - � 864 ?2"1�� A�4�� �� �� "1��4;
"1�� X&

��""6�1�!��5 " � ���4 "13 compX(convX) �"2� 42��"1.� � 6���14.�
H�.���0.� � 6���14.�K � 864 ?2"1� !: X ��� � 8�� "1��4"1� �� "1��4;
"1�� �"2� � 864 ?2"1� X< !6226< /1 1 � 0 I!5 C1 I �� "1��4"1�� !48�;
B!��21 621�!�� t��"8 �9� H$&$FK& 
"0! Y ⊂ X ! Y - � 6���1< 1 comp Y -
" � ���4 "13 �"2� 42��"1.� � 6���14.� � 864 ?2"1� !: Y < 5�0521"5 � 6;
���1 6 � " � ���4 "1! comp X&

�1��< ��!62424!2 ���"8 �9 � 7 621�!�! 805 !412���034.� C026241 �
 ����8�4 � "!0� !� �.���0 "1! ! � 6���14 "1!& �0!:� "�5:�4� " C1!6
� �� " 6 :�8�/� ��!62424!5 ���"8 �9 � 7 621�!�! 805 " � ���4 "127 �2;
@24!7 "!"126 ��� !0! 64 ?2"1� 1 /2� 9�: � 7 �0 "� "1!< 8 "1!?!6.� �
6 6241� ��2624! T ≥ 0 !: 4�/�034.� 1 /2� x0 ∈ X0 � 1��2�1 �!56 !"� 8;
4 7 "!"126. ���& ��! 2"12"1�244.� ��28� 0 ?24!5�  8 "1�1 /4 7 I0�8� ;
"1! ���� 7 /�"1! 6 ?4 � 0�/!13 �"0 �!5 � 6���14 "1! "2/24!7 " � ���4 ;
"127 �2@24!7 "!"126 ���& ��2 A��: ��4!2 64 ?2"1�� U0 � Ut<  ��2820526 2
1��2�1 �!56! "!"126.< A�821 42��2�.�4 8!992�24B!��26.6 � 4�/�034.6
8�44.6 �2@24!7 !"� 84 7 "!"126.  A.�4 �244.� 8!992�24B!�034.� ����;
424!7& �028 ��12034 < !: � 6���14 "1! 64 ?2"1�� U0 A�821 �.12��13 � 6;
���14 "13 64 ?2"1�� Ut< 1 2"13 � Ut � :6 ?4 ��!62424!2 ���"8 �9 � 7
621�!�!&

�"� 03: ��4!2 ���"8 �9 � 7 621�!�! 805 �4�0!:� "� 8!6 "1! ! � 0�/2;
4!5  B24 �  "4 ��4 4� "� 7"1��� C1 7 621�!�!&

�412���034 2  1 A��?24!2 V : I(Rn) → I(Rn) 621�!/2"� I �� "1��4"1��
(I(Rn)), h) A�826 4�:.��13 "?!6�26.6< 2"0!

h(V (x), V (y)) ≤ αh(x, y) 805 0DA.� x, y ∈ I(Rn)

I82 0 < α < 1 H� C99!B!241 "?�1!5K.

�� �2��� C1 I  ��282024!5 �� !:� 8!1"5 8 "1�1 /4 02I� & � 02:4.6!
5�05D1"5 1��?2 "028�DL!2 "� 7"1��&

�!6621�!/4 "13 H�4�0 I!/4 621�!�2 �� "1��4"1�� Rn K

h(x + y, u + v) ≤ h(x, u) + h(y, v), I82x, y, u, v ∈ Rn

��



h(X + Y, U + V ) ≤ h(X, Y ) + h(Y, V ), I82X, Y, U, V ∈ I(Rn);

 84 � 84 "13

h(αX, αY ) = |α|h(X, Y ), I82α ∈ R, X, Y ∈ I(Rn).


"0! [aj, aj], j = 1, ..., n ; !412���0. � R< 1 ��56 2 �� !:�2824!2 C1!�
!412���0 �

∏n
j=1[a

j, aj] ��!4�802?!1 I(Rn)&
��"13 [aj, aj] = [aj, bj], j = 1, ..., n, !"� 03:�5  A./4.2 !412���034.2  �2;

��B!!< 805 "�66 ��56.� �� !:�2824!7 ! �64 ?24!5 4� /!"0 λ � 0�/!6
S

λ(
n∏

j=1
[aj, bj]) =

n∏
j=1

[λaj , λbj], 2"0! λ ≥ 0

λ(
n∏

j=1
[aj, bj]) =

n∏
j=1

[λbj, λaj], 2"0! λ < 0

k∑
i=1

n∏
j=1

[aj
i , b

j
i ] =

n∏
j=1

⎡⎣ k∑
i=1

aj
i ,

k∑
i=1

bj
i

⎤⎦
��!�2826  B24�! � ���"8 �9 � 7 621�!�2 805 ��""1 54!7 62?8� 8��65

64 ?2"1��6! S

H`K

h(
n∏

j=1
[aj, bj],

n∏
j=1

[ãj , b̃j]) ≥ max
j=1,2,...n

{∣∣∣aj − ãj
∣∣∣ , ∣∣∣bj − b̃j

∣∣∣}

HZK

h(
n∏

j=1
[aj, bj],

n∏
j=1

[âj, b̂j]) ≤
n∑

j=1

(∣∣∣aj − âj
∣∣∣ , ∣∣∣∣bj − b̂j

∣∣∣∣)

� ��:�1203"1� C1!�  B24 � 42"0 ?4 &
H`K

�A :4�/!6 64 ?2"1��
∏n

j=1[a
j, bj] !

∏n
j=1[ã

j, b̃j] � �� "1��4"1�2 B(Rn) /2�2:
A ! Ã "  1�21"1�244 & 	.A2�26 �� !:� 034 2 ε > dH(A, Ã)< 1 I8� � "!0�
h(A, B) ≡ inf{ε > 0 |Jε[A] ⊃ B, Jε[B] ⊃ A} 6. !6226 Jε[A] ⊃ Ã< Jε[Ã] ⊃ A.

"0! αj < ãj < 6. � 0�/�26 !: Jε[Ã] ⊃ A "  14 @24!2 ε ≥ ãj − aj = |ãj − aj|.

� 8��I 7 "1 � 4.< 2"0! aj > ãj< 1 Jε[A] ⊃ Ã �02/21 :� " A 7< /1 
ε ≥ aj − ãj = |ãj − aj|. �1�� 805 j = 1, 2, ..., n 6. !6226 ε ≥= |ãj − aj|. � ;
8 A4.2 ��I�6241. � ��:.��D1< /1 ε ≥= |b̃j−bj|, j = 1, ..., n. �028 ��12034 <
�����5 /�"13 H`K 42 ��2� "� 8!1 ε& � "� 03�� ε > dH(A, Ã) �� !:� 034 < C1 
8 ��:.��21 H�K&

HZK

��



���2820!6 ��! j = 1, 2, ..., n

xj
1 = ãj − (|aj − ãj| + |bj − b̃j|)
xj

2 = b̃j − (|aj − ãj| + |bj − b̃j|
! � 0 ?!6 X =

∏n
j=1[x

j
1, x

j
2].

�/2�!84 < /1 X ⊃ Ã ! � "� 03�� xj
1 ≤ aj < xj

2 ≥ bj (j = 1, 2, ..., n) X 1��?2
" 82�?!1 A&

�A :4�/!6 /2�2: ε =
∑n

j=1(|aj − ãj| + |bj − b̃j|); 1 I8� � "� 03��

[
n∑

j=1
(|aj − ãj| + |bj − b̃j|)2]

1
2 ≤

n∑
j=1

(|aj − ãj| + |bj − b̃j|),

6. !6226 A ⊂ X ⊂ Jε[Ã].

�4�0 I!/4.6  A��: 6 6 ?4 � ��:�13< /1 Jε[A] ⊃ Ã. �028 ��12034 
ε ≥ h(A, Ã)< /1 8 ��:.��21 HZK&

��



E !8 9%�%�'���(%��2� ��'��(%�5�2� �.��/� $�(�/6#��$'�
��)���* $�$'�& �12/��(���2+ 3�44����.�%�5�2+ 6�%(����*!

�� A026.  B24�!  84 I �2@24!5 !0! " � ���4 "1! �2@24!7 "!"126  A.�;
4 �244.� 8!992�24B!�034.� ����424!7 � :4!��D1 � "�6.� ��:4  A��:4.�
��!�0�84.� :�8�/��< "�5:�44.� " /!"0244.6 �2@24!26  A.�4 �244.� 8!9;
92�24B!�034.� ����424!7& ��!@26 !412�2"�DL!2 4�" � "1�4 ��! :�8�/ I�;
��41!� ��44 I  B24!��4!5 /!"0244.� �2@24!7< "� 7"1�244.2 C1!6 :�8�/�6
� 451!5 ! /�"1 !"� 03:�26.2  ��282024!5&

	 !""028 ��4!5� 6. A�826 �"1�2/�13"5 " � 451!56! �2��4!� ! 4!?4!�
�2@24!7<  A "4 �.��DL!�  ��282024!5 �2��4!� ! 4!?4!�  B24 �&

��""6 1�!6 :�8�/� � @! 805 8!992�24B!�034 I ����424!5

y′ = f(t, y) H$&$GK

y(t0) = y0,


"0! 9�4�B!5 f(t, y) 42��2�.�4� � 42� 1 � 7  A0�"1! G �� "1��4"1��
(t, y1, y2, . . . , yn)< 1 /2�2: ��?8�D 1 /�� C1 7  A0�"1! �� � 8!1 � ���7427
62�2  84� !412I��034�5 ��!��5 "!"126. ����424!7 H$&$GK& ��! 4�0!/!! A ;
022  84 I �2@24!5 6 ?4 I � �!13  ��/�2 �2@24!7< �.� 85L!� !:  84 7
1 /�!&

	.� 0424!2  ��2820244.� �"0 �!7< 4�0�I�26.� 4� ����.2 /�"1! ����42;
4!7< 4���!62�< �"0 �!7 �"I�8� M$GN I���41!��21 "�L2"1� ��4!2 ! 28!4"1�24;
4 "13&

��28� 0 ?!6< /1 9�4�B!5 f(t, y)  ��282024� ! 42��2�.�4� � �.���0 7
 A0�"1! G′ ⊂ G. ��"13 P0(t, y0)- �� !:� 034�5 1 /�� C1 7  A0�"1!& � /��
A A�826 4�:.��13 8 "1!?!6 7 !: P0, 2"0! "�L2"1��21 !412I��034�5 ��!��5
����424!7 H$&$GK< " 28!45DL�5 1 /�! P0 ! A.


"0! 6. ��""6�1�!��26  84 8!992�24B!�034 2 ����424!2< 1 6 ?4 ��2;
"1! � 451!5 �2��42I H6��"!6�034 I K ! 4!?42I H6!4!6�034 I K �2@24!7&

���282024!2& �2@24!2 y(t) = U(t) ����424!5 H$&$GK< �.� 85L22 !: 1 /�!
P0(t0, y0)  A0�"1! D′ !  ��2820244 2 4� 42� 1 � 6  1�2:�2 [a, b]< " 82�?�L26
�4�1�! 1 /�� t0, A�826 4�:.��13 �2��4!6 H6��"!6�034.6K< 2"0! 805 0DA I 
8��I I �2@24!5 ϕ(t)< �.� 85L2I !: C1 7 ?2 1 /�!< "����280!� 42���24;
"1� 

ϕ(t) ≤ U(t)

805 �"2� t ∈ [a, b]< 805 � 1 �.� �2@24!5 ϕ(t) ! U(t)  ��282024.  84 ��2624;
4 &

��



�4�0 I!/4 9 �6�0!��21"5  ��282024!5 4!?42I �2@24!5&
���282024!2& �2@24!2 y(t) = L(t)<  ��2820244 2 ��! �"0 �!5�< ���:�44.�

� ��28.8�L26  ��282024!!< A�826 4�:.��13 4!?4!6 H6!4!6�034.6K �2@2;
4!26 C1 I ����424!5< 2"0!

ϕ ≥ L(t)

805 0DA I 8��I I �2@24!5 ϕ(t)< �.� 85L2I !: 1 7 ?2 1 /�!&
��""6�1�!��5 "!"126� ����424!7

y′ = f(t, y), H$&$>K

y(t0) = y0,

I82 uHRK; �2L2"1�244.7 �2�1 � ��:62�4 "1! 2< 6. 6 ?26 "9 �6�0!� ��13
�"0 �!5<  A2"�2/!��DL!2 0 ��034 2 "�L2"1� ��4!2 � "!"1262 H$&$>K �2��42I 
H4!?42I K �2@24!5< � �!82 �1�2�?824!5 M$GN&

�1�2�?824!2& 
"0! 9�4�B!5 f(t, y) 42��2�.�4� � 42� 1 � 7  1��.1 7  A;
0�"1! D′ ⊂ D< 1 805 "!"126. 8!992�24B!�034.� ����424!7 H$&$>K /2�2:
��?8�D 1 /�� C1 7  A0�"1! �� � 8!1 �2��422 H4!?422K �2@24!2<  ��282024;
4 2 � 6243@27 62�2 � 42� 1 � 7 8 "1�1 /4 6�0 7  ��2"14 "1! 1 /�! t0&

"0! ��56 �I 034!� |t − t0| ≤ a< |x − x0| ≤ b 02?!1 �4�1�!  A0�"1! D′ !
|f(t, y)| ≤ M < 1 � C1 6 ��56 �I 034!�2 "�L2"1��21 �2��422 H4!?422K �2@2;
4!2 �  ��2"14 "1!

|t − t0| ≤ δ, δ = min(a, b/M).

�1�� � "0�/�2 "!"126 ����424!7< ��:62�4 "13 ���� 7 /�"1! � 1 �.� A 03;
@2 !0! ���4� 8���< 6. 6 ?26 I � �!13  �2��4!� ! 4!?4!� �2@24!5� 0!@3
� ��?8 7 9!�"!� ��44 7 1 /�2 (t, y)< 1 2"13< �  AL2 I � �5< 4� �"26 !412�;
��02 "�L2"1� ��4!5 �2@24!7 !6213 820 " �2��4!6! ! 4!?4!6!  B24��6!
�2@24!7& ��8�/�  B24�! �2@24!7o C1 A 022  AL�5 � "1�4 ��� 1��!� :�8�/<
� "� 03�� � :� 0521 4�� 8!13 �2��4!2 ! 4!?4!2  B24�! �2@24!7 H!0! ��0D;
/24!5 �2@24!7K � 0DA 7 1 /�2&

����!62�< 621 8 �2��4!� ! 4!?4!�  B24 �<  AP28!4244.7 " 6 4 1 44.6
!12��B! 44.6 621 8 6< " "1��05D1 I!A�!7 ! �8 A4.7 62��4!:6 � 4"1���;
1!�4 I 8 ��:�1203"1�� "�L2"1� ��4!5 �2@24!7&

*1 A. � 0�/!13 42���24"1�� 805 �2@24!7 ��:0!/4.� "!"126 8!992�24;
B!�034.� ����424!7< 4���!62�<  10!/�DL!�"5 4�/�034.6! 8�44.6!< 6 ?4 
!"� 03: ��13 12 �!D 8!992�24B!�034.� 42���24"1�<  A2"�2/!��DL�D "���;
424!2 �2@24!7&

	 8�44 7  A0�"1! �0�""!/2"�!6 ��!62� 6 5�0521"5 � 8� 8 �&�&*��0.I!;
4�< 9 �6�0!� ��� � 1 � I 6 ?4 :��!"�13 � "028�DL26 �!82& ��"13 :�8�4 

��



8!992�24B!�034 2 42���24"1� 

v′ < f(t, v) H$&$#K

I82 9�4�B!5 f -  ��282024� 4� 42� 1 � 6  1��.1 6 64 ?2"1�2 F0, 42��2�.�;
4� ! 8!992�24B!��26� 4� !412���02 [t0, t0 + τ1], τ1 > 0 ! 8!992�24B!�034 2
����424!2

z′ = f(t, z) H$&$'K

t ∈ [t0, t0 + τ1]

805 � 1 � I �2@24!2 z(t) " 4�/�034.6 �"0 �!26 z(t0) = z0 8 ��"��21 �� ;
8 0?24!2 4� �� 62?�1 � [t0, t0 + τ1]. � I8� /2�2: 0DA�D 4�/�034�D 1 /��
(t0, z0) �� � 8!1 28!4"1�244 2 �2@24!2 ����424!5 H$&$'K& 
"0! �:513 0DA�D
9�4�B!D v(t) 1���D< /1 

v(t0) ≤ z(t0), H$&$,K

! 805 � 1 � 7 4� !412���02 [t0, t0 + τ) �.� 04521"5 H$&$#K< 1 4� �"26 !412�;
��02 [t0, t0 + τ) A�821 "����280!� 42���24"1� 

v(t) ≤ z(t). H$&$JK

	 "  1�21"1�!! " 12 �26 7 �2�4 805 9�4�B!! f(t, z)< :�8�44 7 4� 42� ;
1 � 6  1��.1 6 64 ?2"1�2 F0< ! 42��2�.�4 7 4� 42� 1 � 6 !412���02< :�;
�!"5L26< �  AL2 I � �5  1 F0 ! 4�/�034.� �"0 �!7 (t0, z0) "�L2"1��21 �2;
@24!2 :�8�/! � @!< 4  4 6 ?21 A.13 42 28!4"1�244.6< ! /2�2: 0DA�D
1 /�� (t0, z0) !:  A0�"1! F0 6 ?21 �� � 8!13 64 ?2"1� !412I��034.� ��!;
�.�< ��?8�5 !: � 1 �.� !6221 �2�@!4� � (t0, z0).

��? �!��DL�D H6!4 �!��DL�DK 6 8203 "���424!5 � C1 6 "0�/�2 � ;
"1� !13 6 ?4 < 2"0! "�28! �"2� �2@24!7 z(t) !412I��034 7 � � 4�! "�L2;
"1��21 �2��422 �2@24!2 z(t) H"  1�21"1�244 4!?422 �2@24!2 z(t).K

�4�/!12034 �"0 ?4521"5 � �� "  A  B24!��4!! "�2��� ! "4!:� �2@24!7
"!"126 8!992�24B!�034.� ����424!7< � "� 03�� �0�"" ��""6�1�!��26.� "!;
"126 "� 8!1"5 � "!"126�6< 805 � 1 �.� �.� 0424. �"0 �!5 ! 12 �26� �& 	�;
?2�"� I & �"0 �!5 �& 	�?2�"� I ��!6245D1"5 � �2�1 �4.6< 42��2�.�4.6<
4 42  A5:�12034 8!992�24B!��26.6 9�4�B!56 ! I���41!��D1 "�L2"1� ;
��4!2 �2��42I ! 4!?42I �2@24!7 "!"126. z′ = f(t, z) ��! " A0D824!! �"0 ;
�!7S

o 42��2�.�4 "1!< 9�4�B!5 f(·) = f1(·), . . . , fi(·), . . . , fr(·)  ��282024� �
 1��.1 7  A0�"1! ! 42��2�.�4� � 427\

�




o ���:!6 4 1 44 "1! ! 42�A.��26 "1!< �"2 "��05�4.2 � 6� 4241. fi(t, z)-
6 4 1 44.2 42�A.��DL!2 9�4�B!! �"2� "� !� ��I�6241 �< �� 62 t ! zi<
� 1 �.2 "/!1�D1"5 9!�"!� ��44.6!< 1 2"13 !:

z′i ≤ z′′j , z′i = z′′i , i �= j

"028�D1 42���24"1�� fi(t, z
′) ≤ fi(t, z

′′) 805 0DA I i&

�1"�1"1�!2 1�2A ��4!5 6 4 1 44 "1! � t "�L2"1�244 805 ����1!/2"�!�
:�8�/< 1�� ��� ��! C1 6 42 �"1��4521"5 � :6 ?4 "13  B24!��13 �2@24!5
42"1�B! 4��4.� "!"126< � � 1 �.� 9�4�B!! fi(t, ·) " 12/24!26 ��2624! 6 I�1
��� �A.��13< 1�� ! � :��"1�13< � /�"14 "1! 805 ����424!7 " �2�26244.6! !
�2�! 8!/2"�!6! � C99!B!241�6!&

�2 62422 ��?4  1"�1"1�!2 1�2A ��4!7 4� �����12� � �2824!5 9�4�B!!
fi(·) � " A"1�244 7 �2�26244 7 zi. O1 !6221 :4�/24!2< � /�"14 "1!< � 12� "0�;
/�5�< � I8� !: 0!� ��44�5 � 8"!"126� �"1 7/!�� ! ��2824!2 �"0 �!5 42�A.;
��4!5 fi(·) � zi "820�0 A. 621 8  B24�!<  "4 ��44.7 4� 12 �262 	�?2�"� ;
I < ����1!/2"�! A2"� 02:4.6&

�"0 �!5 	�?2�"� I 02I� �� �2�521"5 � "0�/�2 0!4274.� "!"126& ��"13
8�4� 0!4274�5 "!"126� 8!992�24B!�034.� ����424!7

z′ = W (t)z,

C026241. 6�1�!B. W (t) 6 I�1 A.13 9�4�B!56!< :��!"5L!6!  1 t ! � "1 ;
544.6! �20!/!4�6!S

W (t) =

⎛⎜⎜⎜⎝
w11(t) w12(t) . . . w1r(t)

& & & & & & & & & & & & . . . & & & & & &
wr1(t) wr2(t) . . . wrr(t)

⎞⎟⎟⎟⎠
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wij ≥ 0, i �= j, i, j = 1, 2, . . . , r.

� "1 544.2 6�1�!B. W " 42 1�!B�12034.6! �428!�I 4�034.6! C026241�6!
821�034 !:�/�0!"3 (& �21B02� 6 ! � 0�/!0! 4�:��4!2 M ;6�1�!B H621B02;
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z′ = f(t, z) H$&$%K
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" 4�/�034.6! �"0 �!56!
z(t0) = z0, H$&F+K

�2�1 �-9�4�B!5 f(·)  ��282024� !6 42��2�.�4� �  A0�"1!

F = {(t, z) : t0 − τ2 ≤ t ≤ t0 + τ1, τ1 > 0, τ2 > 0, ||z − z0|| < ρ}, H$&F$K

! �8 �021� �24. �"0 �!5 	�?2�"� I ���:!6 4 1 44 "1! ! 42�A.��4!5 f(·).
� I8�S

$K2"0! �2@24!2 :�8�/! � @! H$&$%<$&F+K 28!4"1�244 ! :�8�4� �2�1 �-
9�4�B!5 v(t)< 42��2�.�4�5 4� !412���02 [t0, t0 + τ1] !0! [t0 − τ2, t0], 1���5<
/1 �.� 045D1"5 "1� I!2 42���24"1��

v(t0) < z0 H$&FFK

D+v(t) < f(t, v), t0 ≤ t ≤ t0 + τ1 H$&FGK

!0!
D−v(t) < f(t, v), t0 − τ2 ≤ t ≤ t0 H$&F>K

1 I8� "����280!� "028�DL22 42���24"1� H �"2 42���24"1�� � � 6� 4241;
4.2K

v(t) < z(t) H$&F#K

"  1�21"1�244 4� !412���0�� [t0, t0 + τ1] !0! [t0 − τ2, t0],

FK 2"0! �2@24!2 :�8�/! � @! H$&$%<$&F+K 4228!4"1�244 < 1 4� 42� ;
1 � 6 !412���02 [t0−δ2, t0+δ1]< δ1, δ2 > 0 "�L2"1��D1 �2��422 H6��"!6�034 2K
! 4!?422 H6!4!6�034 2K �2@24!5 z ! z 1��!2< /1 

z(t) ≤ z(t) ≤ z(t), H$&F'K

! C1! �2@24!5 �� � 851 /2�2: 1 /�� (t0, z0).

� 8 A4.2 �1�2�?824!5 6 I�1 A.13 8 ��:�4. 1��?2 ! 805 42"1� I!� 42��;
�24"1�< ��!/26 D+, D+, D−, D− − − o �� !:� 84.2 �!4!< � 1 �.2 6 ?4 
:�624!13  A./4.6! �� !:� 84.6!< 42 4���@�5 !"1!44 "1! 12 �26.&

� "1� 24!2 �2��4!� ! 4!?4!�  B24 �< � 1��?2 !412���034.�  B24 � 6 ;
?21 A.13 �"�2@4 �� �2824 < 2"0!  4! � 0�/�D1"5 4�  "4 �2 9�4�B!7< �8 ;
�021� �5DL!� �"0 �!56 	�?2�"� I < 1 2"13 �2��455 ! 4!?455 I��4!B. " �;
��8�D1 " �2��4!6! ! 4!?4!6! �2@24!56!& ��! C1 6 I���41!� ��44 "13  B2;
4 �  A2"�2/24� 9 �6�0!� �� 7 12 �26.  6�? �!� ��4!! 0DA I �2@24!5
�2��4!6 �2@24!26< ��!/26 805 4!� "  1�21"1�244  I��4!/24. !� 4�/�034.2
:4�/24!5& �4�0 I!/4 2 ��""�?824!2 "����280!�  14 "!12034  I��4!/244 ;
"1! "4!:� 4!?4!6 �2@24!26&
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 1621!13< /1 " ��?8 7 1 /� 7 x "�5:�4 42  84 4�����024!2< � B20.7 � ;
4�"< " 82�?�L!7 ��/ � 8 ��"1!6.� 4�����024!7 "� � "127 H ��"�12034.�
� 1��2�1 �!56K& ���!6  A��: 6 �  10!/!2  1 "!"126. ����424!7 " /!"0 ;
�.6! � C99!B!241�6!< � 1 ��5 :�8�21"5 � 026 4�����024!7 H!: �0!4�6!K<
" � ���4 "1! "!"126 :�8�D1"5 � 026 � 4�" � 8 ��"1!6.� H� :6 ?4.�K 4�;
����024!7 "� � "127&

��� 64!6< /1 805 8!4�6!/2"�!� "!"126 �� 8!1"5 � 451!2 � 1 � � ! C� ;
0DB!! 9�: �.� 1 /2�& �2@24!2 x(t) ����424!5 x′ = F (x), x ∈ S ⊂ Rn<
�8 �021� �5DL22 4�/�034 6� �"0 �!D x(t0) = x0<  ��2820521 C� 0DB!D 9�;
: � 7 1 /�!< � 1 ��5 � 6 6241 t = t0 :�4!6�0� � 0 ?24!2 x0< 1 2"13 22
�� @0 2 H��! t < t0K ! A�8�L22 H��! t > t0K � 0 ?24!5& O1� !82D 6 ?4 
9 �6�0!: ��13< ��285 9�4�B!D ϕt : S → S. ����D 9�4�B!D 4�:.��D1 9�;
: �.6 � 1 � 6 !0!  �2��1 � 6 C� 0DB!!& �2�6!4  �2��1 � C� 0DB!!  A./4 
�� 1�2A0521"5 � ��!0 ?24!5�< I82 ϕt  �!".��21 !:62424!2 " "1 54!5 42� 1 ;
� 7 �2�034 7 9!:!/2"� 7 "!"126. � ��2624!& �2�6!4 � 1 � /�L2 �� 1�2A;
0521"5 � "0�/�2< � I8� !:�/�21"5 8!4�6!�� � B20 6< � 42 C� 0DB!5 8�44 7
� 4��214 7 1 /�!&

��4�B!5 ϕt �2�2� 8!1 1 /�� x0 ∈ S � 1 /�� ϕt(x0)< � 0�/244�D !: x0 :�
��265 t �� 8�!?24!26 � !412I��034 7 ��!� 7 "!"126. ���< �� � 85L27
/2�2: x0. �05 1 I < /1 A. 9�4�B!5 ϕt A.0�  ��282024�< 42 A� 8!6 ! 8 ;
"1�1 /4 �.� 0424!2 12 �26. "�L2"1� ��4!5 ! 28!4"1�244 "1! 805 "!"126.
8!992�24B!�034.� ����424!7&

�05 " � ���4 "1! "!"126 8!992�24B!�034.� ����424!7 6 ?4 1��?2
��2"1! :�8�/� !""028 ��4!5 �����12�� 8 ��"1!6.� 1��2�1 �!7 ! 64 ?2"1��
 84 1!�4.� � 4�" � 4�����024!7 "� � "1!& �84�� �  AL26 "0�/�2 �"1�2/�;
21"5 A 03@ 2 ��:4  A��:!2 ��:0!/4.� ���!�41 �< � 8/�" 1�2A�DL!� �2"36�
"�����02:4.� ! 421�!�!�034.� ��""6 1�24!7& � ?4 �.820!13 :�8�/� I0 ;
A�034 I !:�/24!5< ��0D/�DL�D � "2A5 � :6 ?4 "1! ! �����12�. �2�2� 8 �
!:  84 I 64 ?2"1�� �� "1��4"1�� " "1 54!7 � 8��I 2< " "28422 " 4!6& ���;
1!4� I0 A�034.� "�5:27 6 ?4 ��28"1��!13 � �!82 I��9�< �2�@!4. � 1 � I 
��28"1��05D1 " A 7 64 ?2"1�� � "1 544 I 1!�� � 4�" � H!0! !� � 864 ?2;
"1��K< � �2A�� ���:.��D1 4� � :6 ?4.2 �2�2� 8. !: A��?�DL27 1 /�! !:
 84 I 64 ?2"1�� � 8��I 2&

����!62�< ��"13 K(x(t))- � 4�" 8 ��"1!6.� 4�����024!7< � "1� 244.7 �
�� "1��4"1�2 x(t) " �2�@!4 7 � 1 /�2 x(t).

�05 1 I < /1 A. 42� 1 ��5 ��!��5 x = x(t), t0 ≤ t ≤ t1, ��"� 0 ?24;
4�5 � x, t< A.0� 8 ��"1!6 7 !412I��034 7 ��!� 7< 42 A� 8!6 ! 8 "1�1 /;

��



4 < /1 A. � 0 ?!12034.7 0�/ ��"�12034 7 S+(x(t)) � x(t) ��!4�802?�0 � ;
4�"� 8 ��"1!6.� 4�����024!7 K(x(t)) � /1! � �"2� 1 /��� (x(t))< 1 2"13
S+(x(t)) ⊂ K(x(t), t) � /1! 805 �"2� t ⊂ [t0, t1].


"0! 6. ��""6�1�!��26 !412���034.2  B24�! 64 ?2"1�� �2@24!7< 6 ?4 
��2"1!  1 A��?24!2 C� 0DB!!< � 1 � 2  ��2820521 "�5:! ! !:62424!5 !412�;
��0 �<  B24!��DL!� 1 /4.2 �2@24!5&

��!".��5 � �2824!5 �2@24!7 "!"126.

y′(t) = A(t)y(t) + b(t) H$&F,K

" :�8�44.6! y0(t)< A�826 ��28"1��0513 �0!54!2 � :6�L24!7 8!"��214.6 64 ;
?2"1� 6

{Ek | k = 0, 1, 2, . . . , N} ,

I82 s- /!"0 @�I � ��! �./!"024!! �2@24!7& O1  :4�/�21< /1 9 �6�0�
�2@24!7 "!"126. S

y(t) = U(t, tk)(yk +
∫ t

tk
U−1(s, tk) · b(s)ds), H$&FJK

I82 U- 9�48�6241�034�5 6�1�!B�< �8 �021� �5DL�5 "!"1262

U ′(t, tk) = A(t)U(t, tk),

U(tk, tk) = I,

HI- 28!4!/4�5 6�1�!B�K< 6 ?4 �2�242"1! 4� "0�/�7 "!"126. " � :6�L24!;
56! Ek " I0�"4 "028�DL26� �0I �!16�

R0 = E0, H$&F%K

Rk = {y(t) + e| y(t0) ⊂ Rk−1}, e ⊂ Ek, H$&G+K

�2@24!2 y(t) :�8�4 9 �6�0�6! H$&FJK&
� �6�0. H$&G+K  1��?�D1 ��"�� "1��424!2 �4�1�244!�  @!A �< "�28! � ;

1 �.� �.82024� 0 ��034�5  @!A��< !� 6 ?4 :��!"�13 � �!82

R0 = E0, H$&G$K

Rk = U(tk, tk−1) +
∫ tk

tk−1

U(tk, s)b(s)ds + Ek.

(2I� �!8213< /1 C1! 9 �6�0. 6 ?4 "�2"1! � "  14 @24!56< � :� 05D;
L!6 ��!A0!?�13 ��"�� "1��424!2 64 ?2"1� �2@24!7 ��126 ��28"1��024!5
! ��2 A��: ��4!5 !412���0 �< " 82�?�L!� 64 ?2"1�� �2@24!7&
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� ?4 � ��:�13< /1 42� "�28"1�244 2 ��!62424!2 !412���034.� 9 �;
6�0< ���� �"!6!��DL!�< 4���!62�< H$&G+K ��!� 8!1 � � "1� @!�!4. � 0�;
/�26.� !412���0 �<
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�2@24!5< � B20 7 " � ���4 "1! �2@24!7& ��! ��""6 1�24!! "!"126.  A.�;
4 �244.� 8!992�24B!�034.� ����424!7 H���K 22 �2@24!2 :��!"!1  1 �� ;
8!6.� 8�44.�H4�/�034.� �"0 �!7< � C99!B!241 �K< � 1 �.2 :�/�"1�D !:;
6245D1"5 4� 42� 1 �.� 64 ?2"1��� !0! !412���0��& � I8� /!"0244.7 621 8
�2@24!5 "!"126 ��� 8 0?24 " :8���13"5 " �/21 6 "028�DL!� B2027S

$& ��� ?824!2 ��0D/24!5 �2@24!5 " � 41� 026 !"1!44 "1! C1 I ��0D/2;
4!5\

F& ���282024!2 � 0!/2"1�244 7  B24�! �0!54!5 ���!�B!! !"� 84.� 8�4;
4.� 4� �2@24!2\

G& �""028 ��4!2 ����1!/2"� 7 �"1 7/!� "1! �2@24!5  14 "!12034 8 ��;
"1!6 I 64 ?2"1�� !:6245DL!�"5 H� :6�L�DL!�K 9�4�B!7\

>& ��!"�4!2 " � ���4 "1! �2@24!7 64 ?2"1� "!"126 ���&

#& 	 �2�2/!"0244 6 "�!"�2 /21�2�1.7 ��4�1 5�0521"5  "4 � 7 805 �2�0!;
:�B!! 1�2� ��28.8�L!� ��4�1 �&

��12�!�0 8�44 7 I0��. " 82�?!1  "4 �4.2 � �� ".<  "�2L�DL!2 � 45;
1!2 " � ���4 "1! �2@24!7 "!"126  A.�4 �244.� 8!992�24B!�034.� ����;
424!7 ! !�  "4 �4.� �����12�!"1!�& ��""6�1�!��21"5 "0�/�7  84 I ����42;
4!5 ! "!"126.  A.�4 �244.� 8!992�24B!�034.� ����424!7< � 451!2 "2/2;
4!5 " � ���4 "1! �2@24!7 "!"126  A.�4 �244.� 8!992�24B!�034.� ����;
424!7< 621�!�! t��"8 �9�& � ��:�4 < /1 621�!�� t��"8 �9� ��!624!6�
805 :�8�/  B24!��4!5 " � ���4 "1! �2@24!7 "!"126 ��� " � 6���14.6!
64 ?2"1��6! 4�/�034.� 8�44.� ! "  1�21"1��DL27 I0�8� "13D ���� 7 /�;
"1!& 	� 8!1"5 � 451!2 "� 85L!�"5  B24 � ! ��!� 8!1"5 ��!62� "� 85L!7"5
 B24�!  84 I 8!992�24B!�034 I ����424!5&
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�(�	�"!��)���� :%3%0� 
�)� 3�7 $�$'�& �12/��(���2+ 3�4;
4����.�%�5�2+ 6�%(����* $ ��'��(%�5�2&� 3%��2&�

E"! ! ���7��� ,44�/'% �6�% <=>?@@ABC DEDFGH �% #�(�3����
��'��(%�5�2+ �.���/!

� /1! �"2 "�L2"1��DL!2 621 8. � "1� 24!5 �2��4!� ! 4!?4!�  B24 �
64 ?2"1�� �2@24!7 "!"126. ��� " !412���034.6! 8�44.6! !"� 03:�D1
8��  "4 �4.� �"�2�1�S

$& ��A 1� "  84 1!�4.6!< :�6�4�1.6! 64 ?2"1��6! :4�/24!7<  �!".��2;
6.� � 42/4.6 4�A � 6 ����621� � H��56 �I 034.6! ����00202�!�28�6! �
Rn< C00!�" !8�6!< @���6! � 42� 1 � 7 4 �62 ! 1�� 8�022K< ��! C1 6 ��2824;
4.2 4�8 4!6!  �2��B!! 42 �.� 851 �42 " � ���4 "1! 1��!� 64 ?2"1�\

F& ��!62424!2 12 �26 H��!4B!� �K "���424!5 �2@24!7 8!992�24B!�034.�
����424!7&

� 451!5 "� 8!6 "1!  B24 � 6 I�1 A.13  �����12�!: ��4. 4�  "4 �2 8���
� 8� 8 �S 12 �21!/2"� I < ��""6�1�!��DL2I "� 8!6 "13 � ���"8 �9 � 7 621;
�!�2< ��! �"0 �!! :�6�4�1 "1! 64 ?2"1�  B24 � ! 1 /4.� �2@24!7\ ! ����;
1!/2"� I <  �!".��DL2I � �  �8!4�14.2 42�0�/@�26.2  B24�!&

��""6 1�!6 "!"126� 8!992�24B!�034.� ����424!7

y′ = f(t, y) HF&$K

" !412���034.6! 4�/�034.6! 8�44.6!

y(t0) = y0 ∈ Y0, HF&FK

I82 y(t)- �2L2"1�244.7 �2�1 � ��:62�4 "1! n.
��"13 Y (t)  A :4�/�21 " � ���4 "13 1 /4.� �2@24!7 :�8�/! F&$< 1 2"13

64 ?2"1� 
{y(t)| y′ = f(t, y), y(t0) ∈ Y0}.

��! �.� 0424!! 8 "1�1 /4  /2�!84.� ! 02I� �� �2�526.� �"0 �!7< 4�;
��!62�< "�L2"1� ��4!2 ���4 62�4.�  B24 � |y(t)| < b 805 �"2� �2@24!7 "!;
"126. 4� !412���02 t ∈ [s, T ], b > 0< �.���0 "1! ! � 6���14 "1! !412���03;
4.� ��"@!�24!7 ���� 7 /�"1! HF&$K ��! 0DA.� 9!�"!� ��44.� t ! y< 6 ?4 
I���41!� ��13 � 6���14 "13 64 ?2"1�� �2@24!7 Y (t). � ��:�1203"1� C1 ;
I 9��1� 5�0521"5 42A 03@!6 "028"1�!26 8 ��:�1203"1�� �4�0 I!/4 7 12 ;
�26. !: M$#N& �84�� < ��� 02I� :�621!13< 64 ?2"1� Y (t) 6 ?21  A0�8�13
8 "1�1 /4 "0 ?4 7 I2 621�!/2"� 7 9 �6 7 ! I��4!B� 2I 5�0521"5 "0 ?4 7
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I2 621�!/2"� 7 9!I�� 7& 	"1�21 :�8�/�  B24!13 64 ?2"1� �2@24!7 Y (t) "
� 6 L3D �� "1  �!".��26 I  B24 /4 I 64 ?2"1��< � ��/2"1�2 � 1 � I 
6 ?21 A.13 �.A��4< 4���!62�< !412���0 z(t). 
"12"1�244 2 1�2A ��4!2 ��!
C1 6 :��0D/�21"5 �  B24�2 A0!: "1! Y (t) ! Z(t). �84 !: �"0 �!7< "�5:.��;
DL!� Y (t) ! Z(t)< " "1 !1 � �42@426 ��0D/24!! Z(t) ⊇ Y (t). 	  AL26 "0�;
/�2 Z(t) 5�0521"5 �2�1 �4 7 !412���034 7 9�4�B!27< 1 2"13 ��!4�802?!1
64 ?2"1�� I(Rn) ��! ��?8 6 :4�/24!! t. ����424!2 A0!: "1! 8��� 64 I ;
:4�/4.� 9�4�B!7<  84� !: � 1 �.� 42 5�0521"5 !412���034 :4�/4 7< 6 ?4 
�� !:� 8!13 " � 6 L3D 621�!�! t��"8 �9�< ��422  �!"�44 7 � ����I��92 F
I0��. $&

�AL�5 9 �6�0�< :�8�DL�5 ���"8 �9 �� 621�!��< �.I058!1 1��

h(A, B) = max

{
sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)

}
, HF&GK

I82 A, B - 42� 1 �.2 64 ?2"1�� � Rn<

d(a, b) = max
i= ¯1,n

max |ai − bi|.
� "1� 24!2 !412���034.�  B24 � �2@24!7 "!"126 8!992�24B!�034.� ����;

424!7 "!034 �"0 ?4521"5 � "1 6 " ��262426  1�0 424!5 I��4!B !412���;
0 � 8��I  1 8��I�  /243 /�"1 ��� C�"� 4241�  1 ��2624!& ��!/!4. 1�� I 
C992�1�< ��2��.2  �!"�44 I ��� 6 M$N< 1�� 4�:.��26.7 iU`llha[ YxYWR<
�� D1"5 � 64 I!� 9��1 ���S 42" ���824!2 !412���0 � Hn− 62�4.� ��56 ;
�I 034.� ����00202�!�28 �K " " � ���4 "156! 1 /4.� �2@24!7\ ��"@!�24!!
 14 "!12034 !"� 84.� "!"126 8!992�24B!�034.� ����424!7 ��:62�4 "1!
"!"126 ����424!7<  ��28205DL!� �2��4!2 ! 4!?4!2 I��4!B.\ 42 A� 8!6 ;
"13D  �!".��13 C� 0DB!D �2��4!� ! 4!?4!� I��4!B 4�  "4 �2  �2��B!7< 4�;
���0!��DL!� � :6 ?4.2 :4�/24!5 � ��2624! " � 6 L3D ���!�;0!A ��!4;
B!� �< 4���!62� 6 4 1 44 "1! � ��0D/24!D ! 1 6� � 8 A4.�&

�00D"1�!��DL!7 ��!62� 6 ?4  �!"�13 � "028�DL26 �!82& ��"13 ��";
"6�1�!��21"5 "!"126� 0!4274.� 8!992�24B!�034.� ����424!7 " � "1 544.;
6! � C99!B!241�6!

y′ = Ay, HF&>K

I82 y− �2�1 � ��:62�4 "1! 8��< A− 6�1�!B� � C99!B!241 �

A =

⎛⎝ 1 −2

3 −4

⎞⎠
(2I� �!8213< /1 �2@24!2 :�8�/! � @! 805 C1 7 "!"126. " 4�/�034.6!
8�44.6! y0 = (y1

0, y
2
0)  ��2820521"5 � 9 �6�02

y(t) =
(
C1e

−t + C2e
−2t
)
y0,

��



I82  A :4�/24 

C1 =

⎛⎝ 3 −2
3 −2

⎞⎠
C2 =

⎛⎝ −2 2

−3 3

⎞⎠ .

��"13 !:�2"14 < /1 4�/�034.2 8�44.2 :�8�4. 42� 1 � 7 !412���034 7  B24;
� 7 y1

0 ∈ [−a0, a0], y2
0 ∈ [−b0, b0]. � I8� � 6 6241 ��2624! t1 � 6� 4241.

!412���034 I �2�1 ��<  B24!��DL2I 64 ?2"1� 1 /4.� �2@24!7< :�8�4.
�.��?24!56!

y1
1 ∈ [−a1, a1], y2

1 ∈ [−b1, b1],

I82

a1 =
(
3e−h − 2e−2h

)
a0 +

(
2e−h − 2e−2h

)
b0, HF&#K

b1 =
(
3e−h − 3e−2h

)
a0 +

(−2e−h + 3e−2h
)
b0. HF&'K

�� 8 0?�5 1��!2 �.�0�8�!< 6. 6 ?26  "�L2"1�!13 �./!"024!2 I��4!B
!412���0 �< ��0D/�DL!� 64 ?2"1�� �2@24!7 � 6 6241. t2, t3, . . . , tn& �05
C1!� I��4!B "����280!�. "  14 @24!5

ai =
(
3e−h − 2e−2h

)
ai−1 +

(
2e−h − 2e−2h

)
bi−1,

bi =
(
3e−h − 3e−2h

)
ai−1 +

(−2e−h + 3e−2h
)
bi−1,

� 1 �.2  A��:�D1 "!"126� ��:4 "14.� ����424!7&
�AL22 �2@24!2 C1 7 "!"126. ��:4 "14.� ����424!7 !6221 �!8

ai = 2N1λ
i
1 + N2λ

i
2, bi = N1λ

i
1 − 3N2λ

i
2,

I82 λ1 ! λ2 � �4! �����12�!"1!/2"� I ����424!5

λ2 − λ
(
e−h + e−2h

)− 12e−2h + 25e−3h − 12e−4h = 0

O1! � �4! 02I� 4�71!S

λ1 = 4e−h − 3e−2h, λ2 = −3e−h + 4e−2h, HF&,K

! 6 ?4 :�621!13< /1 ��! 0 < h < 1 λ > 1, � C1 6� ai ! bi ��"1�1 42 I��;
4!/244 < 1 2"13 ��?8.7 !: /024 � � "028 ��12034 "1! !412���0 � !6221
� :��"1�DL�D @!�!4�< � 15 " � ���4 "13 �2@24!7 "!"126. HF&>K 5�0521"5
 I��4!/244.6 64 ?2"1� 6&

	 :��"1�4!2 !412���0 � ��0D/24!5 805  A0�"1! :4�/24!7 �2@24!7 "!"12;
6. 8!992�24B!�034.� ����424!7< 4�/�034.2 8�44.2 � 1 � 7 A2��1"5 !:

��



!412���0� y0,  A�"0 �024 I0��4.6  A��: 6 126< /1 I��4!B.  A0�"1! :4�/2;
4!7 42 ����002034. �  �8!4�14.6  "56< 4  ��28205D1 ����0020 I��66< 4�;
�0 4244.7 � 8 42� 1 �.6 �I0 6 � �  �8!4�14.6  "56& ��! C1 6 4� ��?8 6
@�I2 !412���0 ��0D/24!5 H��56 �I 034.7 ����00202�!�28K A�821 ��0D/�13
� 6!6  A0�"1! :4�/24!7 ! � "1 � 44!2 1 /�!< ! 1���5 � I�2@4 "13 � :��";
1�21  1 @�I� � @�I�&

	�2��.2 5�024!2 C�"� 424B!�034 I � "1� @!�!4. !412���034.�  B24 �
A.0  162/24 �&��� 6 � �4!I2 M$N 4� ��!62�2 �� "1 7 0!4274 7 "!"126.
8��� 8!992�24B!�034.� ����424!7

y′1 = y2, y
′
2 = −y1 HF&JK

" !412���034.6! 4�/�034.6! 8�44.6! y1(0) ∈ [0, 1], y2(0) ∈ [0, 1].
� I8� !412���034.2  B24�! " � ���4 "1! �2@24!7 !62D1 �!8

y1(t) ∈ [0, 1] cos t + [0, 1] sin t,

y2(t) ∈ [−1, 0] sin t + [0, 1] cos t.

��  "4 �2 �2:�031�1 � 12 �!! 8!992�24B!�034.� 42���24"1� MGN 6 ?4 
:��!"�13 "028�DL�D ��"@!�244�D "!"126�  14 "!12034 �2��427 ! 4!?427
 B24 � �2@24!7

y′
1 = y2,

y′
2 = −y1, HF&%K

y′
1 = y2,

y′2 = −y1,

" 4�/�034.6! 8�44.6!
y1(0) = 0,

y2(0) = 0,

y1(0) = 1,

y2(0) = 1.

�2@24!2 "!"126. HF&%K !6221 �!8

y1(t) =
1

2

(−et + sin t + cos t
)
,

y2(t) =
1

2

(−et + cos t − sin t
)
,

��



y1(t) =
1

2

(
et + sin t + cos t

)
,

y2(t) =
1

2

(
et + cos t − sin t

)
,

�028 ��12034  1�0 424!2 I��4!B 8��I  1 8��I� " "1��0521 �20!/!4� � ;
�58�� et. 	 1 /�2 t = 2π C1� �20!/!4� " "1��0521 e2π ≈ 535.4.

��"13 �2�1 � (y1, y2, . . . , yn) :��!"�4 � �!82 (yk,k y), I82  A :4�/24!2 ky
 :4�/�21 " � ���4 "13 � 6� 4241 �2�1 �� y :� !"�0D/24!26 � 6� 4241. yk.
��4�B!D f, :��!"5L�D  1 y1, y2, . . . , yn, 4�: �26 /�"1!/4 !: 1 44 7 H�41!;
1 44 7K 4�  A0�"1! D ⊂ Rn  14 "!12034 �2�26244 7 yk, 2"0!

f(yk,k y) ≤ f(zk,k y)

805 �"2� yk ≥ zk (yk ≤ zk).
���2820!6 �0�"" 9�4�B!7 fk(t, xk,k x), /�"1!/4 6 4 1 44.�  14 "!1203;

4 0DA 7 � 6� 4241. kx 4� !�  A0�"1!  ��282024!5< 4 4 42 6 4 1 44.�
 14 "!12034 xk. �05 0DA 7 9�4�B!! C1 I �0�""� �8 A4 :��!"�13

fk(t, xk,k x) = fk(t, xk,k xi,k xa),

/1  :4�/�21< /1 �2�1 �. kx ! y ��:82024. 4� 8�� 64 ?2"1�� � 6� 4241< 805
� 1 �.� fk 5�0521"5 !: 1 44 7  14 "!12034 kx

i, ! �41!1 44 7  14 "!12034 

kx
a.

� I8� 805 �2@24!5 "!"126. 8!992�24B!�034.� ����424!7

u′
k = fk(t, u), k = 1, 2, . . . , n HF&$+K

�2��4!2 uk ! 4!?4!2 uk I��4!B. �2@24!5 �8 �021� �5D1 "!"1262 2n−����424!7

u′
k(t) = fk

(
t, uk(t),k u(t)i,k u(t)a

)
, HF&$$K

u′
k(t) = fk

(
t, uk(t),k u(t)i,k u(t)a

)
,

" 2n− 4�/�034.6! �"0 �!56!S

uk(0) = ak,

uk(0) = ak,

�84�� 9�4�B!! u(t), u(t) �  AL26 "0�/�2 42 5�05D1"5 �2@24!56! HF&$$K<
"028 ��12034 !412���034.7 �2�1 � [u, u] 6 ?21 A.13 4�:��4 !412���034 7
 B24� 7 �2@24!7 HF&$$K&

�




��� A.0  162/24 <  84 7 !: ��!/!4 � 5�024!5 C�"� 424B!�034 I !0!
A0!:� I � 426� � "1� 80!4 !412���0 � 5�0521"5 � @�I � 2 ��20!/24!2 � ;
I�2@4 "127 � "1� 24!5 !412���0 � ��0D/24!5< " 82�?�L!� " � ���4 "1!
1 /4.� �2@24!7&

��""6 1�!6 "0�/�7 "!"126. 8��� 0!4274.�  A.�4 �244.� ����424!7< 4�
��!62�2 � 1 � 7< ��� A.0  162/24 < � ��:.��0 �0!54!2 C1 I C992�1� �&���
M$N&

��"13
y′1(t) = y2,

y′2(t) = −y1,

y(x0) = (y0
1, y

0
2) ∈ [Y 0, Y

0
].

��!624!6 805  B24�! 64 ?2"1� 1 /4.� �2@24!7 !412���034.7 621 8
� "028 ��12034.� ��!A0!?24!7< "� 8!6 "13 � 1 � I ! 42� 1 �.2 8��I!2
� �� ".  A"�?8�0!"3 � ����I��92 $ I0��. $& ��621!6< /1 !412���034.7
621 8 � "028 ��12034.� ��!A0!?24!7 "4!6�21 � @�I � "13 !412���034.�
621 8 �< 1�� ��� � :� 0521 � 0�/!13  B24�! "��:� ��! !412�2"�DL26 4�"
:4�/24!! ��I�6241� t.

�A :4�/!6 I��4!B. !412���0 � 4� n −− @�I2 ��!A0!?24!5

Y
(n)
1 , Y

(n)
1 , Y

(n)
2 , Y

(n)
2 ,

1 I8� 6 ?4 :��!"�13 621 8 � "028 ��12034.� ��!A0!?24!7 � �!82

[
Y

(n+1)
1 , Y

(n+1)
1

]
=

t∫
0

[
Y

(n)
2 (s), Y

(n)
2 (s)

]
ds +

[
Y 0

1, Y
0
1

]
,

[
Y

(n+1)
2 , Y

(n+1)
2

]
=

t∫
0

[
−Y

(n)
1 (s),−Y

(n)
1 (s)

]
ds +

[
Y 0

2, Y
0
2

]
,

��"13 Y 0
1 = a1, Y

0
1 = a1, Y 0

2 = a2, Y
0
2 = a2, 1 I8�

Y
(n)
1 = a1

tn

n!
− a2

tn−1

(n − 1)!
− a1

tn−2

(n − 2)!
+ a2

tn−3

(n − 3)!

+a1
tn−4

(n − 4)!
− a2

tn−5

(n − 5)!
+ . . . + a1,

Y
(n)
1 = a1

tn

n!
− a2

tn−1

(n − 1)!
− a1

tn−2

(n − 2)!
+ a2

tn−3

(n − 3)!

+a1
tn−4

(n − 4)!
− a2

tn−5

(n − 5)!
+ . . . + a1,

�	



Y
(n)
2 = a2

tn

n!
+ a1

tn−1

(n − 1)!
− a2

tn−2

(n − 2)!
− a1

tn−3

(n − 3)!

+a2
tn−4

(n − 4)!
+ a1

tn−5

(n − 5)!
+ . . . + a2,

Y
(n)
2 = a2

tn

n!
− a1

tn−1

(n − 1)!
− a2

tn−2

(n − 2)!
− a1

tn−3

(n − 3)!

+a2
tn−4

(n − 4)!
+ a1

tn−5

(n − 5)!
+ . . . + a2.

�2"0 ?4.2 ��2 A��: ��4!5 C1!� 9 �6�0 ! �2�2� 8 � ��2820� � :� 05D1 � ;
0�/!13 �.��?24!5 805 80!4 !412���034.�  B24 �

Y 1(t) − Y 1(t) = (a1 − a1) cosh t + (a2 − a2) sinh t,

Y 2(t) − Y 2(t) = (a2 − a2) cosh t + (a1 − a1) sinh t,

1 2"13 A0!:�!7 � C�"� 424B!�034 6� � "1 80!4 !412���0 �&
�028 ��12034 � "1� 24!2 621 8 � !412���034 I  B24!��4!5 8 0?4 �� ;

!"� 8!13 4�  "4 �2 �6243@24!5 �0!54!5 !412���034.� �./!"024!7< 4���!;
62� :4�/24!7 9�4�B!7&

��



E"!"! ��%��'�0�$/�� #��3$'%(����� ��)���* $ #�&�I5-
$#�%*�;46�/.�*!

��""6�1�!��5 "!"126�  A.�4 �244.� 8!992�24B!�034.� ����424!7

dy

dt
= f(t, y),

����.2 /�"1! � 1 � 7 �8 �021� �5D1 �"0 �!56<  A2"�2/!��DL!6 "�L2"1� ;
��4!2 �2@24!5 8 "1�1 /4 7 I0�8� "1!< 6. 6 ?26 1���1 ��13 22 ��� :�� 4
8�!?24!5 1 /�! y = ( y1< y2< & & & < yn) �2�1 �4 I �� "1��4"1�� Rn. �� 62
1 I < A�826 "/!1�13< /1 ��?8 2 4�/�034 2 �"0 �!2

y(s) = y0

 84 :4�/4  ��2820521 �2@24!2

y(t) = u(t, s, y0)

!"� 84 I < ��!/26 C1 �2@24!2  ��282024 ��! 0DA 6 t.

� /�� y0, 8�!I�5"3 � 1��2�1 �!56 "!"126. HK< :� ��265  1 s 8 t �2�27821
� 4 ��D 1 /�� y(t). ��2��1 � U(t, s)<  ��28205DL!7"5 ���24"1� 6

U(t, s)y0 = u(t, s, y0)

! :�8�DL!7 �2�2� 8  1 1 /�! y0 � 4 � 7 1 /�2 y(t) 4�:.��21"5  �2��1 � 6
"8�!I� � 1��2�1 �!56 "!"126.& (2I� �"1�4 �!13< /1  84 :4�/4�5 ��:�2@!;
6 "13 ��! ��?8 6 4�/�034 6 �"0 �!! "!"126. ����424!7 HK  :4�/�21 42��2;
�.�4 "13  �2��1 �� "8�!I�&

��� A.0 :�62/24 � ����I��92 $ I0��. F< 4�� ?824!2 !412���034.�  B2;
4 � " � ���4 "127 1 /4.� �2@24!7 "!034 �"0 ?4521"5 � "1 6 @!�!4. C1!�
!412���0 �& � /1! �"2 !:�2"14.2 621 8. ��0D/24!5 �2@24!7  "4 ��4. 4�
� @�I � 6 �1 /424!!  B24 � 64 ?2"1� �2@24!7< /1 ��!� 8!1 � � :��"1�;
4!D !� @!�!4.  1 @�I� � @�I�&

�8!4 !: � :6 ?4.� � 8� 8 � �  B24!��4!D 64 ?2"1� �2@24!7 "!"126
��� " !412���034.6! 8�44.6! " "1 !1 �  AP28!424!! "!6� 034 I �./!";
024!5 9 �6�0 ��!A0!?244 I �2@24!5 " � "028�DL!6 4�� ?824!26 !412�;
��034 I ��"@!�24!5& �26 "�6.6 6. ���� �"!6!��26  �2��1 � "8�!I� � 
1��2�1 �!56 "!"126. 9 �6�0 7 � "!6� 034 6 �!82< /1 �  ��2820244 7 "12;
�24!  "0�A0521 1�2A ��4!5 � 621 8� 4�� ?824!5 �2@24!7 � �4�0!1!/2"� 6
�!82< � 15 �4 "!1 42� 1 �.2 �����12�4.2 /2�1.& �. ��!624526 805 � 8 A;
4.� B2027 "�0�74;9�4�B!!<  A0�8�DL!2 � � @ !:�2"14.6! ���� �"!6!��;
DL!6! "� 7"1��6! ! �8 A4.2 805 �./!"024!7 "!6� 034.� �.��?24!7&

��



��""6 1�!6 �2@24!2 "!"126.  A.�4 �244.� 8!992�24B!�034.� ����;
424!7 " 4�/�034.6! 8�44.6! � �!82 !412���0�

dy

dt
= f(t, y), HF&$FK

y(t0) = y0 ∈ Y0,

I82 Y0- ��56 �I 034.7 ����00202�!�28 � Rn.

�A :4�/!6 " � ���4 "13 1 /4.� �2@24!7 :�8�/! HF&$FK ���

Y ∗(t) = {y(t) |y(t0) ∈ Y0} . HF&$GK

��"13 4� !412���02 [t0, tk]< I82 ��""6�1�!��21"5 :�8�/� HF&$FK ��2824� "21��
�:0 �

t0 < t1 < . . . , tn = tk, τ = max
i

{ti+1 − ti}.
�0I �!16 � "1� 24!5 !412���034.�  B24 � 64 ?2"1� �2@24!7  "4 ��4 4�

�4�0!1!/2"� 6 �./!"024!! � C99!B!241 � "�0�74;9�4�B!7< �8 �021� �5D;
L!� �"0 �!56 � 00 ��B!! � �:0�� "21�!< " � "028�DL!6 4�� ?824!26 !�
!412���034.� ��"@!�24!7 ! " !412���034 7  B24� 7 � I�2@4 "1! "�0�74;
� 00 ��B!!&

	4�/�02 ��""6 1�!6 "0�/�7< � I8� �����5 /�"13 !"� 84 7 "!"126. ����;
424!7 - 0!4274�5 9�4�B!5  14 "!12034 �"2� yj. � I8� 805  ��282024!5 � ;
C99!B!241 � "�0�74;�2@24!7 � 621 82 � 00 ��B!! 6 ?4 �2@�13 "!"126.
0!4274.� �0I2A��!/2"�!� ����424!7  14 "!12034 C1!� � C99!B!241 � 1 /;
4 < � 03:�5"3 "!"126�6! �4�0!1!/2"�!� �./!"024!7& ��621!6< /1 �2@24!2
420!4274.� "!"126  A.�4 �244.� 8!992�24B!�034.� ����424!7 � 1�2A�21
42� 1 �.� !:62424!7 ��! �.A �2 "�0�74;9�4�B!7< !� � C99!B!241 �< � 15
42 �4 "!1 ��!4B!�!�034.�  10!/!7&

��"13 :�8�4� "!"126� 8!992�24B!�034.� ����424!7

y′ = A(t)y + B(t) HF&$>K

" 4�/�034.6! 8�44.6!
y(t0) = y0 ∈ Y0,

I82 y = (y1, . . . , yn)
T , A(t) = (aij(t))n×n),

B(t) = (b1(t), . . . , bn(t)).

�A :4�/!6 A(t)y + B(t) /2�2: M(t, y)<

mk(t, y) =
n∑

j=1
akj(t), k = 1, 2, . . . , n.

��



�05 M(t, y) �.� 0424 �"0 �!2 (!�@!B� � �!82∣∣∣∣m(i)
k (t, y) − m

(i)
k (t, z)

∣∣∣∣ ≤ Lki‖y − z‖ ≤ ‖y − z‖,

I82 L > 0, Lki > 0, i = 0, 1, . . . , p − 1, k = 1, 2, . . . , n,

m
(i)
k  ��2820521"5 � 9 �6�0�6

m0
k(t, y) = mk(t, y)

m
(i)
k (t, y) =

∂

∂t
m

(i−1)
k (t, y) +

n∑
l=1

∂

∂yl
(m

(i−1)
k )mk,

� � ��/2"1�2 4 �6. ‖ · ‖ �.A��4 

max
k

|yk − zk|.

�05 ���� �"!6�B!! ��?8 7 � 6� 4241. yk �2�1 �� �2@24!7 y !"� 03:�26
� 0!4 6!�034.2 "�0�74;9�4�B!! Sk "12�24! m 8292�1� d. � 8A � :4�/24!7
����621� � m ! d A�821  "�L2"1�0513"5 4�  "4 �2 1�2A ��4!5 �"1 7/!� "1!
� "1� 244 7 "�0�74;9�4�B!!&

�"4 �4.2 C1��. 4�@2I �0I �!16� 6 ?4  �!"�13 1��&
O1�� $& 	.��?�26 :4�/24!2 "�0�74� Sk(t) � 0DA 7 !412�2"�DL27 4�" 1 /;

�2 t !412���0� [t0, tK] ��� 9�4�B!D  1 4�/�034.� :4�/24!7 y1(t0), . . . ,
yn(t0).

O1�� F& �B24!��26 ��:4 "13 :4�/24!7 "�0�74� Sk(t) ! 1 /4 I �2@24!5
yk(t) " � 6 L3D  B24 � �!8�

max
k

|yk(t) − Sk(t)| ≤ hmr(t),

I82 r(t) 42 :��!"!1  1 h, m > 0-42� 1 ��5 � 4"1�41� 805 0DA I k.
O1�� G& 	 ��/2"1�2 !412���034 7  B24�! 64 ?2"1�� �2@24!7 � ��?8 7

� 6� 42412 A2�26 !412���034�D 9�4�B!D&

Yk(t) = S∗
k(t) + hm[−r(t), r(t)],

I82 S∗
k(t)-  AP28!4244 2 ��"@!�24!2 4�78244.� "�0�74;9�4�B!7 � �"26 y0 ∈

Y0, 1&2&
S∗

k(t) = ∪y0∈Y0
Sk(t).

�2�27826 �  �!"�4!D C1��� $&

��



�� !412���02 [t0, tk] ��2826 ���4 62�4�D "21�� ti = t0 + iτ, h = (tk −
t0)/n1, i = 0, 1, . . . , n1. �� ��?8 6 � 8!412���02 Ji = [ti, ti+1], i = 0, 1, . . . , n1−
1, 805 k−� 6� 4241. "�0�74;9�4�B!! Sk(t) "����280!� ��28"1��024!2

Sk(t) =
q∑

j=0
Ck

ij

(t − ti)
j

j!
+

d∑
j=1

Ck
i,q+j

(t − ti)
q+j

(q + j)!
HF&$#K

I82 � C99!B!241. �8 �021� �5D1 � 1 /�2 ti �"0 �!56

Ck
ij = S

(j)
k (ti), j = 0, 1, . . . , q,

��!/26
Ck

0j = y
(j)
k (t0), j = 0, 1, . . . , q,

� 1�� ?2 �"0 �!56 � 00 ��B!! � 1 /�2 ti+1 :

Sj
k(ti+1) = m

(j−1)
k (ti+1, S(ti+1)), j = 1, 2, . . . , p. HF&$'K

�05 8 ��:�1203"1�� ��:�2@!6 "1! ! 28!4"1�244 "1! "�26. "�0�74;� 00 ��B!!
:��!@26 HF&$#K � �!82

Dz = F (z, h), HF&$,K

I82 z = (zi)
T ∈ Rnd, zi = hq+l1Ck

i,q+l1
,

F (z, h) = (Fl(z, h))T ∈ Rnd,

Fl(z, h) = hl1m
(l1−1)
k (ti+1, S(ti+1)) −

q∑
r=l

Ck
ir

hr

(r − 1)!
.

��1�!B� D !6221 ��:62�4 "13 nd × nd ! 42 :��!"!1  1 �.A �� ���� 7
/�"1! :�8�/! HK<  4� " "1��024� !: n 8!�I 4�034.� A0 � � Db. ��! C1 6

Db = [(q + j − l1)!]
−1, l1, j = 1, 2, . . . , d, [(−p)!]−1 = 0,

p ∈ N, l = (k − 1)d + l1, l1 = 1, 2, . . . , d, k = 1, 2, . . . , n.

� 0�I�5< /1 � ��/2"1�2 ���� 7 /�"1! m �.A��4� 9�4�B!5 m(x), 42 :��!;
"5L�5  1 y, � 0�/�26 :�8�/� !412�� 0!� ��4!5 � O�6!1�< !62DL�D 28!4;
"1�244 2 �2@24!2 M%N& �028 ��12034 < 6�1�!B� D 42 �.� ?824� 805 0DA.�
m(x, y). ��4�B!5 F �8 �021� �521 �"0 �!D (!�@!B� � 4 �62 �� "1��4"1��
Rnd. ��!62455 12 �26� ��4���  42� 8�!?4 7 1 /�2 �  1 A��?24!D

D−1F (z, h) : Rnd → Rnd,

!6226 ��! 8 "1�1 /4 6�0 6 h "�L2"1� ��4!2 28!4"1�244 7 42� 8�!?4 7
1 /�!& ��:�2@!6 "13 ! 28!4"1�244 "13 "�26. "�0�74;� 00 ��B!! "028�21 !:
C1!� ��""�?824!7 ! "�26. 8 ��:�1203"1��&

��



�� �2826 8 ��:�1203"1� "� 8!6 "1! � 0�/244.� "�0�74;9�4�B!7 � �2;
@24!D :�8�/! HK !  B24�� � I�2@4 "1!& �� !412���02 Ji ��?8�5 � 6� 4241�
"�0�74;9�4�B!! Sk 6 ?21 A.13 :��!"�4� � �!82

Sk(t) =
q∑

j=0
S

(j)
k (ti)L1j(t) +

d∑
j=1

S
(j)
k (ti+1)L2j(t) + HF&$JK

+Sk(ti+1)L20(t),

I82 L1j(t), L2j(t) − − A�:!"4.2 � 0!4 6. !412�� 0!� ��4!5 � O�6!1�< �
 AL26 �!82 :��!".��DL!2"5 1��S

Lij(t) =
w(t)

j!

αi−j∑
r=1

(t − ti)
−r

(αi − j − r)!
· HF&$%K

· d
αi−j−r

dtαi−j−r

⎧⎨⎩(t − ti)
αi

w(t)

⎫⎬⎭ |(t=ti),

� 1 /�! ti, i = 1, 2, . . . , n1,−− �:0. !412�� 05B!! ���14 "1! αi MJN S

w(t) =
n1∏
i=1

(t − ti)
αi

&
	 4�@26 "0�/�2 !412�� 05B!5 �� !"� 8!1 � 8��6 �:0�6 ti, ti+1 ���14 "1!

q + 1 ! d + 1 "  1�21"1�244 & � C1 6� !: HF&$%K � 0�/�26

L1j(t) =
1

j!
(t − ti+1)

d+1 ∑
r=1

q + 1 − j(−h)j+r−m−2 · HF&F+K

·
⎛⎝ −d − 1

q + 1 − j − r

⎞⎠ (t − ti)
q+1−r

L2j(t) =
1

j!
(t − ti)

q+1
d+1−j∑
r=1

(−h)j+r−m−2 · HF&F$K

·
⎛⎝ −q − 1

d + 1 − j − r

⎞⎠ (t − ti+1)
d+1−r HF&FFK

�82"3⎛⎝ −d − 1
q + 1 − j − r

⎞⎠ =
(−d − 1)(−d − 2) · · · (−d − 1 − q − 1 + j + r + 1)

(q + 1 − j − r)!

�4�0 I!/4 2 �.��?24!2 6 ?4 �.�!"�13 805⎛⎝ −q − 1

d + 1 − j − r

⎞⎠
��



����4!��5 "12�24! � 0!4 6 � � HF&$'K< :�62/�26< /1 "����� � HF&$'K "1 51
� 0!4 6.< 4�!�."@�5 "12�243 � 1 �.� ���4� m + 1< � "02�� o � 0!4 6.
"12�24! m. �1"D8� "028�21< /1 � C99!B!241. ��! "1��@!� "12�245� ���4.
4�0D& ��  "4 �2 C1 I � 0�/!6 "  14 @24!2

q∑
j=0

S
(j)
k (ti)

1

j!
hj+1(−1)j+1

⎛⎝ −d − 1
q − j

⎞⎠
+

d∑
j=0

S
(j)
k (ti+1)

1

j!
hj+1(−1)j+1

⎛⎝ −q − 1
d − j

⎞⎠ = 0,

!0!

Sk(ti+1) = Sk(ti) +
q∑

j=1
ajh

jS
(j)
k (ti) +

d∑
j=1

bjh
jS

(j)
k (ti+1), HF&FGK

I82

aj =
(m − j)!

m!

⎛⎝ q

j

⎞⎠ , j = 1, 2, . . . , q,

bj = (−1)j+1(m − j)!

m!

⎛⎝ d

j

⎞⎠ , j = 1, 2, . . . , d, k = 1, 2, . . . , n.

I82 m = q + d− "12�243 "�0�74�&
�  14 @24!5 HF&FGK 6 ?4 ��""6�1�!��13 ���  84 @�I �.7 ��:4 "14.7

621 8 �2@24!5 :�8�/! HF&FGK&
� "� 03�� �� !:� 84�5 y′ 1��?2 5�0521"5 �2@24!26 "  1�21"1��DL27 !4;

12�� 05B! 44 7 :�8�/! O�6!1�< 1 �.��?24!2
q∑

j=1
ajh

jS
(j)
k (ti) +

d∑
j=1

bjh
jS

(j)
k (ti+1)

5�0521"5 ���8��1��4 7 8���1 /2/4 7 9 �6�0 7 O�6!1�< ��!624244 7 � !4;
12I��0�∫ ti+1

ti
mk(t, y(t))dt = yi+1 − yi, i = 0, 1, . . . , n1 − 1, k = 1, 2, . . . , n,

��!/26 ti− �:20 ���14 "1! q, ti+1− �:20 ���14 "1! d. ��! q = d  84 @�I �.7
621 8 ��!4!6�21 �!8

Sk(ti+1) − Sk(ti) =
q∑

j=1
hjaj

[
S

(j)
k (ti) + (−1)(j+1)S

(j)
k (ti+1)

]
.

( ��034�5  @!A�� 621 8� HF&FGK  ��2820!1"5 ��! � 8"1�4 ��2 1 /4 I �2@2;
4!5 "  1�21"1��DL27 I0�8� "1!S

yk(ti+1) − yk(ti) −
q∑

j=1
hjajy

(j)
k (ti) −

d∑
j=1

hjbjy
(j)
k (ti+1) = HF&F>K

��



=
−1)m

(m!)

∫ ti+1

ti
y(m + 1)(ξ)(ξ − ti)

q(ξ − ti+1)
ddξ =

= (−1)d d!q!

m!(m + 1)!
y(m+1)(η)h(m+1), η ∈ (ti, ti+1)

	�2826  A :4�/24!2 ek(ti) = Sk(ti) − yk(ti) ! �2�2�!@26 HF&FGK � �!82

Sk(ti+1) = ek(ti) + yk(ti) +
q∑

j=1
hjajy

(j)
k (ti) + HF&F#K

+
d∑

j=1
hjbjy

(j)
k (ti+1) +

q∑
j=1

hjaje
(j)
k (ti) +

d∑
j=1

hjbje
(j)
k (ti+1).

	./!1�5 yk(ti+1) !:  A2!� /�"127 HF&F#K< � 0�/�26

ek(ti+1) = ek(ti) + yk(ti) − yk(ti+1) +
q∑

j=1
hjajy

(j)
k (ti) + HF&F'K

+
d∑

j=1
hjbjy

(j)
k (ti+1) +

q∑
j=1

hjaje
(j)
k (ti)

d∑
j=1

hjbje
(j)
k (ti+1).

�/!1.��5 HF&F$K<  B24!��26 ek(ti+1) !: HF&F'K S

|ek(ti+1)| ≤ |ek(ti))| + d!q!

m!(m + 1)!
max |y(m+1)(η)|h(m+1) +

+
q∑

j=1
|aj|hje

(j)
k (ti) +

d∑
j=1

|bj|hje
(j)
k (ti+1).

	 "!0� 8 "1�1 /4 7 I0�8� "1! �2@24!5 y(t) ! "�0�74� S(t)< !: "  14 @24!7

S
(j)
k = m

(j−1)
k (ti, S(ti)), y

(j)
k = m

(j−1)
k (ti, y(ti)),

k = 1, 2, . . . , n, j = 1, 2, . . . , d∗, d∗ = max(q, d),

� 0�/�26 " �/21 6 �"0 �!5 (!�@!B� ���� 7 /�"1! 42���24"1��

|e(j)
k (ti)| ≤ L|ek(ti)|.

� 8"1��055 C1! ���24"1�� � HF&F#K !6226

|ek(ti+1)| ≤ |ek(ti)| + d!q!

m!(m + 1)!
max
η∈JI

|y(m+1)(η)|h(m+1) +

+
q∑

j=1
|aj|hjL|e(j)

k (ti)| +
q∑

j=1
|bj|hj|ek(ti+1)|,

��



!0!
|ek(ti+1)| ≤ α |ek(ti)| + γ, HF&F,K

I82

α =

⎛⎝1 +
q∑

j=1
|aj|hjL

⎞⎠⎛⎝1 −
d∑

j=1
|bj|hjL

⎞⎠−1

;

γ =
d!q!

m!(m + 1)!
[maxηi

|y(m+1)(η)|hm+1](1 −
d∑

j=1
|bj|hjL)−1

4�0�I�5 �"0 �!5 4� h, !6226

1 −
d∑

j=1
|bj|hjL > δ > 0.

��022 � "028 ��12034 7 � 8"1�4 �� 7 !: HF&F,K �.� 8!6

|ek(ti+1)| ≤ α(i+1)|ek(t0)| + γ(α(i+1) − 1)/(α− 1).

	20!/!4� ek(t0) = 0 � "!0� � "1�4 ��! :�8�/!< αi+1 ��2 A��:�26 � "028�;
DL26� �!8�

αi+1 =

⎡⎢⎣
⎛⎝1 −

d∑
j=1

|bj|hjL

⎞⎠⎛⎝1 −
d∑

j=1
|bj|hjL

⎞⎠−1

+ HF&FJK

+

⎛⎝ d∑
j=1

|bj|hjL +
q∑

j=1
|aj|hjL

⎞⎠⎛⎝1 −
d∑

j=1
|bj|hjL

⎞⎠−1
⎤⎥⎦

i+1

=

=

⎡⎢⎣1 + hL

⎛⎝ d∑
j=1

|bj|hj−1 +
q∑

j=1
|aj|hj−1

⎞⎠⎛⎝1 −
d∑

j=1
|bj|hjL

⎞⎠−1
⎤⎥⎦

i+1

.

�A :4�/!6 �20!/!4�⎛⎝ d∑
j=1

|bj|hj−1 +
q∑

j=1
|aj|hj−1

⎞⎠⎛⎝1 −
d∑

j=1
|bj|hjL

⎞⎠−1

/2�2: p< 1 I8� HF&FJK ��!4!6�21 �!8

αi+1 = (1 + hLp)i+1 ≤ ehpLi

! � I�2@4 "13 ek(ti+1)  B24!��21"5 1��S

|ek(ti+1)| ≤ γ
(
ehpLi − 1

)
/(hLp),

k = 1, 2, . . . , n, i = 1, 2, . . . , n1 − 1.

�




�05 �2�1 ��  @!A�! 621 8� "�0�74;� 00 ��B!7

E(t) = (e1(t), . . . , en(t))
T

� 4 �62 6��"!6�6� 6 8�05 � 0�/!6 �4�0 I!/4 2 42���24"1� <  A "4 �.��D;
L22 "� 8!6 "13 621 8�S

‖E(ti+1)‖ = max
k

|ek(ti+1)| ≤ γ [exp(tkLp) − 1]/(hLp).

��621!6< /1 � 8 A4.2 42���24"1�� 6 ?4 �.�2"1! 805 � I�2@4 "127 �� ;
!:� 84.�

|S(j)
k (ti) − y

(j)
k (ti)|, j = 1, 2, . . . .d, k = 1, 2, . . . , n, i = 1, 2, . . . , n1.

��022< !"� 03:�5 !412�� 05B! 44.2 "� 7"1�� "�0�74;9�4�B!7< C1! 42���24;
"1�� 6 ?4 ��"�� "1��4!13 4� 0DA�D 1 /�� t !412���0� [t0, tk].

�� !:�2826 �� �2��� "� 7"1�� A−�"1 7/!� "1! 621 8� HF&FGK 4� �2@24!!
12"1 � I ����424!5

y′k = λyk, yk(0) = 1, k = 1, 2, . . . , n, Reλ < 0. HF&F%K

��!62455 HF&F$K � :�8�/2 HF&F%K< � 0�/�26 805 k−� 6� 4241. "�0�74;
9�4�B!! S �.��?24!2

Sk(ti) = R(λh)i,

I82

R(z) =

⎛⎝1 +
q∑

j=1
ajzj

⎞⎠⎛⎝1 −
d∑

j=1
bjzj

⎞⎠−1

, z = λh.

���!6  A��: 6 �"1�4 �024 < /1 621 8 HF&FGK ���� �"!6!��21 :�8�/� HK "
� �58� 6 m + 1< "028 ��12034 

ez = R(z) + O
(
zm+1

)
,

1&2& R(z)− C1 (q, d)− ���� �"!6�B!5 ��82 9�4�B!! ez.
��� �"1�4 �024 < 621 8.<  "4 ��44.2 4� ���� �"!6�B!5� ��82< A−�"1 7/!�.<

2"0! q = d !0! q = d−1, q = d−2. *1 A. ��""6 1�213 � �2824!2 !412���03;
4 7 9�4�B!! Y (t, h)< �4 �3  A��1!6"5 � "�262 � "1� 24!5 "�0�74;�2@24!5
! � ��?26< /1 � 0�/244.7 "�0�74 A�821 0!4274 7 9�4�B!27  14 "!1203;
4 4�/�034.� :4�/24!7 y1(t0), . . . , yn(t0), � � C99!B!241�6! ��! 4!� "0�?�1
� 0!4 6.  14 "!12034 t.

� ?4 �./!"0!13

S
(l)
k (t) =

q∑
j=l

ck
ij

(t − ti)
j−1

(j − 1)!
+

d∑
j=1

ck
i,q+j

(t − ti)
q+j−1

(q + j − l)!

�	



!

m
(l)
k (ti+1, s(ti+1)) =

dl

dtl

⎡⎣ n∑
j=1

akj(t)sj(t) + bk

⎤⎦
t=ti+1

=

=
n∑

j=1+1

⎡⎣ l∑
r=1

akj(t)
(r)s

(l−r)
j (t)

⎛⎝ l
r

⎞⎠⎤⎦ |t=ti+1
,

k = 1, 2, . . . , n, l = 1, 2, . . . , d.

� I8� HF&$#K :��!@21"5 � �!82

q∑
j=l

ck
ij

(t − ti)
j−1

(j − 1)!
+

d∑
j=1

ck
i,q+j

(t − ti)
q+j−1

(q + j − l)!
= HF&G+K

=
n∑

j=1

⎧⎨⎩
l∑

r=1

⎛⎝ l
r

⎞⎠ [akj(ti+1)]
(r)
⎡⎣ q∑
j1=l−r

ck
i,j1

hj1−l+r

(j1 − 1)!
+

+
d∑

j1=1
ck
i,q+j1

hq+j1−l+r

(q + j1 − l + r)!

⎤⎦⎫⎬⎭ , l = 1, 2, . . . , d.

�14 "!12034 �2�1 �� 42!:�2"14.�
(
ck
i,q+1, c

k
i,q+2, . . . , c

k
i,q+d

)T
����424!2 HF&G+K

:��!@21"5 � �!82

d∑
j=1

ck
i,q+j

hq+j−l

(q + j − l)!
−

n∑
j=1

⎧⎨⎩
l∑

r=1

⎛⎝ l
r

⎞⎠ [akj(ti+1)]
(r) × HF&G$K

×
⎡⎣ d∑
j1=1

ck
i,q+j1

hq+j1−l+r

(q + j1 − l + r)!

⎤⎦⎫⎬⎭ =

=
n∑

j=1

⎧⎨⎩
l∑

r=1

⎛⎝ l

r

⎞⎠ [akj(ti+1)]
(r)
⎡⎣ q∑
j1=l−r

ck
i,j1

hj1−l+r

(j1 − 1)!

⎤⎦⎫⎬⎭
−

q∑
j=l

ck
i,j

hj−1

(j − 1)!
.

��""6�1�!��5 HF&G$K ��� k−����424!2 "!"126. 0!4274.� �0I2A��!/2"�!�
����424!7  14 "!12034 �2�1 �� 42!:�2"14.�

(ck
i,q+1, c

k
i,q+2, . . . , c

k
i,q+d)

T

��:62�4 "1! nd, :�62/�26< /1 6�1�!B� � C99!B!241 � 42 " 82�?!1 � 6� ;
4241< :��!"5L!�  1 4�/�034.� :4�/24!7 y1(t0), . . . , yn(t0). �� �2�� 6 !412���;
02 [t0, t1] �����5 /�"13 "!"126. HF&G$K ��28"1��0521 " A 7 0!4274�D 9�4�B!D
 14 "!12034 y1(t0), . . . , yn(t0) � "!0� HF&$#K&

�2@�5 "!"126� HF&G$K � �:02 � 00 ��B!! t1 � 0�/�26 �2�1 � �2@24!7< 5�;
05DL!7"5 0!4274 7 9�4�B!27  14 "!12034 y1(t0), . . . , yn(t0). ��!62424!2

��



 �!"�44 7 �� B28��. 4� !412���02 [t1, t2] 4�/!4�21"5 " �./!"024!5 � C99!;
B!241 � ck

2j � 9 �6�0�6 HF&FJK< /1 1��?2 " ���4521 0!4274�D :��!"!6 "13
 14 "!12034 4�/�034.� :4�/24!7& ��126 �4 �3 �2@�21"5 "!"126� HF&G$K< �
�����D /�"13 � 1 � 7 � 8"1��024. :4�/24!5 � 6� 4241 "�0�74� S.

�21 8 6�126�1!/2"� 7 !48��B!! � :� 0521 8 ��:�13< /1 � "028 ��1203;
4 2 ��!62424!2  �!"�44 I �.@2 621 8� 4�� ?824!5 � C99!B!241 � "�0�7;
4� 8�"1 4�6 � 0DA 7 1 /�2 ti :4�/24!2 "�0�74;�2@24!5 ��� 0!4274�D 9�4�;
B!D  14 "!12034 :4�/24!7 y1(t0), . . . , yn(t0).

�1��< � 6� 4241. "�0�74;�2@24!5 6 I�1 A.13 :��!"�4. � �!82

Sk(t) = Pk1(t, h)y1(t0) + . . . + Pkn(t, h)yn(t0).

� C1 6�  AP28!4244 2 !412���034 2 ��"@!�24!2 C1 7 9�4�B!! " ���8�21 "
2"12"1�244.6 !412���034.6 ��"@!�24!26 M$< >N< 1&2&

S∗
k(t) = ∪y0∈Y0

sk(t0, y0, t) = Pk1(t, h)Y0,1 + . . . + Pkn(t, h)Y0,n. HF&GFK

O1  :4�/�21< /1 4�@ 621 8 � :� 0521 � 0�/!13 � �  �8!4�14�D "� 8!;
6 "13 !412���034 7  B24�! � 64 ?2"1�� 1 /4.� �2@24!7 !0! 42�0�/@�2;
6 "13  B24 � �  AL26 "0�/�2&

��� 6. �?2  162/�0!< ����1!/2"� 2 ��!62424!2 C1 I �0I �!16�  "4 �.;
��21"5 4� 4�� ?824!! !412���034.� ��"@!�24!7 805 � 0�/244.� "!6� 03;
4.� �.��?24!7 "�0�74;���� �"!6�B!7 �2@24!7< ��! C1 6 1 03�  1 �!8�
C1!� ��"@!�24!7 :��!"!1 @!�!4� !412���034 7  B24�! 64 ?2"1� �2@24!7&
��""6 1�!6 42� 1 �.2 �"�2�1. �./!"024!7 !412���034.� ��"@!�24!7&

��� 64!6</1  AP28!4244.6 !412���034.6 ��"@!�24!26 9�4�B!! f(x)
6. 4�:.��26 !412���034 ;:4�/4�D 9�4�B!D

f(X) =
⋃

f(x)
x∈X

= {f(x)|x ∈ X}.

(DA 2  1 A��?24!2 F (X) 4� 64 ?2"1� !412���034.� /!"20 H !412���0 �
!: RnK 1�� 2< /1 

f(X) ∈ F (X)!f(x) = F (x)805 ∀x ∈ X

4�:.��21"5 !412���034.6 ��"@!�24!26 9�4�B!! f(x) 4� y& 
"0! 805 0DA.�
8��� !412���0 � X1 ⊆ X2 6. !6226

F (X1) ⊆ F (X2)

< 1 F (X) 4�:.��D1 6 4 1 44.6 � ��0D/24!D !412���034.6 ��"@!�24!26&
�412�2"4 � 0�/!13 � 4"1���1!�4.2  B24�!< � :� 05DL!2 !""028 ��13 � :;
6 ?4 "13 �.A �� 4�!0�/@2I � @!�!42 ��0D/24!5 !412���034 I ��"@!�2;
4!5 9�4�B!! f & 	 4�@26 "0�/�2 6. �� !:� 8!0! � "1� 24!2 !412���034 I 

��



��"@!�24!5 � 9 �6�0�6 "�0�74;�2@24!7< ��2 A��: ��44.6 1��< /1  14 ;
"!12034 4�/�034.� :4�/24!7 y0

1, . . . , y
0
n  4! ��28"1��050! ��" /4 ;0!4274.2

9�4�B!!< /1 02I� ��!8213 !: EF< EG I0��. F&

��



E"!8! ��'�32 #�$'�����7 (��+��+ � �����+ �.���/K �$��(%��2�
�% %�%��'�0�$/�& #��3$'%(����� #��1������2+ ��)���* $

60�'�& ��'��(%�5�2+ �.���/!

��� ?824!2 9 �6�0 �2@24!7 "!"126.  A.�4 �244.� 8!992�24B!�034.�
����424!7 � :� 0521  �I�4!: ��13 �� B2"" �./!"024!5 !412���034.�  B2;
4 � 64 ?2"1� �2@24!7 "!"126.< � � 1 � 6  ��282024!2 !412���034.�  B2;
4 � H��"@!�24!7K �� !:� 8!1"5 1 03� � � 42/4 7 1 /�2  A0�"1! ��I�6241�
�2@24!7< /1 � 04 "13D � 6�24"!��21 �0!54!2 C992�1� ����& ��! C1 6 @!;
�!4� !412���034.� �2@24!7 A�821 :��!"213 0!@3  1 �2�0!:�B!! 9 �6�0< � 
� 1 �.6 �.� 04521"5 �./!"024!2 !412���034.� �.��?24!7< " "1 5L!� !:
42"� 03�!� !412���034.�  �2��B!7</1 42 �.: �21 C�"� 424B!�034.7 � "1
@!�!4. !412���0 �& ��� A.0  162/24 � EF I0��. F  AL�5 "�26� ��280�;
I�26 I � 8� 8� � � "1� 24!D !412���034.�  B24 � " � ���4 "127 �2@24!7
 A.�4 �244.� 8!992�24B!�034.� ����424!7 ��0D/�21 � "2A5 �4�0!1!/2"� 2
4�� ?824!2 9 �6�0 ��!A0!?244.� �2@24!7< !� � 04.� � I�2@4 "127 " � ;
"028�DL!6 !412���034.6  B24!��4!26& �6221 "�L2"1�244 2 :4�/24!2 805
�.��?24!5 "�0�74;�2@24!7 ��� 9�4�B!7< :��!"5L!�  1 4�/�034.� 8�44.�&

��""6 1�!6 �2@24!2 "!"126.  A.�4 �244.� 8!992�24B!�034.� ����42;
4!7

yk(x0) = y0
k, k = 1, . . . , n,

y′k(x) = fk(xi−1, y1(xi−1), . . . , yn(xi−1)), k = 1, . . . nr, HF&GGK

I82 �����5 /�"13 - C1 9�4�B!5< � 1 ��5  ��282024� ! 42��2�.�4� � ��56 ;
�I 034 7  A0�"1! D ! �8 �021� �521 1�6 �"0 �!D (!�@!B�&

	�2826  A :4�/24!5

f
(q)
k (x, y1, . . . yn) =

∂

∂x
f

(q−1)
k (x, y1, . . . , yn)+ HF&G>K

n∑
l=1

fl(x, y1, . . . , yn)
∂

∂yl
f

(q−1)
k (x, y1, . . . , yn),

f
(0)
k (x, y1, . . . , yn) = y0

k, q = 1, . . . , r, k = 1, . . . , n.

��826 "1� !13 � 0!4 6!�034�D "�0�74;9�4�B!D "12�24! r+1< I0�8� "1!
$< ���� �"!6!��DL�D �2@24!2 y(x) " I0�"4 "�262

sk(x0) = y0
k, k = 1, . . . , n,

sk(x) = sk(xi−1) +
r∑

j=0
f

(j)
k (xi−1, s1(xi−1), . . . , sn(xi−1))

(x− xi−1)
(j+1)

(j + 1)!
, HF&G#K

��



x∈[xi−1, xi], i = 1, . . . , n, k = 1, . . . nr.

�1621!6< /1 "�0�74;9�4�B!5 1�� I A 03@ I 8292�1� �28� !"� 03:�21"5
� 621 8�� "�0�74;� 00 ��B!! �2@24!5 "!"126  A.�4 �244.� 8!992�24B!;
�034.� ����424!7 !< �  AL2 I � �5< 1���5 "�26� �2"36� � � ?� 4� 621 8
�58 � �270 ��<  84�� � :� 0521 "�5:�13 � �� "  B24�! � I�2@4 "1! 621 8�
"�0�74;� 00 ��B!! " 1 /4 "13D � "1� 24!5 8��"1 � 44!�  B24 � "��:� 4�
�"26 !412���02 � :��!"!6 "1!  1 �20!/!4. @�I� "21�! h&

���!@26 ��:0 ?24!2 � 6� 4241 1 /4 I �2@24!5 y(x) � 9 �6�02 �270 ;
�� 4� !412���02 [xi−1, xi]S

yk(x) =
r∑

j=0

y
(j)
k (xi−1)

j!
(x − xi)

j +
y

(r+1)
k (ξk,i)

(r + 1)!
(x − xi−1)

(r+1),

ξk,i ∈ (xi, xi+1), k = 1, . . . , nr.

�A :4�/!6 ek(x) = |yk(x) − sk(x)|, k = 1, . . . nr.

� I8�

|yk(x) − sk(x)| = |
r∑

j=0

y
(j)
k (xi−1)

j!
(x − xi−1)

j +
y

(r+1)
k (ξk,i−1)

(r + 1)!
(x − xi−1)

(r+1)−

sk(xi−1) −
r∑

j=0
f

(j)
k (xi−1, s1(xi−1, . . . , sn(xi−1))

(x− xi−1)
j+1

(j + 1)!
| ≤ HF&G'K

|yk(xi−1) − sk(xi−1)| +
r−1∑
j=0

|yk
(j+1)(xi−1) − f

(j)
k (xi−1, . . . , sn(xi−1)|(x − xi−1)

j+1

(j + 1)!
+

|yk
(r+1)(ξk) − f

(r)
k (xi−1, . . . , sn(xi−1))|(x − xi−1)

r+1

(r + 1)!

�/!1.��5 42��2�.�4 "13 "�0�74;9�4�B!! ! �"0 �!2 (!�@!B�< � 1 � 2
�.� 04521"5 805 �� !:� 84.� ���� 7 /�"1! HF&GGK< 6. � 0�/!6

|y(j+1)
k (xi−1) − f

(j)
k (xi−1, s1(xi−1), . . . , sn(xi−1))| ≤ Lk

n∑
l=1

|yl(xi−1) − sl(xi−1)| ≤
HF&G,K

Lk
∑n

l=1 el(xi), k = 1, . . . n.

�4�0 I!/4.2 ��""�?824!5 ��!� 851 �  B24�2

|yk
(r+1)(ξk,i)− f

(r)
k (xi−1, s1(xi − 1), . . . , sn(xi−1))| ≤ |y(r+1)

k (ξk,i) − y
(r+1)
k (xi−1)|+

HF&GJK
|f (r)

k (xi−1, y1(xi−1), . . . , yn(xi−1)) − f
(r)
k (xi−1, s1(xi−1), . . . , sn(xi−1))| ≤

��



ω(y
(r+1)
k , h) + Lk

n∑
l=1

el(xi−1).

��621!6< /1 � C1!� 42���24"1��� 6. !"� 03: ��0! 6 8�0! 42��2�.�4 "1!
ω �� !:� 84 7 r + 1 ;I � �58�� �2@24!5< � 1 �.2 �  AL26 �!82  ��28205;
D1"5< ��� 9�4�B!5

ω(f, δ) = sup{|f(x′) − f(x′′)| : |x′ − x′′| ≤ δ, x′, x′′ ∈ [a, b].

�2� "�28"1�244 !:  ��282024!5 5"4 < /1 6 8�03 42��2�.�4 "1! ω 9�4�B!!
f �����12�!:�21 �20!/!4� 6��"!6�034 7  "B!005B!! C1 7 9�4�B!! 4�  1�2:;
�2 80!4. δ > 0& � 8�0! 42��2�.�4 "1! ��� ! 6 8�0! I0�8� "1! " �"�2� 6
!"� 03: ��0!"3 � 42� 1 �.� ���� �"!6�B! 44.� :�8�/��< �  " A244 "1!  4!
�8 A4. 805 �.��?24!5 � I�2@4 "127 /!"0244.� 621 8 �< � � 1 �.� �/�"1;
��D1 9�4�B!! " � 6���14 7  A0�"13D  ��282024!5< � I8� :4�/24!5 9�4�B!7
6 I�1 A.13 :�8�4. !0! /!"0244  ��282024. " 4��2�28 :�8�44 7 1 /4 "13D
� � 42/4 6 H !0! "/214 6 K 64 ?2"1�2 1 /2� C1 7  A0�"1!&

��L2"1�244 805 4�" 1 < /1 !"� 03: ��4!2 C1!� 6 8�027 � :� 0521  B24!;
��13 � I�2@4 "13 /!"0244 I 621 8� !0! ��!A0!?244 7 9 �6�0. 805 8�44 ;
I /!"0244 I 621 8� A2: ���!�;0!A 8 � 04!12034.�  I��4!/24!7 4� �/�"1;
��DL!2 9�4�B!!< �� 62 12�< � 1 �.2 42 A� 8!6. ��! 9 �6�0!� ��2 :�8�/!&
� 8"1��055 HF&G,K< HF&GJK � HF&G' K 6. !6226

ek(x) ≤ ek(xi) + Lk(
∑n

l=1 el(xi))
(r−1)∑
j=0

hj+1

(j + 1)!
+

(
hr+1

(r + 1)!
(Lk(

n∑
l=1

el(xi) + ω(y
(r+1)
k , h)).

��621!6< /1 
r−1∑
j=0

hj

(j + 1)!
≤ exp(h) ≤ e

� I8� 42���24"1� HF&G%K 6 ?4 :��!"�13 � �!82

ek(x) ≤ ek(xi)(1 + hLk exp + hr+1

(r+1)!) +
∑n

l=1, l �=k el(xi)hLk exp + hr+1

(r+1)!Lk +

hr+1

(r+1)!ω(y
(r+1)
k , h) ≤ ek(xi)(1 + hck) + ckh

∑n
l=1, l �=k el(xi) + hr+1

(r+1)!ω(y
(r+1)
k , h),

I82

ck = Lk(exp +
1

(r + 1)!
).

	�2826 �2�1 � E(x)< " "1��0244.7 !: �20!/!4 ek(x)

E(x) = (e1(x), . . . , en(x))T),

��



1 I8� " � ���4 "13 � � 6� 42414.� 42���24"1� (2.39) :��!@21"5 � 6�1�!/;
4 6 �!82

E(x) ≤ (I + hA)E(xi) +
hr+1

(r + 1)!
ω(h)B

I82 A ;6�1�!B� ��:62�4 "1! n × n

A =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c1 c1 . . . c1

c2 c2 . . . c2

& & & & & & & & & & & & & &
cn cn . . . cn,

⎞⎟⎟⎟⎟⎟⎟⎠
]; 28!4!/4.7 �2�1 � ��:62�4 "1! n<

B =
⎧⎩ 1 1 . . . 1

)
/2�2: ω(h) 6.  A :4�/!0! �20!/!4�

ω(h) = maxk{ω(y
(r+1)
k , h)}.

	 8�03427@26 6. !"� 03:�26 4 �6� �2�1 �� E(xi) = maxkEk(x), ! "  1�21;
"1��DL�D 6�1�!/4�D 9 �6�

‖ A ‖= max
i

n∑
j=1

|aij|,

I82 aij ;� 6� 4241. 6�1�!B. A& ���!@26 � "028 ��12034 "13 42���24"1�

‖ E(x) ‖≤ (1 + h ‖ A ‖) ‖ E(xi) ‖ +
hr+1

(r + 1)!
ωh

(1 + h ‖ A ‖) ‖ E(xi) ‖≤ (1 + h ‖ A ‖)2 ‖ E(xi−1 ‖ +

hr+1

(r + 1)!
ω(h)(1 + h ‖ A ‖)

(1 + h ‖ A ‖)2 ‖ E(xi−1) ‖≤ (1 + h ‖ A ‖)3 ‖ E(xi−2 ‖ + HF&G%K

hr+1

(r + 1)!
ω(h)(1 + h ‖ A ‖)2

· · · · · · · · · · · · · · · · · · · · ·
(1 + h ‖ A ‖)i ‖ E(x1) ‖≤ (1 + h ‖ A ‖)i+1 ‖ E(x0 ‖ +

hr+1

(r + 1)!
ω(h)(1 + h ‖ A ‖)i.

��



��0�8.��5 C1! 42���24"1�� ! �/!1.��5< /1 ek(x0) = 0< � 0�/!6

‖ E(x) ‖≤ (exp(‖ A ‖ −1)

(r + 1)! ‖ A ‖ hrω(h). HF&>+K


"12"1�244 < /1 42���24"1� HF&>+K "����280!� ! 805  182034.� � 6� ;
4241 �2�1 �� E(x)& �4�0 I!/4 ��28.8�L!6 ��""�?824!56 6.  B24!��26
 1�0 424!2 �� !:� 84.� 1 /4 I �2@24!5 ! "�0�74;�2@24!5<

|yk
(q)(x) − sq

k(x)|, q = 1, . . . , r

! � 0�/�26

‖ y(q)(x) − s(q)(x) ‖≤ (exp(‖ A ‖ −1)

(r + 1)! ‖ A ‖ hr−qω(h). HF&>$K

� 8 A4.2  B24�!  A "4 �.��D1 "� 8!6 "13 8�44 I 621 8� � "1� 24!5
"�0�74; 9�4�B!7< ���� �"!6!��DL!� �2@24!2 !"� 84 7 :�8�/!< 4� �"26 !4;
12���02 [x0, xT ] ��! @�I2 "21�! h < "1�265L26"5 � +& 	 �� ". �"1 7/!� "1!
1�� I �0I �!16� 6 I�1 A.13 � 0�/24. 42"0 ?4.6! ��""�?824!56!&

�1��< 6. ��280 ?!0! �0I �!16< � 1 �.7 "1� !1 !412���034.2  B24�!
64 ?2"1� 1 /4.� �2@24!7 :�8�/! HF&GGK 4�  "4 �2 " /21�4!5 8��� @�I �S � ;
"028 ��12034 I 4�� ?824!5 �4�0!1!/2"�!� 9 �6�0< :�8�DL!� �.��?24!5<
� � 1 �.6 6 ?4 �./!"0!13 :4�/24!5 "�0�74;9�4�B!7< ���� �"!6!��D;
L!� �2@24!2< !  ��282024!5 � C1!6 9 �6�0�6 !412���034.� ��"@!�24!7<
��0D/�DL!� �2@24!2& � "� 03�� 6. !:A2I�26 ��! C1 6 � @�I � I ��!62;
424!5 !412���034.�  �2��B!7< 6.  A� 8!6 �0!54!2 C992�1� ����& �84�;
� � "0�/�2  B24�! �2@24!7 "!"126 ����424!7 " 0!4274 7 ���� 7 /�"13D<
6. 6 ?26 � 03: ��13"5 "�26 7 "�0�74;� 00 ��B!! " ����621��6! "�0�74�
H"12�243D n ! 8292�1 6 d K< � 8A!��26.6! !: �"0 �!7 �"1 7/!� "1! ! 1 /;
4 "1! ��!A0!?24!7& O1 � :6 ?4 "820�13< � "� 03�� 6. �6226 4�� 8!13
�4�0!1!/2"�! � �:0�� � 00 ��B!! 9 �6�0. 805 �2@24!7 "!"126 0!4274.�
�0I2A��!/2"�!� ����424!7<  ��28205DL!� ����621�. "�0�74;9�4�B!7< /1 
�2�0!: ��4 � 64 I!� "!"126�� "!6� 034.� �./!"024!7& 
"0! 42 A� 8!6 
4�� 8!13  B24�! 64 ?2"1� �2@24!7 "!"126 8!992�24B!�034.� ����424!7 "
420!4274 7 ���� 7 /�"13D< �"1�21 :�8�/� � 0�/!13 �4�0!1!/2"�! 9 �6�0.
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 B24 � �2@24!7 "!"126  A.�4 �244.� 8!992�24B!�034.� ����424!7 ��
=��4�0& �./& 6�1& ! 6�1& 9!:& - $%%G& - �& GG< 3F& - �& F$%-FG$&

MJ>N {^[`_Y� r&s& elRh�`_ VllYU `ab _^iYU Z^Vabd j^U dYRd ^j d^_VRh^ad ^j e}|�d
ihR� haRYU�`_ b`R` �� �aRYUa`Rh^a`_ q^a[UYdd ^a �aRYU�`_ `ab q^�lVRYU;
r_[YZU`hW �YR�^bd ha pWhYaWY `ab |a[haYYUha[& - pR&cYRYUZVU[ pR`RY
~ah�YUdhRu< �aRYUa`Rh^a`_ �^VUa`_ m�aRYU�`_ q^�lVR`Rh^adn< $%%>&; c& F+G-F+>&

MJ#N � I�02� �&�& ��� ?824!2  �1!6�034.� I���41!� ��44.�  B24 � 64 ;
?2"1� �2@24!7 "!"126 ��� " !412���034.6! 8�44.6! �� �A& 	./!"0!;
12034.2 12�4 0 I!!& - � � "!A!�"�< $%%#& - �& >< 3$G& - �& #J-'>&

MJ'N {^[`_Y� r_Y�Yh s& p^_�ha[ pudRY�d ^j eUbha`Uu }hxYUYaRh`_ |�V`Rh^ad
ihR� �aRYU�`_ }`R`S {h[^U^Vd `ab elRh�`_ ]^Vabd �� �krqp��rkk
�aRYUa`Rh^a`_ pu�l^dhV� ^a pWhYaRh�W q^�lVRha[< q^�lVRYU rUhR��YRhW
`ab �`_hb`RYb sV�YUhWd< pYlR& F'-F%< $%%#& - ]YU[hdW�Y ~ah�YUdhR)̀R
�Yd`�R�^W�dW�V__Y gVllYUR`_< �`W�ZYUYhW� k`R�Y�`RhW Vab �adRhRVR j)VU
ra[Yi`abRY �aj^U�`RhW H�YU�`auK& - c& $$G-$$>&
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	 �2�� 6 "0�/�2 6. 826 4"1�!��26 "�0�74;���� �"!6�B!! 805 "!"126.
���� M$N< 4� ��!62�2 � 1 � 7 4�I0584 !00D"1�!��21"5 �0!54!2 C992�1�
���� 805 A 03@!4"1�� 621 8 �& ��@ �0I �!16 8�21 42�0�/@�26.2  B24�!<
"� A 84.2  1 �0!54!5 C992�1�&

�1��< 6. ��""6�1�!��26 "!"126� 0!4274.� 8!992�24B!�034.� ����42;
4!7 " � "1 544.6! � C99!B!241�6!

y′ = Ay, HG&$K

I82 y− �2�1 � ��:62�4 "1! 8��< A− 6�1�!B� � C99!B!241 �

A =

⎛⎝ 0 1
−1 0

⎞⎠ ,

" !412���034.6! 4�/�034.6! 8�44.6! y1
0 ∈ [−0.1, 0.1], y2

0 ∈ [0.9, 1.1].
� "02 �2�� I @�I� � 0�/�26 805 � 6� 4241 �2�1 �� �2@24!7 9 �6�0.<

:��!"5L!2 1 03�  1 4�/�034.� :4�/24!7 y1
0, y

2
0S

y1 (t) = y1
0 + y2

0 h − h2y1
0

2
− y2

0 h3

6
+

h4y1
0

24
+

h5y2
0

120

y2 (t) = y2
0 − h y1

0 − h2y2
0

2
+

h3y1
0

6
+

y2
0 h4

24
− h5y1

0

120
.
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y1(t) = −2 h2y1
0 + y1

0 +
2 h4y1

0

3
+ 2 y2

0 h +
4 h5y2

0

15
− 4 y2

0 h3

3
− 31 h6y1

0

360
−

h7y2
0

45
+

13 h8y1
0

2880
+

h9y2
0

1440
− h10y1

0

14400

y2(t) = y2
0 − 4 h5y1

0

15
+

2 y2
0 h4

3
+

4 h3y1
0

3
− 2 h2y2

0 − 2 h y1
0 +

13 h8y2
0

2880

h9y1
0

1440
+

h7y1
0

45
− 31 h6y2

0

360
− h10y2

0

14400

� "02 1�2132I @�I�;9 �6�0.S

y1(t) = −9 h2y1
0

2
+ y1

0 +
27 h4y1

0

8
+ 3 y2

0 h +
81 h5y2

0

40
− 9 y2

0 h3

2
− 121 h6y1

0

120
−

17 h7y2
0

40
+

49 h8y1
0

320
− 9 h11y2

0

3200
+

409 h9y2
0

8640
− h15y2

0

1728000
−

h14y1
0

115200
+

h13y2
0

12800
+

181 h12y1
0

345600
− 361 h10y1

0

28800

y2(t) = y2
0 − h14y2

0

115200
+

h15y1
0

1728000
− h13y1

0

12800
+

9 h11y1
0

3200
+

181 h12y2
0

345600

−81 h5y1
0

40
+

27 y2
0 h4

8
+

9 h3y1
0

2

−9 h2y2
0

2
− 3 h y1

0 +
49 h8y2

0

320
− 409 h9y1

0

8640
+

17 h7y1
0

40
− 121 h6y2

0

120
− 361 h10y2

0

28800
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4!26 ��! 4�02�.� 4�/�034.� �"0 �!5�

d2y

dt2
+ α

dy

dt
+ ky = u,

|u| ≤ 1,

y(0) =
dy(0)

dt
= 0.

�82"3 y-"��05�4�5 �2�26244�5< u-"��05�4 2 �����024!2< k, α- � "1 544.2
� C99!B!241.& �2: � 12�!  AL4 "1! 6 ?4 "/!1�13< /1 � C99!B!241 k

��!4!6�21  84 !: 1�2� :4�/24!7 k ∈ {−1, 0, 1}\ "0�/�7 �� !:� 034 I k
"� 8!1"5 �  84 6� !: 1�2� :� "/21 !:62424!5 6�"@1�A �&

�. ��!� 8!6 "0�/�7< � I8� k = 0, α = −1& �. �� 8!6  A :4�/24!5 y1

805 y ! y2 805 dy
dt &

� "02 �2�� I @�I� � 0�/�26 805 � 6� 4241. y1(t) �2�1 �� �2@24!7 9 �;
6�0.< :��!"5L!2 1 03�  1 4�/�034.� :4�/24!7 y1

0, y
2
0S

y1(t) =

⎛⎝ y1
0

120
+

y2
0

360

⎞⎠ h5 +

⎛⎝y1
0

24
+

y2
0

44

⎞⎠ h4

+

⎛⎝y1
0

6
+

y2
0

9

⎞⎠ h3 +

⎛⎝y1
0

2
+

y2
0

7

⎞⎠ h2 +

y1
0 h + y1

0

� "02 �1 � I @�I� 805 � 6� 4241. y1(t) �2�1 �� �2@24!7 - 9 �6�0.S

y1(t) =

⎛⎝ y2
0

24400
+

y1
0

16240

⎞⎠ h10 +

⎛⎝ y1
0

1440
+

y2
0

1820

⎞⎠ h9 +

⎛⎝13 y1
0

2880
+

13 y2
0

1860

⎞⎠ h8 +

⎛⎝y1
0

85
+

y2
0

64

⎞⎠ h7 +

⎛⎝31 y2
0

360
+

24 y1
0

360

⎞⎠ h6 +

⎛⎝6 y1
0

25
+

4 y2
0

15

⎞⎠ h5 +

⎛⎝2 y1
0

3
+

2 y2
0

3

⎞⎠ h4 +

⎛⎝4 y1
0

7
+

8 y2
0

3

⎞⎠ h3 +
(
2 y1

0 + 3 y2
0

)
h2 + 2 y1

0 h +
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�05 "!"126. ���� M$N<  �!"�44 7 � �4!I2 ����< � 1 ��D !"� 03: ��0!
� ��/2"1�2 12"1 � 7 ��1 �. �"2� 621 8 � !412���034.�  B24 � �2@24!7 "!;
"126  A.�4 �244.� 8!992�24B!�034.� ����424!7< 6. � 0�/!0! ����1!/2;
"�! 1 /4.2 � ��?8 7 �  �8!4�12 �2�1 �� �2@24!7  B24�!& �� 9�: � 7 �0 ";
� "1! 64 ?2"1� �2@24!7 "!"126.

y′ = Ay, HG&FK

I82 y− �2�1 � ��:62�4 "1! 8��< A− 6�1�!B� � C99!B!241 �

A =

⎛⎝ 0 1
−1 0

⎞⎠ ,

" !412���034.6! 4�/�034.6! 8�44.6! y1 ∈ [−0.1, 0.1], y2 ∈ [0.9, 1.1], ��28;
"1��0521 8�!?�L!7"5 � � 4B241�!/2"�!6  ���?4 "156 ���8��1 ! � � ��;
/!��DL!7"5  14 "!12034 �  �8!4�14.�  "27& �05 A 03@!4"1�� 621 8 �< I�;
��41!��DL!� 1 /4 2 ��0D/24!2 64 ?2"1�� �2@24!7< "1 � 4� C1 I ���8��1�
��20!/!��21"5 � "02 k−  A � 1 � � e2πk ��:< 1 2"13 � "02 �2�� I  A � 1�
� /1! � '++ ��:& 	 4�@26 "0�/�2 6. � 0�/�26 ����1!/2"�! 1 /4 2 ��0D/2;
4!2 � � ��/!��DL2I "5 ���8��1� � "02  84 I  A � 1�< /1 !: A��?24 4�
�!"�4�2 $& �82"3 �  "! �A"B!""  10 ?24� y1 �  "!  �8!4�1 y2&
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�� �!"�4�2 F !: A��?24 � �2824!2 �2@24!7 "!"126. ���� � "02 '+  A ;
� 1 �< 8�!?24!5 ���8��1� !: A��?24. 4� � "028 ��12034 "1! �0 "� "127<
��"� 0 ?244.� ����002034 8��I 8��I� � 4�����024!!  "! �& ��621!6< /1 
��265 ��"/21 � 805  B24�! �2@24!7 � "02 $+++  A � 1 � � 9�: � 6 �� "1��4;
"1�2 :�4!6�21 G+ 6!4�1 805 �� �]k cq >J' ; py ! 62422 J 6!4�1 805 ��
�]k cq >J' ; }y>&
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�� �!"�4�2 G � ��:�4.  B24�! �2@24!7 "!"126.

x′ = xy − x + R,

y′ = −x2 − y,

��!�28244 7 � ��A 12 !1�0354"� I 9!:!�� }Y �UY[^Uh^ M,FN& �1621!6< /1 
� �2824!2 �2@24!7 C1 7 "!"126. �����12�!:�21"5 "028�DL!6! "� 7"1��6!&

"0! (x0, y0 -4�/�034�5 1 /��< 1 �2@24!2 " 82�?!1"5 � "92�2 ��8!�"� r =
max[R, (x2

0 + y2
0)

1/2]< I82 R > 0& (2I� � ��:�13< /1 C1� "!"126� !6221 �"2I8�
1 03�  84 "1�B! 4��4 2 �2@24!2< � 1 � 2 �"1 7/!� & �2:�031�1. !412�;
��034 I  B24!��4!5 �2@24!7< � 0�/244.2 }Y �UY[^Uh^ � M,FN ��! ��:0!/4.�
:4�/24!5� R< 826 4"1�!��D1 C�"� 424B!�034.7 � "1 I��4!B C1!�  B24 �&
� 0�/244.2 � 4�@26 621 82  B24�! �2@24!7 C1 7 "!"126. ��! 4�/�034 6
!412���02 x ∈ [4.9, 5.1], y ∈ [4.4, 4.6] "� 851"5 �  84� 1 /��< /1 02I� ��!;
8213 4� �!"�4�2 G&
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x′ = y,

εy′ = y − (1/3)y3 − x,

:82"3 ε > 0 6�0.7 ����621�&
�:�2"14 < /1 � 427 �"1�4��0!��21"5 �2�! 8!/2"�!7 �2?!6-� 02A�4!5< !:;

�2"14.2 � 8 4�!624 ��4!26 �20��"�B! 44.�< �����12�4 7 /2�1 7 � 1 �.�
4�0!/!2 �/�"1� �< I82 1��2�1 �!5 �2:� 624521 4�����024!2-�20��"�B! 4..�
�/�"1� �& �05 1 I < /1 A. /!"0244  ��2820!13 �20��"�B! 44.2 �/�"1�! 1��;
2�1 �!7< 42 A� 8!6 !412I�!� ��13 "!"126� " @�I 6 64 I 6243@2ε& � �2;
824!2 !412���034.�  B24 �< � 0�/244.� � 4�@26� �0I �!16� ��! ε = 0.01
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