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Abstract  - -  Zusammenfassung  

A Class of  Interval -Newton-Operators .  A class of  interval-Newton-operators N will be discussed. One 
of them, N, is optima1 in the manner that N(X) c_No(X). With the help of such an interval operator we 
can give an existence theorem for the solution x* of the equation g (x) = 0. 

AMS Subject Classifications: 65H10, 65G10. 
Key words." Systems of equations, interval operators. 

Eine Klasse von Intervall-Newton-Operatoren.  Eine Klasse yon Intervalloperatoren N~ wird diskutiert. 
Einer yon ihnen - N - ist optimal in dem Sinne, dab N (X)_~ N a (X) gilt. Mit Hilfe eines solchen 
Intervalloperators kann die Existenz einer L6sung x* einer Gleichung g (x)= 0 bewiesen werden. 

1. Introduction 

There  are  several  i n t e rva l -Newton-ope ra to r s  which are of the form 

N (X):= x -  S(X)g(x) (1) 

where x ~ X,  and  S (X) is a subl inear  m a p p i n g  for fixed X;  hence N (X) = x* if x = x* 
is a zero of the equa t ion  g (x) = 0. F o r  example :  S (X) g (x): = IGA (L (X), g (x)), where 
IGA denotes  the in terval  Gauss  a lgor i thm and L (X) is a regular  Lipschi tz  mat r ix  of 
g or  an interval  extension of the der ivat ive  g '  (x). In  most  cases, x = 2 is the midpo in t  
of X. Ins tead  of the in terval  Gauss  a lgor i thm,  we can de termine  r : =  I e -  a L l ,  where 
a is a regular  real  matr ix .  If  the spectral  radius  of r is less than  1, then q: = r (e - r ) -  
exists and  is a nonnega t ive  matr ix .  Moreover ,  

N ( X ) : =  2 - [ e -  q, e + q] (ag (2)) (2) 

is an i n t e rva l -Newton-ope ra to r  which depends  on the mat r ix  a. F o r  a:  = (mid L ) -  
the me thod  was in t roduced  in [4].  

In  this paper  we will show tha t  the choice of a - - ( m i d  L) -1  is op t imal  in tha t  the 
image  interval  is con ta ined  in all intervals  being p roduced  by  interval  opera to r s  (2) 
with an a rb i t r a ry  regular  mat r ix  a. 
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In [-2] Alefeld has given some existence theorems for the solution of the equat ion 
g (x) = 0. These theorems are based upon the condit ion N (X) _~ X and they are stated 
for several in te rva l -Newton-opera tors  N. However  in all these cases it is assumed 
that  L (X) is a continuous function. We also give an existence theorem for the 
in te rva l -Newton-opera tors  (2) without  the assumpt ion  of continuity of L (X). 

Remark about notation: We use the same nota t ion  as in [7];  but for convenience 
of the reader,  some notat ions  are repeated. Small Lat in letters denote  real values 
and  capital  letters denote  sets, intervals and maps.  We denote the set of n-dimen- 
sional interval vectors and n x n-interval matrices by D R" and l ~" x ,, respectively, 
use mid  X = (_x + 2)/2, mid A = (_a + c/)/2 for the midpoints ,  rad X = ( 2 -  x)/2, 
rad A = (~-_a)/2 for the radius of X e B R" and  A e ~ R" x,, respectively. 

Moreover ,  we set ~ D : = { X s D  R~IX~_D}. The unit matr ix  is writ ten as e. a(a)  
denotes the spectral  radius of a e N" • 

For  a discussion of interval ar i thmetic  we refer to Alefeld/Herzberger  [,1]. 

2. A Class of Interval-Newton-Operators 

Let g: D ~_ Rn-~ En be a real function which satisfies an interval Lipschitz condit ion 

g (X1) - -  g (X2) ~ L (x 1 - x2 )  for all X1, X 2 E X ,  (3) 

where X e l D and L is a regular interval matrix.  

Let S:D R"--, ~ R" be a sublinear mapp ing  (see Neumaie r  [-8]) with the proper ty  

1 l z e S z  for l ~ L  and z ~ R " .  (4) 
Then we call 

N ( X ) : = 2 - S 9 ( 2 )  with 2 = m i d ( X )  (5) 

an interval-Newton-operator of 9- 

Remark: General ly,  L and S depend on X, but in the following we consider a fixed 
interval X;  therefore the a rgument  X will be deleted. 

(3) and (4) immediate ly  yield 

g (x*) = 0  A X* ~ X  ~ x* s N ( X ) ,  (6) 

because 9 (x*) - g (2) = 1 (x* - 2) implies 

x*=2-1-1g(2) e 2 -  sg(2). 

Let a E R "• be a regular matrix.  Then we define 

r a : = [ e - a L [ ,  (7) 
and assume that  

(ra) < 1 ; (8) 
hence the matr ix  

qa:=ra(e-G) -1 (9) 

exists and is a nonnegat ive  matrix.  
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The sublinear mapping 

S,  z: = [ e -  q, ,  e + %] (az) (10) 

fulfills the condition (4) for each a e N" • for which the assumption (8) is true. Indeed 
b : = e - a l  and l e L  imply b e e - a L  and [ b l < - _ l e - a L l - - r ~ .  On the other hand 
b = e - a l  implies that 1-1 z = ( e - b )  - I  (az), and since 

(e -b)  -1 ~ [ e - % , e + q , ]  (see (4.17)in [6]), 

we have l - 1 z ~ [e - %,  e + qa] (a z). 

Hence 
N, (X): = 2 -  Sag (2), (11) 

where S, is defined by (10), defines a class of interval-Newton-operators. 

3. The Optimal Interval-Newton-Operator of the Class (11) 

The question is how to choose the matrix a. Before we give an answer we formulate a 

Lemma: I f r  a: = [ e - aL] ,  ~: = [ e - i lL[ wi th  fi: = (mid L)-  1, • (~) < 1 and a (ra) < 1 then 
the fo l lowing  s ta tements  are true: 

1. (r(F)<~(r~),  (12) 

2. I ( a - ~ ) z l < ( r a - ~ ) ( e - ~ ) - a l g t z l ,  (13) 

3. l a z l < ( e - ~ ) ( e - r , ) - l l a z l  wi th  z e N " .  (14) 

Proof :  

1. (12) was proved by Neumaier (see Theorem 6 in [8]). (elL is an H-matrix since 
o < 1.) 

2. We use the abbreviation T= mid L and put 

b : = a T - e .  (15) 
Then the relation 

r a = l e - a L l = ] a ] r a d L  + l b [  (16) 

holds (see (31) in [3]), which implies 

~=[3 [ radL .  (17) 
From (15) follows 

b f i = a - f i .  (18) 

By inserting the inequality [ a] __> [ 41 - [ b [ ] ~i] into (16) we obtain from (17) 

and (12) 
I b l<-_ ( r~ -~ ) ( e -~ )  -~ . (19) 

(18) and (19) yield (13). 
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3. Because of a (I b J) < a (ra) < 1, (18) yields 

Ifiz[<[(e+b) ~[ laz[<(e- lb[ ) - l laz[ .  

By inserting (19) into this inequality we get 

I fizl <(e-(r.-~)(e-~)-l)-l[az[ 
--(e-?)(e-r~)-  l l azl . �9 

We next give an answer to the question: "how to choose a?"  by using the 

Theorem l:  I f  f i :=(midL)  -1, r : = l  e - a L l ,  ~ : = ~ ( e - ? )  -1 and 

/9 (X): = Y - [e - q, e + q3 (ag (Y)) (20) 
then 

29 (X) G N a (X) (21) 

for each a satisfying the condition (8). 

Proof: It follows by the definition of radius and midpoint  and the formulae (6.4), (6.5) 
in [7] as well as by the lemma 

I mid N,  (X) - mid /9  (X) I = ](a - el) g (Y)] 

__<(r~-r)(e-~)-~ I ~g(~)l 
_<ra(e--~) -1 (e--~)(e--r~) 11 ag(Y)l--~(e--~) ~1 ag (Y)I 

=q . [  ag (Y)l-~l  fig (2)[ 

= rad N.  (X) - rad /9  (X). 

This relation is equivalent t o / 9  (X)_  N~ (X) (see (2.12) in [7]). �9 

4. Existence Theorem 

Theorem 2: I f  Na(X)~_X then there exists an x* ~X with g(x*)=0.  

Proof: By Theorem 1 it is sufficient to prove the existence of x* in the case that 
/9 (X) _~ X for Na (X) _~ X implies/9 (X) _ X. 

I f /9(X)~_X then by (2.12) and (6.4) in [7] we obtain 

I fig (Y) l < tad X - rad /9  (X) = tad X - ~ [ fig (Y) t, 

and it follows from e + ~ = (e - ~)- 1 that  

(e-~)- l  l@(Y)t <radX. 

Now we define Y__ X by mid Y: = Y and 

rad Y= (e - P) ~ [ fig (2) 1 _-< rad X. (22) 
Then 

I fig (2)1--(e-0-11 fig(2)l-c~[ @(2)1 = r a d  Y -  rad/9(X) ,  

i.e. by (2.12) in [ 7 ] , / 9 ( X ) ~  Y. 
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On the other hand it follows from (20) by (22), (17) and e - C t L =  [ -F ,~ ]  

N ( X ) = 2 - @  (2)+ [ -~ ,~ ]  rad Y 

= 2 - ~ g ( 2 ) + ( e - ~ L ) ( Y -  2)~_ Y. 

e -  elL is an interval Lipschitz matrix of the function f (x) :  = x -  ag (x), i.e. 

f ( x )  - f (2c)  e (e - aL) (x - 2) c_ (e - aL) ( Y -  2) if x e Y. 

Therefore, f ( x )  ~ N (X) c_ y for all x e Y, and by Brouwer's fixpoint theorem there 
exists a fixpoint x* e Y_c_ X which is a zero of g (x) because ~i is regular. 

Remark: Theorem 2 is a consequence of the fact that/V(X) is an interval extension of 
f on the intersection X c~ Y. This is a result of Section 7 in [5]. 
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