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� â¥®à¨¨ ®¯¥à â®àëå  «£¥¡à ¢ ¦ãî à®«ì ¨£à ¥â  «¨ç¨¥ ¢  «£¥¡à¥ í«¥-

¬¥â®¢ | ¯à®¥ªâ®à®¢. � §¢¨â  ¡®«ìè ï â¥®à¨ï ®â®á¨â¥«ì® ¯à®¥ªâ®à®¢. �®-

áâà®¥  ª« áá¨ä¨ª æ¨ï  «£¥¡à ä® �¥©¬  , AW∗-, JBW- ¨ AJW-  «£¥¡à ¯®

â¨¯ ¬ I, II, III, II1, II∞, In, n | ª à¤¨ «ì®¥ ç¨á«®. �«ï ®¡é¨å ¦¥ C∗- ¨
JB- «£¥¡à   «®£¨ç ï ª« áá¨ä¨ª æ¨ï ¯® â¨¯ ¬ ¥ ¯®áâà®¥ . �à¨ç¨  |

®âáãâáâ¢¨¥ ¤®áâ®â®ç®£® ª®«¨ç¥áâ¢  ¯à®¥ªâ®à®¢.

� ¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¥ª®â®àë©   «®£ ª« áá¨ä¨ª æ¨¨ ¯® â¨¯ ¬

I, II, III ¤«ï C∗- ¨ JB- «£¥¡à. �«ï íâ®£® ¢¢®¤¨âáï ¯®ïâ¨¥  ã«ïâ®à  ¯®¤-

¬®¦¥áâ¢  S ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢ JB- «£¥¡àë A ª ª AnnA(S) = {a ∈
A : a · b = 0, ∀b ∈ S}. � ¤ ®© à ¡®â¥ ¤®ª § ®, çâ® ¬®¦¥áâ¢® ¢á¥¢®§-

¬®¦ëå  ã«ïâ®à®¢ P , â. ¥. P = {AnnA(S) : S ∈ A+}, ä ªâ®à¨§®¢ ®¥
¯® à ¢¥áâ¢ã ¬®¦¥áâ¢, ®¡à §ã¥â ¯®àï¤ª®¢® ¯®«ãî à¥è¥âªã. �  ï à ¡®-

â  ¯®ª §ë¢ ¥â, çâ® à¥è¥âª   ã«ïâ®à®¢ P ¢ á«ãç ¥ ®¡é¨å C∗- ¨ JB- «£¥¡à

¢¯®«¥ ¬®¦¥â § ¬¥¨âì à¥èñâªã ¯à®¥ªâ®à®¢. �«ï ¯®«ãç¥¨ï ®á®¢®£® à¥-

§ã«ìâ â  ¢¢®¤¨âáï ¯®ïâ¨¥  «£¥¡à ¨ç¥áª®© ¯«®â®áâ¨ ¯®¤¬®¦¥áâ¢  S ⊆ A+
¢ JB- «£¥¡à¥ A: S  «£¥¡à ¨ç¥áª¨ ¯«®â® ¢ A,¥á«¨ AnnA(S) = 0. � ª¦¥ ¬ë

áª ¦¥¬, çâ® B à §¤¥«ï¥â ¥ª®â®à®¥ ¯®¤¬®¦¥áâ¢® F ¯à®áâà áâ¢  A∗, ¥á«¨
(∀ρ ∈ F )(∃b ∈ B)ρ(b) �= 0. �®£¤  ¤«ï ¢áïª®£® ¯®¤¬®¦¥áâ¢  S ¯à®áâà áâ¢ 

A+ ¬®¦¥áâ¢® AnnA(S) ∪S  «£¥¡à ¨ç¥áª¨ ¯«®â® ¢ A∗∗ â®£¤  ¨ â®«ìª® â®£¤ 
ª®£¤  AnnA(S)∪S à §¤¥«ï¥â A∗∗∗. �à¨¬¥à®¬ â®£®, ª®£¤  C∗- «£¥¡à  A ¥ ¡ã-

¤¥â  «£¥¡à ¨ç¥áª¨ ¯«®âë¬ ¢ A∗∗, ï¢«ï¥âáï  «£¥¡à  ä® �¥©¬   B(H) ¢á¥å

®£à ¨ç¥ëå «¨¥©ëå ®¯¥à â®à®¢ ¢ ¡¥áª®¥ç®¬¥à®¬ £¨«ì¡¥àâ®¢®¬ ¯à®-

áâà áâ¢¥ H. �à¨ íâ®¬ ¥á«¨ dim(H) = ℵ, £¤¥ ℵ | ¡¥áª®¥ç®¥ ª à¤¨ «ì®¥

ç¨á«®, â® B(H)∗∗ ï¢«ï¥âáï  «£¥¡à®© ä® �¥©¬   â¨¯  I
22

ℵ (§¤¥áì ¤«ï ¯à®¨§-

¢®«ì®£® ¡¥áª®¥ç®£® ¬®¦¥áâ¢  X á |X| = ℵ ¨¬¥¥â ¬¥áâ® 22
ℵ
= |P (P (X))|,

£¤¥ P (P (X)) | ¬®¦¥áâ¢® ¢á¥å ¯®¤¬®¦¥áâ¢ ¬®¦¥áâ¢  ¢á¥å ¯®¤¬®¦¥áâ¢

¬®¦¥áâ¢  X).

�ãáâì A | JC- «£¥¡à  ¨ A ⊆ B(H), ¤«ï ¥ª®â®à®£® ª®¬¯«¥ªá®£® £¨«ì-

¡¥àâ®£® ¯à®áâà áâ¢  H, B | ¯®¤¬®¦¥áâ¢®A. �®£¤  ª ª π(B) ¬ë ®¡®§ ç¨¬

á« ¡®-∗ § ¬ëª ¨¥ ¬®¦¥áâ¢  B ¢ B(H)sa. �¬¥¥â ¬¥áâ® á«¥¤ãîé ï

�¥®à¥¬ . �ãáâì S ⊆ A+. �®£¤ 
d(AnnA(AnnA(S))) ∪d (AnnA(S)) ï¢«ï-

¥âáï ¡  å®¢ë¬ ¯à®áâà áâ¢®¬, ¬®¦¥áâ¢  AnnA(S), AnnA(AnnA(S)) ¨
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AnnA(S)⊕(d(AnnA(AnnA(S)))∩d (AnnA(S)))⊕AnnA(AnnA(S)) ï¢«ïîâáï JB-
¯®¤ «£¥¡à ¬¨ JB- «£¥¡àë A, £¤¥ dX = {a ∈ A : xay = (xa)y + x(ay) − a(xy) =
0, ∀x, y ∈ X}, X ⊂ A. �®«¥¥ â®£®, áãé¥áâ¢ãîâ ¯à®¥ªâ®àë f, e ¢ A∗∗

â -

ª¨¥, çâ® [AnnA(AnnA(S))]
∗∗ = Ue(A

∗∗), [d(AnnA(AnnA(S)))∩d (AnnA(S))]∗∗ =
{eA∗∗f}, AnnA(S)

∗∗ = Uf (A
∗∗), ¨ e+f = 1, ¥á«¨ ¨ â®«ìª® ¥á«¨ AnnA(AnnA(S))∪

AnnA(S) ï¢«ï¥âáï  «£¥¡à ¨ç¥áª¨ ¯«®âë¬ ¢ A∗∗
. � á«ãç ¥ JC- «£¥¡àë A ¬ë

¨¬¥¥¬ π(A) = π(d(AnnA(AnnA(S)))) ⊕ π(d(AnnA(AnnA(S))) ∩d (AnnA(S))) ⊕
π(AnnA(AnnA(S))).

�à¨¬¥à. �ãáâì C1/2([0, 1/2])| ¯à®áâà áâ¢® â ª¨å äãªæ¨© f ¢ C([0, 1/2]),
çâ® f(1/2) = 0. �®£¤  ¬®¦¥áâ¢® Ann(C1/2([0, 1/2])) ∪ C1/2([0, 1/2]) ¥ à §¤¥-
«ï¥â ¬®¦¥áâ¢® C([0, 1])∗. �«¥¤®¢ â¥«ì®, Ann(C1/2([0, 1/2])) ∪ C1/2([0, 1/2])
¥ ï¢«ï¥âáï  «£¥¡à ¨ç¥áª¨ ¯«®âë¬ ¢ C([0, 1])∗∗.

�ãáâì A | JB- «£¥¡à . �¥à¥§ P ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å  ã«ïâ®à®¢

¯®¤¬®¦¥áâ¢ JB- «£¥¡àë A á ¯®àï¤ª®¬ X ≤ Y , ¥á«¨ X ⊆ Y , X, Y ∈ P . �®£¤ 
(P,≤) ï¢«ï¥âáï ¯®«®© à¥èñâª®©. �ë áª ¦¥¬ X ∈ P ï¢«ï¥âáï æ¥âà «ìë¬,

¥á«¨ d(AnnA(S))∩d(AnnA(AnnA(S))) = 0, £¤¥ S ⊆ A+ ¨ X = AnnA(AnnA(S)).
�®¦¥áâ¢® ¢á¥å æ¥âà «ìëå  ã«ïâ®à®¢ ¯®¤¬®¦¥áâ¢ JB- «£¥¡àë A ®¡®-

§ ç¨¬ ç¥à¥§ Z(P ). �ã«ïâ®àë X ¨ Y  §ë¢ îâáï ®àâ®£® «ìë¬¨, ¥á«¨

X · Y = {0}, £¤¥ X · Y = {ab : a ∈ X, b ∈ Y }. �ã«ïâ®à X ∈ P  -

§ë¢ ¥âáï  ¡¥«¥¢ë¬, ¥á«¨ X  áá®æ¨ â¨¢ ï JB-¯®¤ «£¥¡à  A. �ã«ïâ®à X
 §ë¢ ¥âáï ¬®¤ã«ïàë¬, ¥á«¨ PX ¬®¤ã«ïà ï ¯®¤à¥èñâª  à¥èñâª¨ P , £¤¥
PX = {Y ∈ P : Y ∈ X}. �ãáâì c(X) = inf{Y ∈ Z(P ) : X ⊆ Y }.

JB-�«£¥¡à  A  §¢ ¥âáï â¨¯  I, ¥á«¨ áãé¥áâ¢ã¥â  ¡¥«¥¢  ã«ïâ®à X ∈ PA

â ª®©, çâ® c(X) = A. JB-�«£¥¡à  A  §ë¢ ¥âáï â¨¯  II, ¥á«¨ áãé¥áâ¢ã¥â ¬®-

¤ã«ïàë©  ã«ïâ®à X ∈ PA â ª®©, çâ® c(X) = A ¨ ¥ áãé¥áâ¢ã¥â ¨ª ª®£®

¥ã«¥¢®£®  ¡¥«¥¢  ã«ïâ®à . JB-�«£¥¡à  A  §ë¢ ¥âáï â¨¯  III, ¥á«¨ ¥

áãé¥áâ¢ã¥â ¥ã«¥¢®£® ¬®¤ã«ïà®£®  ã«ïâ®à  ¢ P . �®£¤  ¬ë ¬®¦¥¬ ãâ¢¥à-

¦¤ âì

�¥®à¥¬ . �ãáâì A | JB- «£¥¡à . �®£¤  áãé¥áâ¢ãîâ â ª¨¥ ¥¤¨áâ¢¥-

ë¥ JB-¯®¤ «£¥¡àë AI , AII , AIII JB- «£¥¡àë A â¨¯  I, II ¨ III á®®â¢¥âáâ¢¥-

®, çâ® AI ⊕AII ⊕AIII ï¢«ï¥âáï  «£¥¡à ¨ç¥áª¨ ¯«®â®© ¢ A JB-¯®¤ «£¥¡à®©,

¨ A∗∗ = A∗∗
I ⊕ A∗∗

II ⊕ A∗∗
III â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  AI ⊕ AII ⊕ AIII  «-

£¥¡à ¨ç¥áª¨ ¯«®â® ¢ A∗∗
. � á«ãç ¥ JC- «£¥¡àë A, â ª¦¥, π(A) = π(AI ) ⊕

π(AII) ⊕ π(AIII ).

�á«¨ W ï¢«ï¥âáï AJW- «£¥¡à®© â¨¯  I ¨ X ï¢«ï¥âáï íªáâà¥¬ «ì® ¥-

á¢ï§ ë¬ ª®¬¯ ªâë¬ ¯à®áâà áâ¢®¬, â®£¤  C(X, W ) ï¢«ï¥âáï JB- «£¥¡à®©

â¨¯  I. �áïª ï AJW- «£¥¡à  â¨¯  I (II, III) ï¢«ï¥âáï JB- «£¥¡à®© â¨¯  I (á®-

®â¢¥âáâ¢¥® II, III). �ãáâì A | C∗- «£¥¡à . �§¢¥áâ®, çâ® ¬®¦¥áâ¢® Asa =

{x ∈ A : x∗ = x} á ®¯¥à æ¨¥© ©®à¤ ®¢  ã¬®¦¥¨ï x · y = 1/2(xy + yx),
∀x, y ∈ Asa ï¢«ï¥âáï JB- «£¥¡à®©. �ãáâì A ⊆ B(H), ¤«ï ¥ª®â®à®£® ª®¬-

¯«¥ªá®£® £¨«ì¡¥àâ®£® ¯àáâà áâ¢  H, B | ¯®¤¬®¦¥áâ¢® A. �®£¤  ¢ á¨«ã

π(B) ¬ë ®¡®§ ç¨¬ á« ¡®-* § ¬ëª ¨¥ B ¢ B(H). �ª ¦¥¬, çâ® C∗- «£¥¡à  A
ï¢«ï¥âáï â¨¯  I (II, III), ¥á«¨ Asa ï¢«ï¥âáï JB- «£¥¡à®© â¨¯  I (á®®â¢¥âá¢¥®

II, III). � ª á«¥¤áâ¢¨¥ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¨¬¥¥¬

�¥®à¥¬ . �ãáâì A | ¯à®¨§¢®«ì ï C∗
- «£¥¡à . �®£¤  áãé¥áâ¢ãîâ â -

ª¨¥ ¥¤¨áâ¢¥ë¥ JB-¯®¤ «£¥¡àë AI , AII , AIII C
∗
- «£¥¡àë A â¨¯  I, II ¨

III á®®â¢¥âáâ¢¥® â ª¨¥, çâ® [AI ⊕ AII ⊕ AIII ]sa  «£¥¡à ¨ç¥áª¨ ¯«®â ï
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¢ Asa JB-¯®¤ «£¥¡à , ¨ A∗∗ = A∗∗
I ⊕ A∗∗

II ⊕ A∗∗
III â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  [AI ⊕ AII ⊕ AIII ]sa  «£¥¡à ¨ç¥áª¨ ¯«®â  ¢ A∗∗
sa. � â ª¦¥, π(A) =

π(AI) ⊕ π(AII )⊕ π(AIII).

�áïª ï AW∗- «£¥¡à  A â¨¯  I (á®®â¢¥âáâ¢¥® II ¨ III) ï¢«ï¥âáï C∗- «£¥¡à®©
â¨¯  I (á®®â¢¥áâ¢¥® II ¨ III). �ãáâì W | AW∗- «£¥¡à  â¨¯  I ¨ X | ª®¬-

¯ ªâ. �®£¤  C∗- «£¥¡à  C(X, W ) ¢á¥å ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© ï¢«ï¥âáï

C∗- «£¥¡à®© â¨¯  I.
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