
2001, Vol 6, Pt 2, Special Issue Proceedings of International Conference RDAMM–2001 737

NORMAL AND OBLIQUE SHOCK-VORTEX INTERACTION

O. Thomer, W. Schröder, E. Krause

Aerodynamisches Institut, RWTH Aachen, Germany
e-mail: oliver@aia.rwth-aachen.de

Breakdown of a slender vortex caused by normal and oblique shocks is studied using numerical solutions
of the Euler and Navier-Stokes equations for unsteady, three-dimensional, supersonic flow at free stream
Mach numbers of 1.6 and 2.0. At the inflow boundary a Burgers vortex with a given circulation and
axial velocity distribution is prescribed. The calculations using approximately 2 million grid points show
that breakdown is primarily controlled by pressure forces and is therefore easily initiated when the vortex
interacts with a normal shock. Oblique shocks are deformed into an ‘S’-shaped part near the vortex core
where the shock becomes normal. The results also indicate that initiation of breakdown is more sensitive to
variations in the axial velocity than in the circulation, and that the flow structure is clearly time-dependent.

Symbols

a velocity of sound
cp,v specific heats
e specific total energy

�E, �F , �G fluxes in the x, y and z direction
J Jacobian determinant
r core radius
p pressure
�Q solution vector
qβ heat flux vector
R gas constant

RHS residual
t time
T temperature

u, v, w cartesian velocities
U,V,W contravariant velocities

x, y, z cartesian coordinates
β dissipative energy flux

δαβ Kronecker–Delta
ε specific internal energy
λ heat transfer coefficient
µ dynamic viscosity
ν kinematic viscosity
ρ density

τij Stokes stress
Ma Mach number
Pr Prandtl number
Re Reynolds number
Sr Strouhal number
γ ratio of specific heats (=1.4 air)

ξ, η, ζ transformed coordinates

superscripts:
K convective
P pressure
∗ non-scaled variable

subscripts:
a advective part

d diffusive part

o stagnation conditions

∞ free stream

+/− left- or right extrapolation

1. Introduction

Recent investigations of flows in turbine engine cascades seem to indicate that shock induced vortex breakdown
may be responsible for stall observed at high compressor loads [13]. Although not verified, this conjecture may
lead to a new insight and understanding of the stall mechanism. Until now reliable breakdown conditions could
not be formulated neither for incompressible nor for compressible flow. Previous investigations mainly dealt
with vortices in incompressible flow [1]. For supersonic flow one of the first attempts to derive a breakdown
criterion for shock-vortex interaction can be found in [4]. Related to this problem is the leading edge vortex
breakdown on delta wings, which was studied numerically by Kandil et al. in [5, 6].

A combined experimental and numerical investigation was initiated at the Aerodynamisches Institut to study
shock-vortex interaction. Free stream Mach number, strength of the normal and oblique shocks, and the circu-
lation of the free vortex embedded in the flow were varied in the investigation. Since previously obtained results
indicate that breakdown is mainly dominated by pressure forces, it was decided to base the investigation on a
numerical solution of the Euler and Navier–Stokes equations for unsteady, three-dimensional, supersonic
flow in order to determine the influence of the Stokes stresses and the Fourier heat flux. The study was first
purposely restricted to laminar flow, but is presently being extended to turbulent flow by using time-averaged
Navier-Stokes equations with several higher order closure assumptions for the Reynolds stresses and the
turbulent heat flux.

The breakdown is initiated by letting either an oblique or a normal shock at free stream Mach numbers
ranging from 1.6 to 2.0 intersect a slender vortex. In the experiments the strength of the oblique shock is varied

c© O. Thomer, W. Schröder, E. Krause, 2001.



738 Труды Международной конференции RDAMM–2001 2001, Том 6, Ч. 2, Спец. выпуск

by changing the angle of the shock generating wedge. The circulation of the vortex is varied by changing the
angle of attack of a plate of finite span causing the vortex. In the present paper we focus on the discussion of
the numerical results and use the preliminary experimental findings to confirm the numerical data qualitatively
since no quantitative measurements are available yet.

2. Governing Equations

We numerically solve the Navier-Stokes equations for time-dependent three-dimensional, compressible flow.
In dimensionless transformed coordinates ξ, η and ζ they read

∂Q̂

∂t
+

∂Êa

∂ξ
+

∂F̂a

∂η
+

∂Ĝa

∂ζ
=

1
Re0

(
∂Êd

∂ξ
+

∂F̂d

∂η
+

∂Ĝd

∂ζ

)
. (1)

The Reynolds number Re0 = (ρ∗0a∗0r∗0)/µ∗
0 is based on stagnation conditions and �Q is the solution vector,

whose components are the the density ρ, the momentum fluxes ρ�v and the specific energy ρe, multiplied by the
Jacobian determinant

J = xξyηzζ + yξzηxζ + zξxηyζ − xξyζzη − yξzζxη − zξxζyη = (2)
= (ξxηyζz + ξyηzζx + ξzηxζy − ξxηzζy − ξyηxζz − ξzηyζx)−1

that represents the cell volume, Q̂ = J �Q. The fluxes in the ξ, η and ζ directions are

Êa = J

0
BBBB@

ρU
ρUu+ ξxp
ρUv + ξyp
ρUw + ξzp
U(ρe+ p)

1
CCCCA

F̂a = J

0
BBBB@

ρV
ρV u+ ηxp
ρV v + ηyp
ρV w + ηzp
V (ρe+ p)

1
CCCCA

Ĝa = J

0
BBBB@

ρW
ρWu+ ζxp
ρWv + ζxp
ρWw + ζxp
W (ρe+ p)

1
CCCCA

(3)

Êd = J

0
BBBBBB@

0

ξxτxx + ξyτyx + ξzτzx

ξxτxy + ξyτyy + ξzτzy

ξxτxz + ξyτyz + ξzτzz

ξxβx + ξyβy + ξzβz

1
CCCCCCA

F̂d = J

0
BBBBBB@

0

ηxτxx + ηyτyx + ηzτzx

ηxτxy + ηyτyy + ηzτzy

ηxτxz + ηyτyz + ηzτzz

ηxβx + ηyβy + ηzβz

1
CCCCCCA

Ĝd = J

0
BBBBBB@

0

ζxτxx + ζyτyx + ζzτzx

ζxτxy + ζyτyy + ζzτzy

ζxτxz + ζyτyz + ζzτzz

ζxβx + ζyβy + ζzβz

1
CCCCCCA

. (4)

In the terms on the right-hand side of equation (1) the abbreviation

βj = uiτij + qj (5)

is used, where

τij = µ

[(
∂ui

∂xj
+

∂uj

∂xi

)
− 2

3
δij

∂uk

∂xk

]
(6)

are the Stokes stresses and

qj = − µ

(γ − 1)Pr

(
ξj
∂T

∂ξ
+ ηj

∂T

∂η
+ ζj

∂T

∂ζ

)
(7)

is the Fourier heat transfer.

3. Boundary Conditions

The inflow conditions are assumed to be described by a Burgers vortex centered at x=y=0 together with a
radial distribution of the axial velocity component (Fig. 1, plane 5). In dimensionless form the inflow conditions
read for constant stagnation enthalpy

vϕ(r) =
Γ0 · r
2π

· e 1−r2
2 ; vr(r) = 0 ; vz(r) = vz∞ · (1− δ · e−µw ·r2

) (8)

T (r) =
[
T∞ − (γ − 1) · Γ2

0

8π2
· e(1−r2)

]1
; ρ(r) =

[
T∞ − (γ − 1)Γ2

0

8π2
· e(1−r̄2)

] 1
γ−1

(9)

p(r) =
1
γ
·
[
T∞ − (γ − 1)Γ2

0

8π2
· e(1−r̄2)

] γ
γ−1

=
p∗(r∗)
ρ∗0 · a∗0

=
1
γ
· T γ

γ−1 . (10)
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Fig. 1. Computational domain and boundary conditions (left) for normal shock-vortex interaction, breakdown map
(center), and flow schematic at time step t = 200 (right). Flow is in the positive z-direction.

In the above equations Γ0 = Γ∗
0/(a

∗
0r

∗
0) is the circulation nondimensionalized by the speed of sound at

stagnation conditions and the core radius, and T∞ = T ∗∞/T ∗
0 is the free stream temperature nondimensionalized

by the stagnation temperature. The azimuthal velocity component vϕ reaches its maximum at r = 1, and
decreases exponentially with increasing radius −1 > r > 1. The circulation at r∗ = r∗0 is defined as Γ∗

0 =
2 ·π ·r∗0 ·v∗ϕ(r∗0). Because of the exponential decrease of the azimuthal velocity component in the radial direction,
disturbances near the axis of the vortex are barely propagated to the lateral boundaries of the computational
domain.

For vortices with finite core size the core diameter d is usually defined as twice the radial distance r between
the location of the maximum of the azimuthal velocity vϕ and the axis. If the ratio of the diameter d over the
length of the vortex l is much smaller than unity, the vortex is called slender implying that the axial velocity
vz(r) is much larger than the radial velocity component vr(r), i.e.,

vrmax/v∞ = O(d/l) << 1. (11)

The slenderness condition also implies that the core radius r0 is small in comparison to the bursting length lb,
defined as the distance between the inflow cross-section and the breakdown point, i.e., the point where the flow
stagnates thereby initiating the breakdown [10].

Controlled via the sign of the parameter δ ∈ [0..1] the axial velocity component in the inflow plane is
modeled as a ‘jet-like’ or a ‘wake-like’ profile, and its radial distribution is given by a Gaussian distribution.
The quantity ri = ±√1/(2µw) describes the position of the inflection point of the bell shaped velocity profile.
The ratio between the azimuthal and the axial velocity components is defined as the helix angle τ

τ =
v∗ϕ(r

∗ = r∗0)
v∗z(r∗ = r∗0)

=
Γ0 ·

√
1 + γ−1

2
Ma2∞

2 · π ·Ma∞ · (1− δ · e−µw )
. (12)

The above equation shows that τ increases if either the circulation Γ0 and the wake parameter δ are increased
or the Mach number Ma∞ and the width of the profile µw are decreased. The inflow conditions are also used
as initial conditions for the entire flow field. The embedded shock in its initial position is given at x=y=0 as a
function of the wedge angle α and the shock angle σ by the Rankine–Hugoniot relations.
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The outflow conditions must be adjusted to the form of the conservation equations used. For the solution
of the Euler equations at supersonic outflow, as is the case when an oblique shock interacting with a vortex is
considered a simple gradient condition can be applied since all characteristics exit the computational domain.

For subsonic outflow different approximations must be used. Assuming that the axial flow near the outflow
cross-section does not experience back flow, Taylor series expansions can be used for the Euler and Navier-

Stokes equations to determine the properties on the boundary via an analytic extension. If it is assumed,
that the flow near the outflow cross-section is dominated by a wave mechanism, then at the boundary, waves
are propagating out of the computational domain while others are propagating into it. The outgoing waves
are described by the solution of the governing equations inside the domain while the inward propagating waves
depend on the solution outside of it since vorticity is transported out of the domain of integration. Special care
has to be taken in formulating approximate outflow conditions. In the case of subsonic outflow, especially for
a time-dependent solution, a simple extrapolation does not seem to describe the local flow situation properly
and appears to be arbitrary.

Downstream of the normal shock the flow is subsonic and the characteristics of the governing equations of a
viscous fluid become complex. This is the case for steady flow, since then the viscous equations are elliptic, and
disturbances from the downstream boundaries can travel upstream into the computational domain, and under
certain circumstances could initialize breakdown.

To reduce the reflection of numerical waves at the outflow boundary as much as possible non-reflecting
boundary conditions for inviscid flows, as proposed by Thompson [15, 16], and for viscous flows, as described by
Poinsot et al. [11], are imposed in the present investigation. These conditions are based on the Lagrangeian
form of the Euler equations that read in the ξ-direction

[
∂p

∂t
− ρa

|∇ξ|
(
ξx

∂u

∂t
+ ξy

∂v

∂t
+ ξz

∂w

∂t

)]
+ L1 = 0[

ξx

|∇ξ|
(
a2∂ρ

∂t
− ∂p

∂t

)
+

ρa

|∇ξ|
(
ξz

∂v

∂t
− ξy

∂w

∂t

)]
+ L2 = 0[

ξy

|∇ξ|
(
a2 ∂ρ

∂t
− ∂p

∂t

)
+

ρa

|∇ξ|
(
−ξz

∂u

∂t
+ ξx

∂w

∂t

)]
+ L3 = 0 (13)[

ξz

|∇ξ|
(
a2 ∂ρ

∂t
− ∂p

∂t

)
+

ρa

|∇ξ|
(
ξy

∂u

∂t
− ξx

∂v

∂t

)]
+ L4 = 0[

∂p

∂t
+

ρa

|∇ξ|
(
ξx

∂u

∂t
+ ξy

∂v

∂t
+ ξz

∂w

∂t

)]
+ L5 = 0 .

The spatial derivatives of the primitive variables ρ, u, v, w, and p are represented by the wave terms Li

L1 = λ1

(
∂p

∂x
− ρa

∂u

∂x

)
L2 = λ2

(
a2 ∂ρ

∂x
− ∂p

∂x

)
L3 = λ3

(
ρa

∂w

∂x

)
(14)

L4 = λ4

(
−ρa

∂v

∂x

)
L5 = λ5

(
∂p

∂x
+ ρa

∂u

∂x

)
.

The terms λ1,2,3,4,5=u − a, u + a, u, u, u are the eigenvalues of the Jacobian matrix in the ξ-direction. A
physical interpretation of the eigenvalues can be given by the linearized Navier–Stokes equations. According
to this approximation the velocities λ1 and λ5 represent the convection of pressure waves, λ2 is the convection
velocity of entropy waves, whereas λ3 and λ4 are advection velocities of the contravariant velocities along the
coordinate lines.
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From the above equations (14) the LODI–Relations(Local One–Dimensional Inviscid) can be determined

∂p

∂t

∣∣∣∣
ξ

= −1
2
(L1 + L5) (15)

∂ρ

∂t

∣∣∣∣
ξ

= −
(
L2

ξx

|∇ξ| + L3
ξy

|∇ξ| + L4
ξz

|∇ξ| +
1
2
(L1 + L5)

)
1
a2

(16)

∂u

∂t

∣∣∣∣
ξ

= −
(

ξx

2ρa|∇ξ| (L5 −L1) +
1

ρa|∇ξ| (ξyL4 − ξzL3)
)

(17)

∂v

∂t

∣∣∣∣
ξ

= −
(

ξy

2ρa|∇ξ| (L5 −L1) +
1

ρa|∇ξ| (ξzL2 − ξxL4)
)

(18)

∂w

∂t

∣∣∣∣
ξ

= −
(

ξz

2ρa|∇ξ| (L5 −L1) +
1

ρa|∇ξ| (ξxL3 − ξyL2)
)

(19)

∂T

∂t

∣∣∣∣
ξ

= − T

ρa2

(
−L2

ξx

|∇ξ| − L3
ξy

|∇ξ| − L4
ξz

|∇ξ| +
1
2
(γ − 1)(L1 + L5)

)
. (20)

As long as the flow can be considered as locally one-dimensional and the pressure forces are small the time-
dependent change of the primitive variables on the boundary can be determined using the wave amplitudes
Li.

The expansion to three-dimensional, viscous heat conducting flows can be done as follows. The Euler

fluxes normal to the outflow boundary are calculated ζ using the characteristic approach described above, and
the tangential Euler fluxes, the viscous terms and the heat transfer are calculated using the original governing
equations. The assumption of locally one-dimensional flow is still valid. The conservative variables at the
outflow boundary can then be written as follows

∂ρ

∂t
=

∂ρ

∂t

����
ξ

− ηx
∂ρu

∂η
− ηy

∂ρv

∂η
− ηz

∂ρw

∂η
− ζx

∂ρu

∂ζ
− ζy

∂ρv

∂ζ
− ζz

∂ρw

∂ζ
(21)

∂ρu

∂t
= u

∂ρ

∂t

����
ξ

+ ρ
∂u

∂t

����
ξ

− ηx
∂ρuu+ p

∂η
− ηy

∂ρvu

∂η
− ηz

∂ρwu

∂η
− ζx

∂ρuu+ p

∂ζ
− ζy

∂ρvu

∂ζ
− ζz

∂ρwu

∂ζ
+ (22)

+ ξx
∂τxx

∂ξ
+ ξy

∂τyx

∂ξ
+ ξz

∂τzx

∂ξ
+ ηx

∂τxx

∂η
+ ηy

∂τyx

∂η
+ ηz

∂τzx

∂η
+ ζx

∂τxx

∂ζ
+ ζy

∂τyx

∂ζ
+ ζz

∂τzx

∂ζ

∂ρv

∂t
= v

∂ρ

∂t

����
ξ

+ ρ
∂v

∂t

����
ξ

− ηx
∂ρuv

∂η
− ηy

∂ρvv + p

∂η
− ηz

∂ρwv

∂η
− ζx

∂ρuv

∂ζ
− ζy

∂ρvv + p

∂ζ
− ζz

∂ρwv

∂ζ
+ (23)

+ ξx
∂τxy

∂ξ
+ ξy

∂τyy

∂ξ
+ ξz

∂τzy

∂ξ
+ ηx

∂τxy

∂η
+ ηy

∂τyy

∂η
+ ηz

∂τzy

∂η
+ ζx

∂τxy

∂ζ
+ ζy

∂τyy

∂ζ
+ ζz

∂τzy

∂ζ

∂ρw

∂t
= w

∂ρ

∂t

����
ξ

+ ρ
∂w

∂t

����
ξ

− ηx
∂ρuw

∂η
− ηy

∂ρvw

∂η
− ηz

∂ρww + p

∂η
− ζx

∂ρuw

∂ζ
− ζy

∂ρvw

∂ζ
− ζz

∂ρww + p

∂ζ
+

+ ξx
∂τxz

∂ξ
+ ξy

∂τyz

∂ξ
+ ξz

∂τzz

∂ξ
+ ηx

∂τxz

∂η
+ ηy

∂τyz

∂η
+ ηz

∂τzz

∂η
+ ζx

∂τxz

∂ζ
+ ζy

∂τyz

∂ζ
+ ζz

∂τzz

∂ζ

∂ρe

∂t
=

1

γ − 1

∂p

∂t

����
ξ

+
u2 + v2 + w2

2

∂ρ

∂t

����
ξ

+ ρu
∂p

∂t

����
ξ

+ ρv
∂p

∂t

����
ξ

+ ρw
∂p

∂t

����
ξ

−

− ηx
∂u(ρe + p)

∂η
− ηy

∂v(ρe + p)

∂η
− ηz

∂w(ρe+ p)

∂η
− ζx

∂u(ρe + p)

∂ζ
− ζy

∂v(ρe+ p)

∂ζ
− ζz

∂w(ρe+ p)

∂ζ
+

+ ξx
∂βx

∂ξ
+ ξy

∂βy

∂ξ
+ ξz

∂βz

∂ξ
+ ηx

∂βx

∂η
+ ηy

∂βy

∂η
+ ηz

∂βz

∂η
+ ζx

∂βx

∂ζ
+ ζy

∂βy

∂ζ
+ ζz

∂βz

∂ζ
. (24)

Further details on the formulation of the boundary conditions may be found in reference [12].
The approximation for the lateral boundary conditions is obtained by assuming, that the shape of the

boundaries is identical with streamline surfaces. Then, the kinematic flow condition can be implemented, for
example at the top of the computational domain (plane DCKL, Fig.1) the normal derivatives of the solution
vector �Q with respect to the slope of the local streamline vanish, if the flow is assumed to be inviscid. The
pressure is determined by solving the momentum equation normal to the boundary, and the shock is fixed by
prescribing the Rankine-Hugoniot relations at the bottom (EF , Fig.1) of the computational domain.

Now let us make a few more remarks on the initial condition. As mentioned before a slender vortex is
prescribed for the entire flow field and the shock is locally generated at the bottom of the computational
domain at t = 0. The shock propagates into the interior of the flow field during the computation. In an
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alternative approach the initial conditions are generated using a plane shock that divides the computational
domain into two parts. Upstream of the shock again a slender vortex is prescribed whereas downstream of it
a uniform flow is specified. The computations show that the initial conditions have barely any impact on the
results obtained. Particularly in the case of breakdown, it can be clearly demonstrated that the flow inside the
bubble is not affected by the varying initial conditions.

4. Computational Domain and Numerical Method

The computational domain is a rectangular box containing 99×99×199 grid points in the x-y-, and z-direction
(Fig. 1). Near the axis of the vortex the grid is clustered so that the vortex core (−1 < r < 1) is resolved with
approximately 21 grid points in the radial r =

√
x2 + y2 direction.

The differentials in time and space are discretized to second order accuracy. The temporal integration is
performed using a 5-step Runge-Kutta scheme

Q̂(n+1) = Q̂n +∆t(αm1RHS(Q̂n) + αm2RHS( 1Q̂) + · · ·+ αmmRHS( m−1Q̂)) (25)

with the non-zero coefficients α11 = 0.059, α22 = 0.145, α33 = 0.273, α44 = 0.500 and α55 = 1.000. Details of
the optimization can be found in [17].

A node-centered scheme is used to approximate the inviscid and viscous fluxes. The convective fluxes are
discretized using an explicit finite-volume scheme based on the AUSM approach by Liou & Steffen [7] and
the AUSM+ approach by Liou [8]. The Euler fluxes are written as a sum of the convective and pressure
terms. The convective part is reformulated using the local speed of sound a, and the pressure is separately split
on the cell interfaces. For example, the flux in the x−direction reads

Ê =


ρu
ρuu
ρuv
ρuw

ρu(e+ p/ρ)


︸ ︷︷ ︸

ÊK

+


0
p
0
0
0


︸ ︷︷ ︸

ÊP

=
U

a︸︷︷︸
dMa


ρa
ρua
ρva
ρwa

ρ(e+ p/ρ)a


︸ ︷︷ ︸

FK

+


0

p̃+ + p̃−
0
0
0


︸ ︷︷ ︸

ÊP
a

. (26)

The convective part is represented by a Mach number weighted interpolation

ÊK
a =

1
2

[
(M̃a+ + M̃a−) (FK

+ +FK
− ) + |M̃a+ + M̃a−| (FK

+ − FK
− )
]

. (27)

The fluxes FK
± are determined using variables interpolated via the MUSCL approach from the left (+) and

right (–) side of the interface, and the split Mach numbers (M̃a±) are weighted by the interpolated Mach

numbers (M̂a±) according to M̃a± = 1
2M̂a±. The split pressure p̃± is given by p̃± = 1

2p±.

5. Results

The results for the oblique shock-vortex interaction for inviscid and viscous flows are presented first. Subse-
quently, the numerical results for the normal shock-vortex interaction are discussed, and some general remarks
will be made concerning the interaction of slender vortices with both, oblique and normal shocks. Finally, a
breakdown criterion is derived for the normal shock-vortex interaction.

Figures 2 and 3 show the color schlieren picture and some numerical data for the interaction of a slender
Burgers vortex and an oblique shock for free stream Mach numbers of Ma∞ = 1.6 and Ma∞ = 2.0. The
solutions for the inviscid and the viscous flow and also the color schlieren picture confirm that the originally
straight oblique shock is distorted into an ‘S’-shaped shock front near the core of the vortex. The computations
show that the deformation of the shock to an ‘S’-shaped part depends on the shock angle, on the magnitude
of axial component of the velocity on the vortex axis, and on the free stream Mach number. Since breakdown
or the bursting of the vortex is necessarily connected with the formation of a stagnation point on or near the
axis, it is necessary that the shock angle has to increase in the vicinity of the vortex core such that the flow
downstream of the shock can be locally subsonic, and further, that the pressure rise across the deformed part of
the shock is sufficient to initiate breakdown. The deformation of the shock is primarily influenced by the radial
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Fig. 2. Color schlieren picture of the oblique-shock vortex-interaction Ma∞ = 2.0, Re=15000, (M. Klaas, private
communications)

-5

0

5

y

-5 0 5 10 15

X

Y

Z

ma
2.0056
1.8355
1.6653
1.4952
1.3251
1.0982
0.9281
0.7579
0.5878
0.4177
0.2475
0.0774

Gamma0=4.9
delta=0.22
Ma=1.6
t=100
Euler OSVI
shockfirst

-5

0

5

y
-5 0 5 10 15

X

Y

Z

Gamma0=4.9
delta=0.22
Ma=1.6
t=100
Euler OSVI
shockfirst

-5

0

5

y

-5 0 5 10 15

X

Y

Z

ma

1.8641
1.6656
1.4009
1.0700
0.8715
0.6729
0.4744
0.2759
0.0774

Gamma0=4.9
delta=0.22
Ma=1.6
t=100
Re=15000
Navier-Stokes OSVI

-5

0

5

y

-5 0 5 10 15

X

Y

Z

ma

1.9302
1.7317
1.4670
1.2685
0.8715
0.6729
0.4744
0.2759
0.0774

Gamma0=3.5
delta=0.22
Ma=2.0
t=100
Navier-Stokes OSVI

-5

0

5

y

-5 0 5 10 15

X

Y

Z

Gamma0=4.9
delta=0.22
Ma=1.6
t=100
Re=15000
Navier-Stokes OSVI

-5

0

5

y

-5 0 5 10 15

X

Y

Z

Gamma0=3.5
delta=0.22
Ma=2.0
t=100
Euler OSVI
shockfirst

-5

0

5

y

-5 0 5 10 15

X

Y

Z

Gamma0=3.5
delta=0.22
Ma=2.0
t=100
Navier-Stokes OSVI

a)

b)

c)

d)

-5

0

5

y

-5 0 5 10 15

X

Y

Z

ma

2.0871
1.8435
1.6608
1.4781
1.2954
0.9909
0.8082
0.6255
0.4428
0.2601
0.0774

Gamma0=3.5
delta=0.22
Ma=2.0
t=100
Euler OSVI
shockfirst

Fig. 3. Mach number distribution (1st column), streamlines (2nd column), and λ2-iso surface (3rd column) for the
oblique-shock vortex-interaction at time step t = 200. I) Ma∞ = 1.6, Γ0 = 4.9, δ = 0.22, a) Euler computation, b)
Navier-Stokes computation (Re=15000). II) Ma∞ = 2.0, Γ0 = 3.5, δ = 0.22, a) Euler computation , b) Navier-

Stokes computation (Re=15000). Flow is in the positive z-direction.
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distribution of the axial velocity component, and the pressure jump across the shock is mainly dictated by the
free stream Mach number and the wedge angle, that generates the shock.

Figure 3 evidences a recirculation region inside the burst part of the vortex. It is moved upward away from
the axis of the undisturbed vortex. The distribution of the λ2 contours (3rd column, Fig. 3) indicates divided
vortex tubes downstream from the burst part of the vortex, indicating the change to spiral type breakdown.

Normal shock vortex breakdown differs from that caused by oblique shocks. If the so-called bubble-type
breakdown occurs, the flow inside the burst part of the vortex is generally characterized by the formation of a
stagnation point on the vortex axis, followed by a reversed flow region further downstream. Either a small axial
or large azimuthal velocity component can trigger breakdown. The larger the pressure rise or the circulation
the more likely breakdown will occur. The breakdown is more probable in interactions with normal than with
oblique shocks. Since the subsonic flow downstream from a normal shock differs from that downstream from an
oblique shock, the structure of the burst part of the vortex is also different. In the case of normal shock-vortex
interaction the shock migrates upstream in the course of time, yielding a cone-like shock shape. Depending on
the free stream Mach number, the circulation, and the radial profile of the axial velocity component two types
of flow fields can emerge.

Figure 4 shows a sequence of instantaneous pictures of the interaction between a vortex of circulation Γ=2.5,
(δ=0.1) and a normal shock at a free stream Mach number of Ma∞=1.6 for various times t = t∗/(l∗0a∗0) =
60..200. The numerical results show a small region of reversed flow with two free stagnation points on the axis at
the beginning of the breakdown process. The first stagnation point is formed at a certain distance downstream
from the shock and the second stagnation point terminates the region of reversed flow (Fig. 4, 4th column,
t=100) inside the bubble. With increasing time the stagnation point is shifted in the z-direction. The reverse
flow causes the shock to move upstream, and a bubble-like flow structure emerges, growing in the axial and
radial direction until the upstream stagnation point reaches a stable position. Further downstream from the
shock, which remains normal near the axis of the vortex but is curved further away from it, the flow is unsteady,
slightly oscillating.

The dependence of the onset of vortex bursting on the characteristic flow parameters was clearly evidenced
in the calculations. For example, the results show that a reduction of the axial velocity or an increase of
the azimuthal velocity component enhance breakdown. In other words, the stronger the shock and hence the
pressure jump, the less the circulation has to be to cause breakdown, and for weaker shocks a larger circulation
is necessary for breakdown.

Another observation was made by changing the radial, originally uniform profile of the axial velocity compo-
nent into a wake-like profile. Breakdown would then occur earlier, since the necessary deceleration of the axial
flow to reach a stagnation point is smaller than for a uniform or even a jet-like profile. These results agree with
the criterion derived in [2] for incompressible flows. It predicts breakdown, when the ratio of the maximum
azimuthal and the axial velocity components reaches a certain value.

The reversed flow inside the vortex bubble can be explained using several small identifiable ring-like vortex
structures (Fig. 4, 3th column) traveling downstream with progressing time. The velocity and Mach number
distributions evidence a strong axial reverse flow along the axis of the vortex, and the ring-like vortex structures
inside the bubble are confirmed visualizing the vorticity contours. With increasing time the flow deviates
more and more from its initial axial symmetry. Hence, it can be concluded that vortex breakdown is a truly
three-dimensional process which cannot be described with a formulation for axially symmetric flows.

We turn now to the discussion of the differences between inviscid and viscous flow computations. Figure 5
shows the burst part of the vortex for normal-shock interaction at Ma∞=1.6, Γ0=5.0, for time level t=200 for
the inviscid (left column) and the viscous flow computation (Re=15000, right column). In the upper pictures the
three-dimensional vorticity distribution is exhibited. In these figures the Mach number distribution of the x-z
symmetry plane is also projected onto the boundary surface of the computational domain. It can be seen that
the inviscid flow computation (left column) yields larger vortical structures than the viscous flow computation.
The Mach number contours exhibit a multiple shock structure. The deformed shock resembles that of a bow
shock observed at supersonic flow around blunt bodies. Further away from the axis the shock angle decreases
until a triple point is encountered. The calculation for inviscid flow yields two adjacent clockwise rotating vortex
rings inside the bubble, while for the viscous flow computations multiple vortex structures can be observed.
An analysis of the time-development of the flow shows a periodic generation and shedding of the vortex rings.
A detailed investigation of the inviscid flow pattern evidences that the two vortices are separated by a shock
which is caused by a supersonic jet-like flow in the upstream direction along the axis (Fig. 5). This shock is
perpendicular to the z-axis. The streamlines in the recirculation region show a convergent-divergent nozzle-like
flow structure that enables the upstream flow to become supersonic inside the bubble. Such an acceleration to
supersonic flow was already noticed by Erlebacher et al. in their numerical investigations [4].



2001, Vol 6, Pt 2, Special Issue Proceedings of International Conference RDAMM–2001 745

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

-0.5

0

0.5

1

1.5

-10 -5 0 5 10 15 20 25 30 35

M
a_

z,
 w

, p
, T

 [-
]

z [-]

Ma_z

w

T

rho

p

Ma_z
w
p

rho
T

w
Maz

T
ρ

p

t=060

t=100

t=080

t=120

t=140

t=160

t=180

t=200
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In the lower part of figure 5 the Mach number distribution in a plane perpendicular to the vortex axis
is shown. A fan like flow regime with multiple shock structures can be observed which also was noticed by
Brillant et al. in their experiments [2]. To clarify the details of the flow in the x-z-plane a schematic
diagram of the flow in the bubble is given in figure 6.

Fig. 7 shows a comparison of a schlieren picture with the bubble topology of the computation. In the
experimental investigations the vortex is produced using a double wedge airfoil in a supersonic flow. When
vortex breakdown occurs, the shock is deformed and moves upstream, and the characteristic length scale of the
arising bubble is of the order of the diameter of the core of the impinging vortex. Both investigations yield
qualitatively the same result.

In addition to the numerical and experimental investigations a breakdown criterion is derived for uniform
axial flow (Fig. 8). Based on the axial momentum equation for inviscid flow and the Rankine-Hugoniot

relations, the onset of breakdown can be predicted by requiring a stagnation point to be formed on the axis. In
[14] such a condition is formulated along the vortex axis

p∗1AXIS

p∗1∞︸ ︷︷ ︸
I

+
ρ∗1AXIS

· v2∗
z1AXIS

p∗1∞︸ ︷︷ ︸
II

≥ p∗2∞
p∗1∞︸︷︷︸
III

. (28)

In the above equation the pressure and momentum forces are related to the free stream pressure p∗1∞ . In the
case of uniform axial flow the second term (II) on the left hand side can be cast into the following form

ρ∗1AXIS
· v2∗

z1AXIS

p∗1∞
= γ · ρ

∗
1AXIS

ρ∗1∞
·Ma2

1∞ . (29)

Since Crocco+s vorticity relation yields T∇s = ∇h0 if the velocity and the vorticity vector are parallel to
each other in steady flows the radial momentum equation for slender vortices ∂p∗

∂r∗ = ρ∗v2∗
ϕ

r∗ can be solved for the
velocity distribution given by equation (8). Together with the Rankine Hugoniot relation for the pressure
ratio across a normal shock (term III) p∗2/p∗1 = 1+ 2·γ

γ+1 (Ma2∞ − 1), the axial momentum equation (29) leads to
the following breakdown criterion

(1− (γ − 1) · Γ2
0 · e1

16π2[2 + (γ − 1)Ma2∞]−1
)

γ
γ−1︸ ︷︷ ︸

p∗
1AXIS

/p∗
1∞

+
γMa2

1∞

(1− (γ−1)Γ2
0·e1

16π2[2+(γ−1)Ma2∞]−1 )
−1

γ−1︸ ︷︷ ︸
ρ∗
1AXIS

/ρ∗
1∞

≥ 1 +
2γ

γ + 1
(Ma2

∞ − 1)︸ ︷︷ ︸
p∗
2∞/p∗

1∞

. (30)

From the above equation the circulation Γ0 for which breakdown occurs can be determined as a function of
Ma∞. Using equation (12) that connects the spiral angle τ and the circulation Γ0 we arrive at an expression
for τ depending on Ma∞. The comparison of the results obtained with the relation τ = τ (Ma∞) and with
numerical and experimental data [3, 4, 9] shows good agreement in the range of 1.5 ≤ Ma∞ ≤ 2.0 (Fig. 8).
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5.1. Conclusions

Breakdown of slender vortices in supersonic flow caused by the interaction with normal and oblique shocks
was investigated using numerical solutions of the Euler and Navier-Stokes equations. The calculations
show, that a normal shock interacting with a slender vortex does not necessarily lead to breakdown. If the
circulation of the vortex is small and if the axial velocity profile is uniform, the vortex does not change its
overall shape. By increasing the vortex strength, the free stream Mach number and a wake-like axial flow
profile, a free stagnation point on or near the axis of the vortex can be formed. This can be considered as the
initiation of vortex breakdown. The results obtained indicate that the flow structure of the burst part of the
vortex as simulated with the numerical solution agrees well with experimental observations. Several ring-like,
slightly oscillating vortex structures are formed immediately downstream from a stagnation point on the axis.
For certain flow conditions strong upstream flow motion, even supersonic flow may occur near the axis. A
breakdown criterion was derived that shows good agreement with the numerical and experimental findings and
other data from the literature.
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